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Abstract

Gaussian processes are a powerful probabilistic tool for learning unknown functions,
particularly in tasks such as Bayesian optimization, active learning, and reinforcement
learning where accurate uncertainty estimates are crucial. However, data in these tasks
often has inherent geometric structure, residing on non-Euclidean manifolds. While
various Gaussian process constructions have been developed to harness the geometry
of data for improved predictions, they are often limited by the simplicity bias of their
defining kernels. Residual deep Gaussian processes aim to alleviate this limitation by
sequentially combining multiple Gaussian processes, but little has been known about
their performance on Riemannian manifolds.

This thesis investigates residual deep Gaussian processes, focusing on their strengths,
weaknesses, and applicability to various tasks on hypersphere domains. Through a
series of experiments, the impact of model depth and data density on performance
is evaluated using synthetic functions designed to test the model’s ability to capture
irregular patterns. The effectiveness of residual deep Gaussian processes in Bayesian
optimization of irregular functions is demonstrated, highlighting a symbiotic approach
that combines shallow Gaussian processes for initial exploration with deep models
for subsequent exploitation. Furthermore, the applicability of the model to Euclidean
data is explored by projecting real-world datasets onto hyperspheres and employing a
specialized variational inference strategy based on spherical harmonics.

The results show that residual deep Gaussian processes can significantly outperform
shallow Gaussian processes in modeling irregular functions when sufficient training data
is available, with performance increasing with depth up to a saturation point. The model
exhibits superior median performance and remarkable stability compared to a simplified
deep Gaussian process baseline. However, in sparse data regimes, the performance of
residual deep Gaussian processes deteriorates with increasing depth. The findings also
suggest that manifold learning techniques can enhance the applicability and performance
of residual deep Gaussian processes when dealing with Euclidean data.

This thesis contributes to the growing body of knowledge on residual deep Gaussian
processes by demonstrating their effectiveness in regression and Bayesian optimization
tasks, identifying their strengths and weaknesses in various data regimes, and exploring
their application to Euclidean data. Looking ahead, our findings open up promising
avenues for future research, such as more elaborate adaptive strategies for Bayesian
optimization that periodically switch between shallow and deep models to further
enhance performance on irregular functions with multiple local optima. Moreover, the
recently introduced intrinsic Gaussian vector field construction presents an exciting
opportunity to apply residual deep Gaussian processes to complex real-world problems
like modeling wind velocities near the Earth’s surface.
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Chapter 1

Introduction

Gaussian processes [Rasmussen and Williams, 2006] are a powerful, principled ap-
proach for modelling unknown functions in the Bayesian framework. They are known
for their ability to incorporate prior information about the target function, resilience
to overfitting, and well-calibrated uncertainty estimates. This makes them common
models of choice for reinforcement learning [Snoek et al., 2012], Bayesian optimisation
[Deisenroth and Rasmussen, 2011, Jaquier et al., 2021], active learning [Srinivas et al.,
2012], etc. Gaussian processes also garner interest in deep learning research due to
their equivalence to classes of infinitely wide or infinitely deep neural networks [Jacot
et al., 2018, Eleftheriadis et al., 2023]. While Gaussian processes have proven to be
effective in these domains, they typically implicitly assume that the data they operate
on lies in a Euclidean space. However, in many real-world problems, data exhibit
complex geometric structures that deviate from the Euclidean setting, necessitating the
development of Gaussian processes that can adapt to these non-Euclidean domains.

Recent years in machine learning research have seen increased interest in utilising
the geometric structure of data to improve the design and performance of machine
learning models. In many problems, the data lies on spaces with geometric properties
different from those of the Euclidean space. There is an abundance of domains to which
data naturally adhere; from simple domains such as undirected, unweighted graphs to
domains rich with additional information like curvature in differentiable, or Riemannian,
manifolds. Indeed, sometimes the geometric properties of the data are unknown a priori.
However, even then, methods based on manifold learning, which have seen promising
new developments [Fichera et al., 2023], can help to uncover the geometric structure of
data.

Gaussian processes too have seen a flourishing of research directed at harnessing the
geometry of data. Generalisations of Gaussian processes and methods for their efficient
implementation have been proposed for a variety of non-Euclidean domains, including
Riemannian manifolds [Borovitskiy et al., 2020], Lie groups [Azangulov et al., 2022,
2023], graphs [Coveney et al., 2020] and cellular complexes [Alain et al., 2023]. This has
also been combined with ideas from manifold learning to produce Gaussian processes
that implicitly learn the geometric structure of data [Fichera et al., 2023]. By exploiting
the explicit or implicit geometric properties of data, these methods have been shown
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to yield improvements across many areas of application and different tasks, including
regression in climate science Hutchinson et al. [2021], Robert-Nicoud et al. [2023],
physical systems modelling [Hutchinson et al., 2021], and other standard benchmarks
[Jaquier and Rozo, 2020], as well as Bayesian optimisation and reinforcement learning
in a variety of robotics tasks [Jaquier and Rozo, 2020, Jaquier et al., 2021].

Despite the advancements in Gaussian processes for non-Euclidean spaces, standard
Gaussian processes may still struggle to model complex, irregular functions due to their
bias towards simple functions arising from common kernel choices. One approach to
address this issue is through more expressive kernels, which has been attempted from
compositional [Duvenaud et al., 2013] and parameterised [Wilson et al., 2015] perspec-
tives. Another solution, inspired by the success of deep learning, is to sequentially
combine multiple Gaussian processes, forming a deep Gaussian process [Damianou
and Lawrence, 2013]. The deep, layered structure of these models has been shown
to improve performance in a variety of complex regression and classification tasks
involving large datasets [Salimbeni and Deisenroth, 2017].

However, until recently, an appropriate generalisation of deep Gaussian processes to non-
Euclidean spaces had been missing. To address this problem, during a semester research
project at ETH Zurich, we utilised the recent advances in vector-valued Gaussian
processes [Robert-Nicoud et al., 2023, Hutchinson et al., 2021] to propose a new class
of models named residual deep Gaussian processes. These models generalise the class
of Euclidean deep Gaussian processes from the work of Salimbeni and Deisenroth
[2017] and work with data on Riemannian manifolds. They are particularly appealing
because they respect the geometry of data without sacrificing many useful properties
that their Euclidean counterparts enjoy, including efficient approximate training and

inference, as well as efficient approximate sampling of functions from their posterior
[Wilson et al., 2020a,b].

Although these properties painted a promising picture of residual deep Gaussian pro-
cesses, our preliminary experimental examination of these models was very limited and
did not definitely establish that these models offer an advantage over standard Gaussian
processes. In fact, in most cases, our model was outperformed by standard Gaussian
processes, and only in one experiment, where data were abundant enough, did we see
residual deep Gaussian processes offer a modest advantage.

In this fourth year project, we undertook to obtain a comprehensive picture of residual
deep Gaussian processes through a range of experiments in regression and Bayesian
optimisation, on stylised examples, standard benchmarks, and real-world data. We
specifically chose to focus our attention on hyperspheres as the domain class for our
model. We focus on one class of manifolds to make our investigation more focused,
while we chose hyperspheres for their convenient properties, such as compactness,
and their application to regression on Euclidean data thanks to Dutordoir et al. [2020].
Through this examination, we obtained a multi-faceted understanding of our model,
showing its strengths, weaknesses, as well as future directions for research and improve-
ments.
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1.1 Contributions

In this work, we conducted a range of experiments in order to develop a multi-faceted
understanding of the strengths and weaknesses of residual deep Gaussian processes,
specifically in the setting of hyperspheres. Indeed, we have broadened our understanding
of these models, showing that they can outperform shallow Gaussian processes in tasks
on hyperspheres and on data projected onto a hypersphere when data is abundant enough,
as well as demonstrating success in Bayesian optimisation of irregular functions on
hyperspheres. Concretely, our contributions are as follows.

* We evaluated residual deep Gaussian processes on a synthetic regression task
on the sphere with double the number of data points over our previous experi-
ments owing to a new, vectorised implementation. With these experiments, we
demonstrated that our model can significantly outperform standard Gaussian
processes in modelling irregular functions on the sphere. Moreover, in contrast to
our previous work, we showed that, with sufficient data, model performance can
increase monotonically from 1 to 4 hidden layers.

* We introduced a simple baseline deep Gaussian process on Riemannian manifolds,
built from an initial geometry-aware Gaussian process composed with a Euclidean
deep Gaussian process. We then applied this baseline model to the regression
task on an irregular function described above and compared its performance to
residual deep Gaussian processes. We demonstrated that residual deep Gaussian
processes achieve superior median performance across all model depths in terms
of test log-likelihood. However, we also showed that the performance of the
baseline varies significantly more than that of our model and thus in individual
experiment runs can noticeably outperform residual deep Gaussian processes.

* We evaluated residual deep Gaussian processes for Bayesian optimisation of
functions on hyperspheres. We showed that for irregular objective functions,
our model can offer significant improvements in the quality of optima found.
Moreover, we demonstrated that when the set of initial observations is sparse, our
model can be used in tandem with shallow Gaussian processes to avoid problems
due to data sparsity. We also confirmed that for Bayesian optimisation of a
function smooth around the optimum, residual deep Gaussian processes offer no
noticeable advantage over standard Gaussian processes.

* We evaluated our model on six real-world regression datasets with Euclidean
data from the UCI Machine Learning Repository [Kelly et al., 2023]. To this
end, we followed Dutordoir et al. [2020], projecting the data onto a hypersphere
and applying a specific class of approximate Gaussian processes based on the
spherical harmonics. Training on the sphere-projected data, we demonstrated that
residual deep Gaussian processes can offer an advantage over standard Gaussian
processes, and this advantage seems to increase with the size of the dataset.
Finally, we performed the same experiments with Euclidean deep Gaussian
processes directly on the datasets and found that only on one of the datasets did
our results match those reported by Salimbeni and Deisenroth [2017], while on
others the performance exhibits anomalous patterns and often a collapse, inviting
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additional research to understand this phenomenon.

1.2 Report Structure

Our project report begins with a motivation for and introduction to a confluence of topics
in Gaussian processes that come together to make residual deep Gaussian processes. We
begin with an exposition of the topics in Euclidean space, detailing classical Gaussian
processes, approximate Gaussian processes, efficient posterior sampling, and deep
Gaussian processes. Then, we detail their generalisation to Riemannian manifolds,
beginning with scalar-valued Gaussian processes, through vector-valued Gaussian
processes, and culminating at deep Gaussian processes.

The remaining part of the report follows three experiments in regression and Bayesian
optimisation ordered approximately by the complexity of the tasks involved. We start
with a simple task modelling an irregular function on the sphere in Chapter 3, then, in
Chapter 4, we evaluate our model in finding the optima of irregular functions through
Bayesian optimisation, and, in Chapter 5, we attempt inference on Euclidean data
projected on hyperspheres. We summarise our findings from these experiments in
Chapter 6 and indicate promising avenues for future research.

Below we give the structure of our report in more detail.

1. In Chapter 2, we give a background on Gaussian processes in order to make the
construction of residual deep Gaussian processes clear and intuitive. We introduce
and motivate Gaussian processes, describe how to perform approximate inference
Rasmussen and Williams [2006], and detail the construction of deep Gaussian
processes and the respective doubly-stochastic variational inference technique
[Salimbeni and Deisenroth, 2017]. We also detail how to build Gaussian processes
on Riemannian manifolds using the generalised Matern kernel Borovitskiy et al.
[2020].

2. In Chapter 3, we detail the construction of residual deep Gaussian processes as
well as introduce a new baseline — a simple generalisation of deep Gaussian
processes to manifolds based on a geometry-aware Gaussian process followed by
a Euclidean deep Gaussian process. We evaluate residual deep Gaussian processes
in modelling an irregular function on the sphere, showing that in the densest data
regime tested our model significantly outperforms the standard Gaussian process,
with performance increasing with depth. Lastly, on the same regression task, we
show that residual deep Gaussian processes outperform the simpler variant of
deep Gaussian processes on manifolds,

3. In Chapter 4, we give a brief introduction to Bayesian optimisation, motivating
its geometry-aware variant, as well as detailing technical aspects of performing
Bayesian optimisation with deep Gaussian processes. We then apply residual
deep Gaussian processes to two Bayesian optimisation tasks on hyperspheres,
including an irregular and a smooth target function, and compare its performance
to Bayesian optimisation done only with a shallow Gaussian process. We find that
our model offers, often immediate, improvements over the shallow Gaussian pro-
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cesses in optimising the irregular function; however, its improved expressiveness
offered little advantage for the optimisation of the smooth function.

4. In Chapter 5, we detail a strategy for applying geometry-aware Gaussian processes
on hyperspheres to Euclidean data. This strategy hinges on projecting the data
onto a hypersphere and applying a variational approximation to the Gaussian
process based on inner products with spherical harmonics proposed by Dutordoir
et al. [2020]. We evaluated residual deep Gaussian processes in this setting on
a selection of datasets from the UCI Machine Learning Repository, showing
improvement over standard Gaussian processes utilising the scheme on many of
the tested datasets, for large enough datasets. We attempted to compare our model
to Euclidean deep Gaussian processes applied directly to the data; however, due
to their instability between experiment runs and performance collapse at higher
levels the comparison was unclear.

5. In Chapter 6, we summarize the findings, bringing them together to form a uni-
fying picture of our investigation. We also indicate directions for future work,
including an investigation of new strategies for Bayesian optimisation by adap-
tively choosing between shallow Gaussian processes and deep residual Gaussian
processes. We suggest that a recently introduced construction of intrinsic Gaus-
sian vector fields could be applied with residual deep Gaussian processes to model
wind velocities close to the Earth’s surface — a task with which shallow Gaussian
vector fields may struggle in certain cases.



Chapter 2

Background

In this chapter, we present the necessary background needed to understand the construc-
tion of deep Gaussian processes on Riemannian manifolds.

We first build our way up from standard Gaussian processes to deep Gaussian processes
in Euclidean space. We begin with a brief introduction and motivation for Gaussian
processes in general. We then review how to perform inference with Gaussian processes
efficiently when the number of data points is large, and how to efficiently sample
functions from Gaussian process posteriors. Finally, we give an exposition of deep
Gaussian processes — a multi-layer generalisation of Gaussian processes. These
deep models are more expressive than standard Gaussian processes [Salimbeni and
Deisenroth, 2017], akin to how neural networks are more expressive than linear models
[Goodfellow et al., 2016], which can be an advantage on complex tasks.

Afterwards, we turn our attention to Gaussian processes on Riemannian manifolds,
detailing how to construct these models in a computationally viable way using a
generalisation of the Matérn class of kernels.

2.1 Gaussian Processes

In supervised learning settings, which are the focus of our work, we hope to estimate
the true data-generating process y : R¢ — R utilising a labelled training dataset D =
(xi, yi)?zl. In other words, from the finite training set, we try to construct a function f

that approximates the true function y.

To make progress on this task, we need to make assumptions about f; otherwise, all
functions compatible with the training data would be equally good candidates. Often,
such assumptions are made by restricting the search space to a specific class of functions,
for example linear functions or functions defined by neural networks. An alternative
approach is to assign a prior probability to every possible function using stochastic
processes, which are, intuitively speaking, distributions over functions.

A Gaussian process is a stochastic process that generalizes the Gaussian distribution
to distributions over functions. It is particularly attractive for its simple form and
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Figure 2.1: Prior (Left) and posterior (right) distribution over functions according to a
Gaussian process.

mathematical elegance in many of its properties. Formally, a random function f : RY —
R is distributed according to a Gaussian process with a mean function u : R — R and
covariance function k : R¢ x R? — R if, for any finite set of points X = (X1,...,Xp) €
R*" we have

JX) ~ N(u(X),k(X, X)), 2.0
where f(X); = f(x;), u(X); = u(x;), and k(X,X); ; = k(x;,x;). That is, every finite
marginal of f follows a multivariate Gaussian distribution with mean and covariance
defined by i and k as described above. If this is the case, we write

f~GP(uk). (2.2)

To use Gaussian processes for inference in a supervised learning setting, we start with a
prior Gaussian process f ~ GP (u,k), which incorporates our initial beliefs about the
target function y. We then update our beliefs based on evidence - that is, condition f
on observations y = (y1,...,y,) € R" at a set of points X = (x1,...,x,) € R¥", The
appeal of Gaussian processes comes in part from the fact that conditioned, or posterior,
Gaussian processes are Gaussian processes themselves and have a simple closed form

FOly:X = GPk(- X)X, X) ! (y — (X)),
k(-,) — k(- X)k(X,X) k(X ). (2.3)

Typically, the observations y are noisy corruptions of the true unobserved data-generating
process. In this case, in addition to f, which is an approximation to the unobserved
process, we use a likelihood which factorises over observations

P(¥I£(X)) = ﬁp@imxi». 24)
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If the likelihood is Gaussian

pOilf(xi) = N (il f(xi),6%), € (0,) (2.5)

then the posterior Gaussian process conditioned on the noisy observations is also a
Gaussian process with a simple form

FOly:X =GP, X) (k(X,X) +6°1) ' (y — u(X)),
k(-,-) — k(- X) (k(X,X) +o°1) " k(X, ). (2.6)

Vector-valued Gaussian processes, used for modeling vector-valued functions, are de-
fined in the same way, except that the mean function is vector valued and the covariance
function is matrix-valued - giving the covariance matrix between values of the Gaussian
process (which are themselves random vectors) at two points. In the Euclidean case,
these are typically implemented by stacking multiple scalar-valued Gaussian processes
in a vector (in this case the values of the covariance function are diagonal matrices, as
the Gaussian processes in each dimension are independent from each other), but more
sophisticated methods exist [Bonilla et al., 2007].

When employing Gaussian processes, we choose the mean u and covariance k functions
to incorporate prior knowledge about the function we are trying to model. While the
choice of the mean function is essentially unrestricted, the covariance function must
be positive semi-definite, meaning that for all finite subsets of points X € R?*" the
corresponding covariance matrix k(X,X) must be positive semi-definite, i.e.,

Z’k(X,X)z>0 VzeR" (2.7)

The Matérn class of covariance functions has been widely adopted in practice owing to
its computational simplicity and useful properties such as stationarity

k(x,y) =k(x+z,y+2z) V;x,y,zeR (2.8)

and a controllable degree of smoothness. It has a few convenient parameters specifying
properties of the corresponding Gaussian process f ~ GP (u,k)

* 62 € (0,00), or output-scale, determines the point-wise variance of f, i.e., Var[f(x)].

» k € (0,00), or length-scale, regulates how quickly Cov[f(x), f(x')] decays as
||x — x/|| increases.

* v € (0,00, or smoothness, specifies the smoothness of f, where higher v indicates
a higher degree of differentiability.

These parameters can be inferred from data, for instance via gradient descent max-
imising the likelihood of the observations. In Euclidean spaces, the Matérn covariance
function is given by the formula

o2y (Vv k, (Vv ity e (0,00

2 [x—x'||2 ey
(0 exp(—T , lfV—oo,

kv,lc,c2 (x, X/) =

2.9
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Figure 2.2: Schematic illustration of variational inference. A complex true 2d dis-
tribution (shown using filled-in contours) is approximated by a simple 2d variational
distribution from the family of multivariate Gaussian distributions with diagonal covari-
ance matrices. Left: The true distribution and an initial state of a variational distribution
prior to optimisation. Right: The true and variational distributions after optimisation by
minimising the Kullback-Leibler divergence between the two distributions.

where I is the gamma function, and Ky is the modified Bessel function of the second
kind.

The Matérn kernel with v = o is commonly known as the squared exponential or radial
basis function (RBF) kernel. It is infinitely differentiable, which implies that functions
supported by the RBF-kernel Gaussian process have derivatives of all orders.

The Matérn class of kernels is especially important for our work, as its generalisation
to manifolds underpins much of the recent development in geometry-aware Gaussian
processes and, consequently, our construction of residual deep Gaussian processes. In
our experiments, we used both the Matérn kernels with v < co (Chapter 3 and Chapter 4)
and the RBF kernel (Chapter 5) to match the existing literature.

2.2 Approximate Inference

In practice, inference with Gaussian processes using Equation (2.6) can be computation-
ally prohibitive. The asymptotic bottleneck comes from the matrix inversion k(X,X) !,
which has cubic complexity in the number of observations conditioned on. Numerous
ways of addressing this issue have been introduced, including low-rank approximations
[Quifionero-Candela and Rasmussen, 2005], greedy methods [Seeger et al., 2003], and
other specialized techniques [Hensman et al., 2013].

In this report, we focus on a widely adopted approximation technique based on inducing
points Rasmussen and Williams [2006], van der Wilk et al. [2020]. This is a simple,
effective, and efficient inference method based on a variational approximation to the
exact Gaussian process posterior.

Specifically, in the inducing points method, we define a set of locations Z = (z,...,z,) €
R*™ and a variational distribution ¢(U) = A(U|m, S) that defines the distribution of



Chapter 2. Background 10

our Gaussian process at Z. Our goal is to optimise m, S, and Z so that the variational
posterior
q(-,Uly:X,Z) = p(-|U:Z)q(U: Z) (2.10)

resembles, as closely as possible, the true posterior
p(aU y’X7Z> = p(|U7y’X7Z)p(U

Matching the terms in equations Equation (2.11) and Equation (2.10), we are trying to
achieve two things:

v:X,Z). (2.11)

1. Approximate the true posterior p(Uly; X, Z) with our variational posterior ¢(-; X, Z).

2. Set the locations Z so that p(-|U,y;X,Z) = p(:|U;Z). That is, we want our
Gaussian process conditioned on U to be independent of y. Intuitively, we want
to choose to approximate the Gaussian process posterior at a set of locations Z
that summarise all the information obtained from the observations. This can be
done trivially by setting Z = X; however, typically, for improvements in inference
speed, we want Z to be much smaller than X.

In effect, we are transposing what was an inference problem into an optimisation
problem.

Because the variational posterior is Gaussian, we can utilise the elegant mathematical
properties of the Gaussian process as in Equation (2.3) to obtain a simple form for the
variational posterior

fOIGZ~ GP(k(-,Z)k(Z,Z) " (y —m),
k(-,) —k(-, Z2)k(Z,2)" " (k(Z,Z) —S)k(Z,2)"'k(Z,")), (2.12)

though this time, in contrast to Equation (2.3), the formula for posterior covariance does
not simplify further. Thus, by conditioning on a smaller set of points, the bottleneck of
matrix inversion has been reduced to O (m3) and the total complexity of calculating the
posterior is O (m3 + nm2). Because m is typically much smaller than n, these variational
Gaussian processes are commonly called sparse Gaussian processes.

The mean vector m and covariance matrix S are typically optimised by minimising
the Kullback-Leibler divergence (KL divergence) between the true and the variational
posterior KL(g||p). This is equivalent to maximizing the lower bound on the evidence
(the marginal likelihood p(y|,U;X,Z))

n
ELBO = ) Ey.o(|u)llog p(yilf)] — KL(¢(U)||p(U|Z)). (2.13)
i=1
As we can see in Equation (2.13), the simplicity of our choice of posterior manifests
itself in the fact that the ELBO depends only on the KL-divergence between multivariate
Gaussians, which has a simple closed form, and an expectation of the true log likelihood
over the variational marginal posterior. Approximating the expectation with the Monte
Carlo method, the complexity of evaluating the ELBO is only limited by the computation
of the variational posterior.

As we shall see, this method has a natural extension to deep Gaussian processes that
preserves practically all its benefits.
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Figure 2.3: Visualization of a pathwise sample from a Gaussian process posterior. Left:
Sample from the Gaussian process prior. Middle: Update the prior sample calculated
using Equation (2.19). Right: Sum of the prior sample and update sample yields a
sample from the posterior that matches the two observations.

2.2.1 Interdomain Gaussian Processes

Thus far, in using a Gaussian process f ~ GP (u,k) to model an unknown function
y: X — R, we have only considered conditioning on observations of the values of y
in form of a labelled dataset D = (x;,y;)7_,. However, the value of y at a given point
is not the only information we might be able to observe about y. For instance, when
modelling the trajectory of an object, we may observe not only its position, but also the
speed in any direction, i.e., the (directional) derivative of position.

It turns out that we can apply precisely the same formulae as for conditioning on the
pointwise values of y to condition f on observations of the derivative of y at a point.
In fact, because Gaussian processes are remarkably well-behaved in conjuction with
linear operations, we can use the same formulae to condition f on observations of
any (sufficiently well-behaved) linear transformation of y [van der Wilk et al., 2020].
Because this transformation transforms y to a different domain, we call these Gaussian
processes interdomain.

Concretely, let T : Ly(X;) — L»(X3) be a linear operator and Y a set of interdomain
observations D = {x;, (Ty)(x;)}’_,. Defining X € R¥" by X; = x; and

kr(xi,x;) = Cov[(T f)(x:), (T f)(x;)], (2.14)

the Gaussian process f conditioned on 9D is also a Gaussian process, whose distribution
is given by Equation (2.6) simply by replacing k with kt. Indeed, Equation (2.10) can
be seen as a special case of this generalised framework, since, for the identity operator
T =1, we have k; = k.

Similarly, we can generalise the variational inference method based on inducing points to
interdomain Gaussian processes. This method, commonly called the inducing variables
method, is based on a variational distribution A’(U|m,S) which approximates the
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posterior distribution of T f at a set of interdomain inducing locations Z, i.e., S; ;
approximates the posterior covariance Cov|[(T f)(z;), (T f)(z;)] and m the posterior
mean E[(T f)(zi)]. Again, the formula for the variational posterior can be obtained
from Equation (2.12) by replacing k with k.

This variational approximation has been used with the operator

T:f—(f,) (2.15)

we can condition Gaussian processes on their inner products with other functions
[Hensman et al., 2017]. In particular, Dutordoir et al. [2020] uses this operator on
hyperspheres to develop a novel class of variational Gaussian processes for efficiently
and uniformly accurate approximate inference on hyperspheres based on inner products
with spherical harmonics. We explore this method in the context of residual deep
Gaussian processes in Chapter 5.

2.2.2 Efficiently sampling functions from Gaussian process posteri-
ors

The inducing points approximation also allows us to efficiently sample functions from
sparse Gaussian process posteriors. This is a very useful property as it allows us to
work with methods that rely on samples or derivatives of samples which we utilise in
Chapter 4 for optimisation of acquisition functions.

Inducing points allow us to efficiently approximate Gaussian process posteriors, which
is the first piece of the puzzle towards efficient sampling of functions from the posterior.
The second piece is an approximation of the prior Gaussian process.

Indeed, a stationary kernel k : R? x RY — R (see Equation (2.8)) can be approximated
by a finite sum of the form

i (x)0(x'), (2.16)

-

k(x,x') =

i=1

where 01,...,0, : R — R are simple known functions [Wilson et al., 2020a, Rasmussen
and Williams, 2006]. Thus, a zero-mean Gaussian process1 with such kernel f ~
GP(0,k) can be approximated as a linear transformation of a standard multivariate
Gaussian variable € ~ A(0,1)

f)= Z‘Di(')gi' (2.17)

i=1

The key to efficient sampling is to combine these two approximations, which we can do
with the following formula?

[OIU £ f() +kCZ)KZ,Z) (U= f(2)), (2.18)
N—— ~~ N ~~ 4
sparse posterior prior update

'We take a zero-mean Gaussian process for clarity in equations. The formula easily applies to
Gaussian processes with non-zero mean.
2This is a generalisation of Matheron’s rule to sparse Gaussian processes.
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illustrated in Figure 2.3.

Thus, combining Equation (2.18) with the approximation of the prior in Equation (2.17),
we obtain

N N
FOIU Y. 0u()en+ k(- Z)K(Z,Z) ! (U -y q)n(Z)sn> . (2.19)
n=1

n=1

By sampling € < A((0,I) and U from the variational posterior, we can sample a function
from the variational posterior in O (n+m*n+m?) = O (m*n+m?) time ?.

2.3 Deep Gaussian Processes

Deep Gaussian processes are a multi-layer generalization of Gaussian processes - that
is, a deep Gaussian process F with L layers is defined as a composition of L Gaussian

processes (f1,..., /1)
P flomof, (2.20)

The hierarchical structure of deep Gaussian processes makes them more expressive
than shallow Gaussian processes, somewhat similarly to how neural networks are more
expressive than general linear models. However, due to this composite structure we
also lose some of the elegant properties of Gaussian processes. For instance, inference
in deep Gaussian processes is challenging because the posterior is no longer tractable,
and approximations must be employed. Several frameworks for approximate inference
in deep Gaussian processes have been proposed, including the variational inference
approach of Damianou and Lawrence [2013], the approximate expectation propagation
method of Bui et al. [2016], and the doubly-stochastic variational inference framework
introduced by Salimbeni and Deisenroth [2017] which we focus on in this work.

In the doubly-stochastic variational inference framework, the intractable Gaussian
process posterior is approximated with a variational posterior, where effectively the
Gaussian process at each layer is replaced with a sparse Gaussian process introduced in
Section 2.2. This way, the variational posterior is simply the product of the variational
posteriors at each layer

L
g(F U |ZE ) =[] p(F U F L 2 (U2, 21
=1

where Z!, U’ are the inducing locations and inducing values at the /-th layer, and F' is
the output of the I-th layer, with F® = X by definition. Because of this factorised form,
one will not be surprised to find that the equation for the ELBO finds an analogous form
to one for the shallow sparse Gaussian process

~

ELBOeep = ZE #tjuny log p(vilF7)] Z q(UH||p(UZI7Y)). (222

Moreover, because the marginal posterior g(F f) of a sparse shallow Gaussian process
depends only its input Fﬁfl, we obtain samples from g(FF) via hierarchical sam-

pling of F! ;F?|F} ;.- ;FZ.L|FI.L’1 for an efficient approximation of the expectation in
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Equation (2.22). Additionally, the layered factorised structure lends itself to efficient
sampling of functions from the deep Gaussian process posterior via pathwise sampling
described in Section 2.2.2, using an analogous hierarchical approach, though this time
sampling from the full posteriors rather than the marginals.

? propose one more trick to improve the performance of deep Gaussian processes in
the doubly stochastic variational inference framework. Namely, they suggest using a
linear mean function for the Gaussian processes at the hidden layers, partly inspired by
the residual connections in ResNets He et al. [2015]. In particular, when the input and
output dimensions of a hidden layer are equal, they define

u(x) =x. (2.23)

This allows the deep Gaussian process to model residuals between layers rather than
the full function. In effect, rather than starting from scratch, each layer adds its own
gradual contribution to the representation attained at the previous layer.

This gradual process fits the layered structure well and seems to make the inference
with deep Gaussian processes significantly easier.

2.4 Gaussian Processes on Manifolds

Although any Euclidean kernel k can be used with data on a Riemannian manifold X
when it is embedded in some Euclidean space, there are reasons to look for a more
appropriate kernel when data pertains to a non-Euclidean manifold. For instance, one
likely desires for the covariance of the values of a Gaussian process at two different
points to be proportional to the distance between them. However, the distance on a
manifold may be significantly different from the Euclidean distance in its embedding
space. Additionally, some spaces may exhibit symmetries that the Euclidean space does
not exhibit, which we want the kernel to respect - also the reverse might be true where
the Euclidean kernel respects symmetries not inherently present in the manifold. Indeed,
the difference between a Euclidean kernel on an embedding and a properly defined
kernel on a manifold can be seen in Figure 2.4 for the case of a ”broken ring” manifold.

Recent pioneering work [Lindgren et al., 2011, Borovitskiy et al., 2020] has generalised
the Matern class of kernels to a wide class of Riemannian manifolds. The generalisation,
however, is not as simple as replacing the Euclidean distance in Equation (2.9) with the
geodesic distance (natural distance on a particular manifold), as the resulting kernel is
not generally positive semi-definite (see Equation (2.7)) [Costa et al., 2023]. Borovitskiy
et al. [2020] showed that a Matern kernel properly generalised to a Riemannian manifold
X can be expressed as the infinite series

Vv, K,02 (val) = CG_ Z @(Kn)Q)n(X)(bn(X/) (2.24)

2v I
v +xn) if v € (0,00)

e 7hn ifv=oo
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Figure 2.4: Comparison of values of the Euclidean RBF kernel (see Equation (2.9))
and a geometry-aware RBF kernel (see Equation (2.24)) on a manifold resembling a
broken ring. This is properly a 1-dimensional manifold, with thickness added for clearer
visualisation. The color at any point of the manifold represents the kernel value between
that point and the top end of the broken ring. Because the Euclidean kernel is a function
of the Euclidean distance between points, it gives a high value between the two ends
of the broken ring. The manifold kernel respects the geodesic distance inherent to the
manifold and its value between these points is close to zero.

where {0, },>0 are eigenfunctions of the Laplace-Beltrami operator A on X with respec-
tive eigenvalues {A, },>0, d is the dimension of X, and Cy  is a normalization constant.
In practice, this series is truncated for computational tractability, which is theoretically
justified through guarantees on the speed of convergence of the series in Equation (2.24)
[Azangulov et al., 2022].

Since our prior discussion on variational inference in Gaussian processes was kernel-
agnostic, shallow Gaussian processes on Riemannian manifolds defined using the kernel
in Equation (2.24) enjoy the benefits of efficient inference and training via inducing
points (the inducing locations must be on the manifold!). Additionally, we can see that
this kernel has the form given in Equation (2.17), which allows for efficient sampling of
functions from sparse Gaussian process posteriors on Riemannian manifolds built using
this kernel via pathwise sampling (Section 2.2.2).

Notice that we did not draw the corresponding conclusions for deep Gaussian processes,
as the outputs of Gaussian processes on manifolds do not necessarily lie on the input
manifold. We show how this issue is addressed with residual deep Gaussian processes
in the next chapter.



Chapter 3

Residual Deep Gaussian Processes on
Manifolds

In this chapter, we detail the construction of residual deep Gaussian processes on
Riemannian manifolds and evaluate their performance in modelling irregular functions
with a synthetic regression task on the sphere. We examine the performance of our
model as data density increases and demonstrate that, when data is abundant enough,
residual deep Gaussian processes, owing to their layered structure, can offer improved
performance over their shallow counterparts in regression with irregular target functions.

Additionally, we introduce a construction of deep Gaussian processes on Riemannian
manifolds based on a geometry-aware input layer composed with a Euclidean deep
Gaussian process. This model serves as a baseline against which we evaluate residual
deep Gaussian processes. We demonstrate that, while both our model and this baseline
offer an advantage over shallow Gaussian processes, our model achieves superior
median performance across all depths tested and exhibits less variance in performance
across independent experiments. We find, however, that in individual experiment runs
the baseline performance can be higher than that of our model.

3.1 Model Construction

Residual deep Gaussian processes generalise deep Gaussian processes to Riemannian
manifolds. They attempt to utilise the expressive power of the layered structure of
deep Gaussian processes while respecting the geometric structure of the manifold, by

modelling each layer as a manifold-to-manifold ”Gaussian” process'.

Residual deep Gaussian processes address the generally non-trivial issue of constructing
manifold-to-manifold Gaussian processes by modelling displacement vectors of the
input points with a Gaussian vector field. Such a vector field can be used to translate
the input points on the manifold when composed with the exponential map, thereby

'We put ”Gaussian” in quotes, since, strictly speaking, a manifold-output random variable cannot be
Gaussian in the usual sense, because Gaussian distributions are vector-valued [Mallasto and Feragen,
2018].

16
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Figure 3.1: Schematic illustration of a residual deep Gaussian process on the sphere
without the final layer. Left: Input points uniformly distributed over the sphere. Middle:
A sample from a Gaussian vector field modelling translation vectors by which to
translate the input points. Right: The input points, previously in a uniform grid, after
translation by the sample vector field via the exponential map. Residual deep Gaussian
processes achieve expressive representations by repeated translations of the input via a
composition of Gaussian vector fields with the exponential map.

creating a distribution over manifold-to-manifold functions, which we call a manifold-
to-manifold Gaussian process. Roughly speaking, each Gaussian vector field models
the difference between the output distribution and the input, or the residual — hence
the name of the model.

In the following, we describe two ways of building Gaussian vector fields in a computa-
tionally viable way, which we utilise in the experiments in Section 3.2, Chapter 4, and
Chapter 5. We also briefly detail the recently proposed intrinsic construction of Gaus-
sian vector fields, which we highlight as a promising direction for future applications of
residual deep Gaussian processes.

3.1.1 Gaussian Vector Fields on Manifolds

Gaussian vector fields are a special case of vector-valued Gaussian processes, which
take values in the space tangent to their domain. They have been shown to be useful
modelling tools for many tasks, such as modelling wind velocities on the globe Robert-
Nicoud et al. [2023] or learning equations of motion in a physical system Hutchinson
et al. [2021].

Specifically, if f is a Gaussian vector field on a d-dimensional manifold X, then f(x) is
a random vector normally distributed in the space tangent to X at x, denoted by ZX. In
Euclidean space, Gaussian vector fields are simply vector-valued Gaussian processes
discussed in Section 2.1 and can be implemented, for instance, by stacking independent
Gaussian processes into a vector. With non-Euclidean manifolds, the construction
cannot be as simple, since, for example, on the sphere S” embedded in R3 a sample
from a vector-valued Gaussian process constructed by naively stacking independent
Gaussian processes will generally not be tangential to the sphere.

Several solutions to this problem have been proposed, including constraining a vector-
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Ground Truth Predictions with different coordinate frames

Figure 3.2: Comparison of the posterior mean of a residual deep Gaussian process on
the sphere based on the coordinate frame construction of Gaussian vector fields for
different choices of coordinate frames. The objective function is shown on the left,
while three predictions, of quality varying with the choice of the coordinate frame, are
shown on the right.

valued Gaussian process to lie in the tangent space of a manifold embedded in Euclidean
space through linear constraints [Lange-Hegermann, 2018]. In our work, however, we
focus on the computationally simple methods proposed by Hutchinson et al. [2021]
that integrate seamlessly with the framework of sparse Gaussian processes we have
presented thus far.

Hutchinson et al. [2021] introduced two computationally viable ways to construct
Gaussian vector fields on manifolds:

1. Projection of embedded Gaussian processes: Given an isometric embedding
emb : X — R”" and a vector-valued Gaussian process g on emb(X), a Gaussian
vector field f on X can be defined as

f(x) = Pyg(emb(x)) (3.1)

where Py is a position-dependent orthogonal projection from R? onto the tangent
space Typp(x)X With a known simple form.?

2. Coordinate frame in tangent spaces: Given a coordinate frame (i.e., a system
of vector fields spanning the tangent space at every point) (ej,...,e;) on X and a
vector-valued Gaussian process g = (gy,...,84) on X, a Gaussian vector field f
can be defined as f(x) = Y, gi(x)e;(x).

Theoretically, any Gaussian vector field on X can be produced through either of these
methods. Nevertheless, the choice between the two constructions turns out to be quite
subtle. For example, different choices of coordinate frames can result in a drastically
different quality of predictions, as illustrated in Figure 3.2.

Very recently, an intrinsic construction of Gaussian vector fields was proposed, which
addresses some practical problems of the previous constructions — for example, its
uncertainty is strictly non-increasing with distance, which is not necessarily the case for
the two constructions above [Robert-Nicoud et al., 2023]. Similarly to how scalar-valued
Matern kernels on manifolds were built from eigenfunctions of the Laplace—Beltrami

2p, is the adjoint of the differential dy emb.
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operator, Robert-Nicoud et al. define these Gaussian processes using a matrix-valued
Matern kernel built from eigenfields of the Hodge Laplacian A. Specifically, the Matern
kernel defining an intrinsic Gaussian vector field is given by

) o
Y Dy sc(h)sa(X) D (X), (3.2)

VK n=0

O

kV,K,($2 (Xa X,) =

where {s, },>0 are the eigenfields of A with respective eigenvalues {A, },>0, ® denotes
the tensor product, and ®, i is a simple function related to the kernel parameters.

This construction offers fundamental advantages over the previous two solutions. For
instance, it turns out that the eigenfields {s,},>0 may be chosen such that each s,
is either curl-free, divergence-free, or harmonic. Intuitively, curl-free fields exhibit
no vortices, while divergence-free fields have no sinks or sources (harmonic fields
are not relevant to our work, since no harmonic eigenfields exist on hyperspheres).
Consequently, by constructing a kernel using the eigenfields from only one of these
classes, we can obtain a distribution supported on that class of vector fields [Robert-
Nicoud et al., 2023]. This can be useful in certain problems, for instance in modelling
wind velocity at certain altitudes, where a divergence-free bias could follow from the
physics of the modelled processes ?.

At the time of writing, the intrinsic construction is only computationally viable for the
hypertori T¢, the sphere S?, and arbitrary products thereof. Nevertheless, it remains a
promising direction for future applications of residual deep Gaussian processes for tasks
such as modelling of wind velocity close to the Earth’s surface, where the complexity
of the turbulent wind behaviour may be modelled better by a residual deep Gaussian
process than a shallow Gaussian process.

Because each of the constructions of Gaussian vector fields given above can be built
either from sparse Gaussian processes (the projected and coordinate-frame constructions)
or as a sparse Gaussian process (the intrinsic construction), all three constructions enjoy
the benefits of efficient variational inference and pathwise sampling. These properties
will be transferred to residual deep Gaussian processes.

3.1.2 Residual Deep Gaussian Processes

Residual deep Gaussian processes are a generalisation of Euclidean deep Gaussian
processes whose every layer is a manifold-to-manifold Gaussian process. Concretely, on
a Riemannian manifold X, a residual deep Gaussian process F is a repeated composition
of a sequence of Gaussian vector fields f,...,ff~! : X — TX alternating with the
exponential map exp, : ZxX — X and a final manifold Gaussian process g.

F:go(eXpofL_])o---o(eXpofl). (3.3)

g can be scalar-valued or vector-valued depending on the modelling task.

As we have mentioned before, each Gaussian vector field f ! models a distribution over
displacements of its inputs f/~!, which is applied to f/~! via the exponential map. Thus,
intuitively speaking, each layer models only a small increment to the representation
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Figure 3.3: Schematic illustration of the difference between tangent spaces and ex-
ponential maps on the 1-dimensional unit sphere S (bottom) and the 1-dimensional
Euclidean space R (top). Because the tangent space at any point in R can be identified
with R itself, and thus with the tangent space at any other point, the exponential map
can be identified with vector addition i.e. exp,(v) = x4+ v. This is not true for the
1-sphere S as the above identifications cannot be made due to the curvature of S.

attained at the previous layer. This is a natural scheme for models with layered structure
bearing similarities to successful models in deep learning such as the ResNet [He et al.,
2015].

One may recall that we made precisely the same arguments for the Euclidean deep
Gaussian processes with a linear mean (see Equation (2.23)). This is no coincidence, as
residual deep Gaussian processes turn out to be a generalisation of these models. Indeed,
in a Euclidean space R? the tangent space 7xR? can be identified with the tangent space
at any other point x’ and with R itself. Consequently, the exponential map can be seen
simply as vector addition expx(x’) = x+x'. Thus, in R, a zero-mean Gaussian vector
field composed with the exponential map is equivalent to a vector-valued Gaussian
process with the linear mean defined in Equation (2.23)

F(%) ~ G (u(x). k(x,x)) = X+ GP (0,k(x,%)) . (3.4)

Finally, as we have mentioned in Section 3.1.1, because the Gaussian vector fields we
described can be constructed from sparse Gaussian processes, the doubly-stochastic
variational inference framework can be applied directly to residual deep Gaussian
processes. Indeed, using this framework, our model enjoys efficient training and
inference, as well as efficient sampling of functions from its posterior via pathwise
sampling (see Section 2.2.2), which we utilise in Chapter 4 for approximation of
acquisition functions.

A Simple Baseline Residual deep Gaussian processes are not the only way to gen-
eralise deep Gaussian processes to Riemannian manifolds. In fact, one could con-
struct a deep Gaussian process F on a manifold X as a composition of a shallow
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geometry-aware Gaussian process f : X — R and a Euclidean deep Gaussian process
FEuclidean : R — R™
F = Fguclidean © f- (3.5)

We created this model to serve as a simple baseline for comparison with residual deep
Gaussian processes in Section 3.2.

We hypothesised that, owing to their layered structure, residual deep Gaussian processes
are effectively more expressive than shallow Gaussian processes on manifolds. Thus,
we expected our model to achieve superior performance in tasks that require increased
expressiveness, such as regression on an irregular function.

3.2 [Evaluation on Stylised Examples

To test our hypothesis that residual deep Gaussian processes are more expressive in
practice than shallow geometry-aware Gaussian process, we constructed an irregular
function on the sphere, shown in Figure 3.2 as ground truth. It was designed so that in
multiple regions the function’s partial derivatives increase rapidly and, in fact, explode
to infinity at several locations. We evaluated how well residual deep Gaussian processes
can model this function as their depth increases and as the number of training points
changes. We also compared the performance of our model against the baseline model
defined in Equation (3.5).

Methodology We evaluated the residual deep Gaussian process model with 1, 2, 3,
4, and 5 layers, where a single-layer model is a shallow (geometry-aware) Gaussian
process. To avoid the nuances in choosing a coordinate frame, which could drastically
impact performance (see Figure 3.2), we used the projected construction of Gaussian
vector fields described in Section 3.1.1. We trained our model for 1000 steps using
the Adam optimiser [Kingma and Ba, 2017] on 100, 200, 400, and 800 training points
distributed in a uniform grid on the sphere. We evaluated our model on 2000 points
distributed uniformly on the sphere collecting the log predictive density (LPD), test log
likelihood (TLL), and mean squared error (MSE). Given a posterior distribution p and a
test set of inputs X € X?*" and labels y € R” these metrics are defined as follows:

LPD = log p(y|X) (3.6)
TLL = ) log p(yi[X;) 3.7)
i=1
1 ¢ 2
MSE =~} [[yi = Eypix D] (3.8)
i=1

Each experiment was repeated 5 times to obtain an estimate of variance in performance
due to stochasticity in training and inference.

Because the posterior p of a residual deep Gaussian process is generally intractable, we
cannot simply compute these metrics using the above equations. We circumvent this
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Figure 3.4: Performance of residual deep Gaussian processes in modelling an irregular
target function on the sphere in terms of log predictive density (more to the right
is better). The number of hidden layers of the model is shown on the y-axis with
0 indicating that the tested model was a classical sparse Gaussian process. Boxes
show the interquartile range of the test set performance over the 5 independent runs.
The horizontal line inside each box indicates the median performance. Whiskers
extend to the observations furthest away from the median, but still within 1.5 times the
interquartile range from either the lower or upper quartiles, while dots represent the
outliers beyond that range. The vertical dotted grey lines show the median performance
of the shallow Gaussian processes.

issue, taking for instance LPD, by applying the following manipulation

LPD = log p(y|X) (3.9)
= logEgr-1.,(x) [P(Y[F*',X)] (3.10)
= logEpi-1.,(x) [P(YIF" )], (3.11)

where F£~! is the output of the (L — 1)-th layer of the residual deep Gaussian process
corresponding to the test inputs X. The expectation in Equation (3.11) can be approxi-
mated with the Monte Carlo method by pathwise sampling (see Section 2.2.2) through
the first L — 1 layers of the residual deep Gaussian process. Indeed, an analogous
manipulation can be applied to obtain sampling-based approximations of TLL and
MSE for deep Gaussian processes. We should mention that, because the TLL and MSE
factorise over the test points, they can also be approximated by sampling from marginal
distributions.

We use the model defined in Equation (3.5) as a baseline for comparison to residual
deep Gaussian processes in the densest data regime of 800 training points. In contrast to
residual deep Gaussian processes, the performance of the baseline model varies signifi-
cantly between experiments. To improve the robustness of our analysis considering this
variation, we increased the number of experiment repetitions to 15 for the 800 training
points setting.

Results Figure 3.4 illustrates the performance of residual deep Gaussian processes on
our stylised regression task in terms of log predictive density. We find that our model
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Figure 3.5: Performance of residual deep Gaussian processes in modelling an irregular
target function on the sphere compared against the baseline model defined by Equa-
tion (3.5). Y-axis indicates the test log-likelihood (see Equation (3.7)). Boxes show the
interquartile range of the test-set performance over the 5 independent runs. The hori-
zontal line inside each box indicates the median performance. Whiskers extend to the
observations furthest away from the median but still within 1.5 times the interquartile
range from either the lower or upper quartiles, while dots represent the performance for
each individual run.

with 2 layers and above is outperformed in the sparse data regimes of 100 and 200
training points by the shallow Gaussian process. In principle, residual deep Gaussian
processes should be able to recover the performance of a model with no hidden layers
by setting the output-scale (see Section 2.1) of the Gaussian vector fields to 0. Our
experiments show that, although theoretically possible, this may not happen in practice.
Especially as the depth increases, the probability of recovering the performance of
shallow models seems to decrease, and worse solutions are produced.

With 400 training points, there is a clear improvement in the performance of residual
deep Gaussian processes. The model with one hidden layer is able to fit the true function
significantly better than the shallow model, while exhibiting performance consistent
between runs. Models with 2 and 3 hidden layers perform marginally better than shallow
Gaussian processes. Interestingly, the median performance of the deepest model is
equal to approximately 1.75 — much closer to the 2-layered model (=~ 1.80) than to the
shallow model (= 1.50). Thus, we observe that the regime of 400 points seems to be a
threshold temporarily destabilising the trend of performance, depth, and data density.

Indeed, with 800 training points, we find that the trend stabilises again in a more intuitive
pattern inverting the relation of performance to depth seen in the regime of 100 training
points. More concretely, in the densest data regime, the median log predictive density of
residual deep Gaussian processes increases with depth, saturating with 3 hidden layers,
at a value around 2.03. The deepest model achieves similar log predictive density to the
model with 3 hidden layers, though it exhibits slightly more variance in its performance
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across train-test runs, which is an expected effect, as training of deeper models is
generally less stable than the training of shallower ones [He et al., 2015]. Nevertheless,
from our data it appears that residual deep Gaussian processes become more stable
between independent experiments as the number of training points increases. This
appears logical, since with a higher number of observations the variability in functions
that fit the data and have a high enough prior probability should diminish.

In Figure 3.5, we show a comparison of the performance of residual deep Gaussian pro-
cesses to the baseline performance of the geometry-aware Gaussian process composed
with a Euclidean deep Gaussian process. We see that although both models can be
considered generalisations of deep Gaussian processes to manifolds, their performance
in terms of test log-likelihood is substantially different — both in terms of the median
and across individual runs.

We can notice that residual deep Gaussian processes perform much more consistently
than the baseline model between runs and their median test log-likelihood is higher
than that of the baseline across all layers. In fact, the median performance of the
baseline model, across all choices of the number of layers, is lower than the lowest
median performance of the (non-shallow) residual deep Gaussian process. It is worth
mentioning that the test log-likelihood of the residual deep Gaussian process saturates
already at 1 hidden layer, whereas the more comprehensive metric, log predictive
density, increases gradually until 3 hidden layers are used. This suggests that there is an
improvement in the fit of residual deep Gaussian processes when increasing the depth
beyond 1 hidden layer that is not captured by a metric based on the marginal posterior
distribution.

Although generally worse in the median performance, the baseline performance does
exceed that of our model on some individual runs — to a larger extent as the depth of
the baseline model increases. One reason for this could be optimisation of the inducing
locations (see Section 2.2). In our setup, residual deep Gaussian processes on the
sphere use a uniform grid of points as the inducing locations which are fixed after
initialisation. On the other hand, the baseline model optimises inducing locations for
all layers, initialising all locations via (non-deterministic) k-means clustering of the
training data, as done in Salimbeni and Deisenroth [2017].

Optimising inducing locations is a high-dimensional problem, which, combined with
the non-deterministic initial state, can make model performance inconsistent. It is
possible that some exceptionally well-performing arrangements of inducing points are
found with the help of randomness in certain runs, while in others, the opposite is true.
Nonetheless, further investigation could help determine what is the driving factor behind
the exceptionally good, and the exceptionally bad, test-set performance of the baseline
in some runs. Furthermore, pathwise sampling could be implemented for Euclidean
space, to enable computation of log predictive density of the baseline model, giving a
more comprehensive picture of its performance.

Key Findings We have demonstrated, through regression on a stylised function on
the sphere, that residual deep Gaussian processes can significantly outperform shallow
Gaussian processes in modelling irregular functions when enough data is available. In
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fact, in the densest data regime tested, we found that model performance increases
monotonically with model depth until it stagnates at some value. We also noticed that
this trend is roughly reversed when data is sparse, diminishing model performance with
increased depth, despite a theoretical ability to recover the shallow Gaussian process
solutions by the residual deep Gaussian processes, likely due to the increased complexity
of optimising a deeper model.

Additionally, we found that the baseline model constructed by composing a geometry-
aware input Gaussian process with a Euclidean deep Gaussian process did outperform
our model in certain individual experiment runs. Nevertheless, residual deep Gaussian
processes, even with only one hidden layer, outperformed all tested configurations of
the baseline model in terms of median test log-likelihood. Finally, we pointed out the
remarkable stability between experiment runs that our model exhibits, suggesting that
robustness to stochasticity in training may be an inherent strength of residual deep
Gaussian processes.



Chapter 4

Bayesian Optimisation of Irregular
Functions

In this chapter, we investigate whether residual deep Gaussian processes can be suc-
cessfully applied to optimise functions on hyperspheres via Bayesian optimisation. We
focus on functions irregular around their optima, which shallow Gaussian processes
may struggle to model due to their simplicity bias. We find that residual deep Gaussian
processes can offer an advantage for such irregular functions, especially when combined
with shallow Gaussian processes in a strategic manner.

The chapter is structured as follows: first, we introduce Bayesian optimization and
discuss geometry-aware Bayesian optimization; then, we delve into deep Gaussian
processes for Bayesian optimization, including the adaptation of acquisition functions;
finally, we present our experiments on synthetic benchmarks and discuss the results,
demonstrating the effectiveness of residual deep Gaussian processes for optimizing
irregular functions on hyperspheres.

4.1 Bayesian Optimisation

Bayesian optimization is a powerful technique for data-efficient optimization of black-
box functions. It is most often applied where functions of interest are expensive to
evaluate, whether in terms of time, capital, or computational resources. For these
reasons, Bayesian optimization has found success in automatic optimization of deep
learning architectures (where training and evaluating large models is both computation-
ally and temporally expensive) Masum et al. [2021], drug discovery (where the desired
function of drug effectiveness requires extensive testing or simulation to evaluate)
Pyzer-Knapp [2018], as well as aerospace engineering and robotics (where evaluation
of component design or actuator settings requires time-consuming simulations) Lam
et al. [2018], Jaquier et al. [2021].

The key idea of Bayesian optimisation is to construct a probabilistic model of the
function we want to optimise y : X — R, typically using a Gaussian process. We then
use this model iteratively to decide where to evaluate y, updating the model with the new
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Figure 4.1: An illustration of a Bayesian optimisation step. Left: A Gaussian process
fitted to two observations acquired thus far. Middle: A fitted Gaussian process and
the corresponding expected improvement (EI) acquisition function with maximum
indicated by a vertical line. Right: A Gaussian process fitted to three observations with
the newest observation acquired at the maximum point of the expected improvement.

observation before performing the decision again. Specifically, starting with a set of
initial observations D, = (x;,y;)i_;, where y; = y(X;), Bayesian optimization repeatedly
performs the following steps until a stopping criterion is met, such as a maximum
number of iterations or a convergence threshold (see Figure 4.1 for an illustration):

1. Fit a Gaussian process f ~ GP (u,k) to the observations D. Such f quantifies
a belief about the target function via its posterior mean and covariance. A low
posterior variance at a point indicates that enough data has been collected to be
quite sure about the value of the objective function at that point, whereas a high
posterior variance suggests that the nearby region of the search space has not been
explored enough to confidently say whether the value of y there is low or high.

2. Define an acquisition function a : X — R. This function quantifies how ad-
vantageous observing the value of y would be to the optimization process, with
higher values indicating more advantageous choices. Acquisition functions [Fra-
zier, 2018] leverage the probabilistic information from the posterior Gaussian
process f(+)|D to balance exploration of the unknown search space regions and
exploitation of the already acquired knowledge.

3. Find a point x,,; | maximising ¢ and observe y at that point. Typically such
maximum needs to be approximated with a chosen optimisation method. If X
exhibits a geometric structure, geometry-aware optimisation methods can be
employed to utilise this structure.

4. Add the latest observation y, .| = y(x,1) to the set of all observations D, | =
DU (Xn+1,Yn+1)-

If the search space X exhibits a geometric structure, the optimisation process can be
enhanced by taking this geometry into account. In many tasks, such as geostatics
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[Hutchinson et al., 2021] or robotics [Jaquier and Rozo, 2020], data is inherent to a
non-Euclidean manifold X. The geometric structure of the manifold can be utilised to
improve the Bayesian optimisation process. This can be done using a Gaussian process
properly defined on X that respects the domain’s symmetries, geodesic distance, etc.
Additionally, geometric information can be incorporated into the process of finding
the maximum of acquisition functions. Indeed, exploiting the geometric structure of
the search space with these two methods in conjunction has been shown to make the
Bayesian optimisation process more efficient [Jaquier and Rozo, 2020, Jaquier et al.,
2021].

4.1.1 Deep Gaussian Processes for Bayesian Optimization

We can notice in the outline of Bayesian optimisation we provided that no assump-
tions about the form of the objective function are made. This means that, in principle,
Bayesian optimisation can be used with arbitrarily complex objective functions. Never-
theless, some assumptions about the objective function need to be made, in this case
through the choice of the mean function u and covariance function k defining the Gaus-
sian process f. Indeed, if no assumptions at all can be made, then every optimisation
problem is equally likely, in which case, the No Free Lunch theorem tells us that, in
expectation, we can do no better than a random search [Wolpert and Macready, 1997].
Yet, if the objective function is highly irregular around the optimum, the commonly
used Gaussian processes, in particular Matérn Gaussian processes, may be unable to
accurately model that region of the search space due to their bias towards simpler, slowly
varying functions. This, in turn, would impede the optimisation from discovering the
optima.

To address this issue, we can utilise deep Gaussian processes, which are more expressive
than shallow Gaussian processes in the sense that the distributions over functions they
define are less biased towards simple functions [Salimbeni and Deisenroth, 2017].
Indeed, the layered structure of deep Gaussian processes often allows them to fit
irregular functions more accurately than shallow Gaussian processes, as seen in 2?.

When utilising deep Gaussian processes for Bayesian optimization, the computation
of acquisition functions needs to be adapted. Specifically, many acquisition functions
that have a closed form expression when paired with a shallow Gaussian process, are
no longer tractable when using a deep Gaussian process (or a residual deep Gaussian
process). For instance, one of the most commonly used acquisition functions in Bayesian
optimisation, and one that we use in Section 4.2, is the expected improvement

a(x) = Eyp [max(0,y=y)],  f(x) ~ N(u(x),k(x,%)), 4.1

where y* is the best observed value thus far and max(0,y —y*) is the improvement.
We can notice that the improvement term is non-negative, which can be seen as a
manifestation of the heuristic optimism in the face of uncertainty - we take into account
only the potential gain hoping for a large improvement even if the point considered also
has a probability of being a much worse solution than the best one found thus far.

Unfortunately, for a deep Gaussian process the expected improvement does not generally
have a closed form. Nevertheless, we can efficiently approximate this acquisition
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function by approximating Equation (4.1) with the Monte Carlo method. Specifically,
since the expectation depends only on the marginal posterior f(x), we can approximate
the expected value with an average over a large but finite number of samples. These
can be obtained using either hierarchical sampling as discussed in Section 2.3. In fact,
in Section 2.3 we have seen that the marginal distribution of a deep Gaussian process
at a point depends only on the location of that point and on no other test points. Thus,
it is easy to efficiently sample points from the marginal posterior through hierarchical
sampling and thus we can approximate the expectation in Equation (4.1) with the Monte
Carlo method.

Moreover, we can make a more general statement using pathwise sampling. Indeed,
through pathwise sampling we can apply deep Gaussian processes, and residual deep
Gaussian processes, with any acquisition function that relies either on samples from the
posterior (here we are not restricted to the marginal posterior), in which case we can
use it directly, or to evaluate expectations over posterior distributions, in which case we
can approximate them with the Monte Carlo method.

Indeed, we shall see that these approximations can be successful, as in the next section
we apply residual deep Gaussian processes with the expected improvement acquisition
function approximated via pathwise sampling.

4.2 Evaluation of Synthetic Benchmarks

To test whether residual deep Gaussian processes can help improve Bayesian optimiza-
tion for irregular functions, we tested our model on two functions: the Ackley function
projected on S for direct comparison to Jaquier et al. [2021] and a custom function
with a singularity near the optimum on S?, the exact definitions of these functions are
given in Appendix A.

Methodology We tested our model and the baseline shallow Gaussian process in a
Bayesian optimization process with 200 acquisition steps for each of the target functions.
In the case of residual deep Gaussian processes, we performed the first 180 Bayesian
optimization steps with an exact Matérn Gaussian process and followed that with 20
steps using a residual deep Gaussian process. This was motivated by our previous
findings in Section 3.2, where we found that residual deep Gaussian processes could
make significant improvements over shallow Gaussian processes, but only where data
is abundant enough. Thus, the optimization starts in a sparse data regime where shallow
Gaussian processes seem to perform better and collects data around the optimum to form
a sufficiently dense regime where a residual deep Gaussian process finds a considerably
better fit. In Figure 4.2, we reported the logarithm of the regret attained by the Bayesian
optimization process across the 200 optimization steps, which is defined simply as

regret (y candidate » Yoptimum ) = |y candidate — Yoptimum ’ (4 2)

where ycandidate 1S the best function value found thus far, and yoptimum 18 the global
optimum.
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Figure 4.2: Left: Logarithm of the difference between the true optimum and the opti-
mum discovered via Bayesian optimization. Right: Custom function with an irregular
behavior around the optimum. Right: The Ackley function, which is quite smooth
around the optimum. The blue line shows the regret when the first 180 acquisition steps
are done with an exact Gaussian process followed by 20 steps with a residual deep
Gaussian process, while the orange line corresponds to optimization that relies solely
on a shallow Gaussian process.

For both models, we used the expected improvement acquisition function, which we
approximate using pathwise sampling for the deep model. It should be noted that when
the acquisition function is being optimized, the deep Gaussian process posterior will
be evaluated multiple times. In order for this optimization to be done consistently,
one needs to ensure that the expected improvement is approximated using the samples
from the Gaussian process posterior rather than resampling between evaluations of the
acquisition function. Because the initialization and optimization process is stochastic to
a large extent, we repeated each experiment 15 times to obtain an estimate of the effect
of the random seed used.

Our implementation of residual deep Gaussian processes is integrated with GPyTorch
[Gardner et al., 2018], which allowed us to use the BoTorch library [Balandat et al.,
2020] for implementing Bayesian optimization. Additionally, following Jaquier et al.
[2021], we used Pymanopt [Townsend et al., 2016] for geometry-aware gradient-based
optimization of acquisition functions. All parameters that were unmentioned here
are constant and fixed between experiments and models. We give their values in
Appendix A.

Results Figure 4.2 compares the experimental performance of both methods across
one example of an irregular function (right) and one example of a regular function (left),
showing the trajectory of the median log regret as well as the interquartile range in the
log regret exhibited by individual runs.

We found that when optimizing the function on the sphere with a singularity near
the optimum, switching to a residual deep Gaussian process in the latter stage of the
optimization process results in significant, and often immediate, improvement in the
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quality of the optimum found. The shaded regions indicating interquartile range show
that this happens to a significant degree in almost all cases. However, looking at the
box plot of the final regret, we can see that there are outliers to this trend - more
specifically, we found one outlier out of 15 Bayesian optimization runs that did not
result in an improvement. We have observed that sometimes, due to the randomness in
the initialization and optimization of the acquisition function, the data that was close
enough to the singularity was not acquired in the initial 180 steps to make the irregular
objective function likely, even given the expressive prior distribution of a residual deep
Gaussian process. In these cases, the deep Gaussian process posterior looked similar to
the shallow Gaussian process posterior, and the region around the true optimum was
not explored further. Nevertheless, in the vast majority of cases, the shallow Gaussian
process did collect some data close enough to the optimum to ”suggest” a complex
function, which, though it could not fit due to its simplicity, the residual deep Gaussian
process could.

Looking at the results for the Ackley function projected on S, we find practically no
noticeable difference in performance between the two methods. Both median trajectories
look almost exactly the same and reproduce the results in Jaquier et al. [2021]. This is
precisely what we had suspected, as the region around the minimum of this objective
function is smooth. We expected that a shallow Gaussian process would be able to fit
that region of space almost perfectly and thus the residual deep Gaussian process would
offer no advantage in terms of the quality of its fit to the data. We do see one outlier
in favor of the residual deep Gaussian process; however, we see similar occasionally
better-performing runs for the Bayesian optimization of the irregular function using
only a shallow Gaussian process. Due to a large amount of randomness in Bayesian
optimization in general, we can likely attribute it to random variation rather than an
advantage of our model in optimizing smooth functions.

Our results provide evidence that deep residual Gaussian processes offer an advantage
over shallow Gaussian processes when modeling irregular functions on manifolds.
Moreover, since our model excels when data is abundant, using shallow Gaussian
processes to gather an initial set of data before switching to a deep residual Gaussian
process is an effective strategy when the initial data set is small, as is usually the case in
common Bayesian optimization pipelines. Following this intuition, we expect that more
elaborate strategies may be used to further exploit this symbiotic relation. For instance,
periodically or randomly switching between the two models would be a generalization
of our strategy and could prove effective in optimizing irregular functions with multiple
local optima. This would bear resemblance to a heuristic based on randomly switching
between acquisition functions, which has seen some practical success [Noskova and
Borovitskiy, 2023].

Key findings To summarize, we demonstrated that residual deep Gaussian processes
can significantly improve the performance of Bayesian optimization for irregular func-
tions on hyperspheres. Specifically, we showed that a Bayesian optimization procedure
on hyperspheres that began with a shallow Gaussian process but finished with a resid-
ual deep Gaussian process can avoid the difficulty of fitting residual deep Gaussian
processes to sparse datasets seen in Section 3.2 while benefiting from their greater
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Figure 4.3: Examples of spherical harmonics on the sphere. The frequency of the
harmonics increases moving between subplots from left to right.

expressiveness when the optimization process stagnates. Indeed, we indicated that a
more adaptive scheme - for instance, one that switches between the models when no
improvement is made for a fixed number of optimization steps - would exploit the
symbiotic relationship between deep and shallow models for Bayesian optimization to
a higher degree.

We also observed that for functions that behave smoothly around their optima, such as
the Ackley function projected on S?, there was little to no benefit from switching to a
residual deep Gaussian process toward the end of the optimization process. This finding
suggests that the increased expressiveness of deep models may not always be necessary,
and that the choice between shallow and deep Gaussian processes should be informed
by the characteristics of the objective function, such as its regularity.



Chapter 5

Approximate Inference for Euclidean
Data

In this chapter, we examined whether residual deep Gaussian processes on hyperspheres
can serve as an alternative to Euclidean deep Gaussian processes for inference tasks
with data in the Euclidean space. We motivate this investigation by the recent work
of Dutordoir et al. [2020], who showed that by projecting Euclidean data onto a
high-dimensional sphere and applying a geometry-aware Gaussian process on this
hypersphere, one can achieve good prediction performance while obtaining a significant
gain in inference speed over Euclidean models. The key driver behind this strategy is
a novel class of variational Gaussian processes proposed by Dutordoir et al. [2020].
These leverage spherical harmonics — functions defined on hyperspheres analogous
to sinusoids in Euclidean spaces — for increased inference speed and obtaining a
global approximation of the posterior. Crucially, because spherical harmonics are only
defined on hyperspheres, a projection is necessary if the data is not initially located on a
hypersphere.

Because each layer of a residual deep Gaussian process on a hypersphere takes its
values in a hypersphere, each layer can utilise the variational approximation proposed
by Dutordoir et al. [2020]. This makes residual deep Gaussian processes an appealing
candidate for adapting this class of variational Gaussian processes to a multi-layer
architecture.

To test whether residual deep Gaussian processes can improve upon standard Gaus-
sian processes with this variational inference strategy, we extend the experiments of
Dutordoir et al. [2020] and benchmark our model on several datasets from the UCI
Machine Learning Repository [Kelly et al., 2023]. We also compare the performance of
our model to Euclidean deep Gaussian processes applied directly to the data without
projection onto a hypersphere. We find that, on most datasets, residual deep Gaussian
processes offer superior performance than shallow Gaussian processes with the varia-
tional approximation based on spherical harmonics. Our comparison to Euclidean deep
Gaussian processes requires additional experiments, as our results do not correspond
well to the ones reported in [Salimbeni and Deisenroth, 2017].

33
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Before moving on to the experiments, we briefly detail the variational Gaussian process
construction based on spherical harmonic features and describe why it justifies the
choice of projecting Euclidean data onto a hypersphere.

5.1 Variational Inference with Spherical Harmonic Fea-
tures

In Section 2.2.1, we have seen that a Gaussian process f ~ GP (u, k) can be conditioned
not only on (potentially noisy) observations of f, but also on observations of T f, where
T is a linear transformation T : Lp(X;) — Ly(X»). In fact, we saw that a Gaussian
process f conditioned on observations of T f is another Gaussian process whose mean
and covariance functions are defined by simple closed-form expressions.

Dutordoir et al. [2020] utilise this property to construct a particularly well-behaved
family of variational Gaussian processes on hyperspheres S?. Specifically, they use the
linear transformation

T:f={f) (3.1

and a fixed family of inducing points Z in the transformed domain, where Z,; is the i-th
spherical harmonic ¢; on S9 (see Figure 4.3 for an illustration). Thus, the value U; at Z;
is defined as

Ui = (f,0:)- (5.2)

Because spherical harmonics form an orthonormal basis of Ly(S?), f satisfies the
identity

(o)

=Y (f.0:)0i, (5.3)

=1

where each coefficient (f,¢;) gives us some information about the global behaviour
of f. This is akin to how Fourier coefficients give us information about the global
behaviour of periodic functions.

Recalling our discussion in Section 2.2, variational inference with inducing points Z tries
to approximate the true posterior p(U|Y;Z,X) with a variational distribution ¢(U|Z) =
A (m,S). Intuitively, with spherical harmonics playing the role of inducing points, we
are trying to estimate the distribution of the coefficients of spherical harmonics in a
function drawn from the posterior Gaussian process. Indeed, because each coefficient
(f,0;) tells us something about the global behaviour of the Gaussian process, optimising
these variational coefficients amounts to naturally approximating the posterior in a
global way, rather than trying to summarise the posterior by describing its behaviour at
a set of concrete input locations.

Additionally, because the coefficients (f,0;), (f,¢;) have zero covariance when i # j,
the covariance matrix k(Z,Z) and thus the matrix inversion in Equation (2.12) can be
performed in linear, rather than cubic, time. Consequently, the asymptotic complexity
of computing the variational posterior reduces to O (mzb) compared to O (mzb + m3)
for the standard inducing points approximation, where b is the batch size. Indeed,
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Dutordoir et al. claim that this asymptotic improvement is a significant reason for the
computational acceleration seen in practice. !

Because this method can only be applied to Gaussian processes on hyperspheres, a
projection is needed when data is not initially on a hypersphere. Dutordoir et al. propose
to use the following projection

Xp
|15 ||

where (xp); = X; for 1 <i<dand (xp); =b € R for i =d + 1, where b is a bias term
that offsets the hyperplane R¢ embedded in RY*! away from the origin. Additionally, y
is scaled down by a factor of ||x;|| at training; though, at test time, the target values are
not scaled down, and the posterior distribution is rescaled appropriately. This choice
of projection does, in fact, have a theoretical justification based on works on Gaussian
processes as limits of neural networks of infinite size [Cho and Saul, 2009, Rasmussen
and Williams, 2006].

¥R 58 CRIT xi (5.4)

Following its inventors, we at times refer to the variational approximation described
above as the spherical harmonic features approximation. Indeed, residual deep Gaussian
processes on hyperspheres lend themselves well to the spherical harmonic features
approximation, as the projection Equation (5.4) need only be applied before the input
layer and not thereafter, since hidden layers also take their values on hyperspheres.

5.2 Evaluation on UCI datasets

Methodology We evaluate residual deep Gaussian processes on the Kin8nm, Power,
Concrete, Boston, Yacht, and Energy regression datasets from the UCI machine learning
repository [Kelly et al., 2023] using the spherical harmonic features variational approx-
imation at each layer and compare them against Euclidean deep Gaussian processes.
We train our model with 1, 2, 3, 4, and 5 layers, where a model with 1 layer is simply a
shallow Gaussian process, and report the performance in terms of test log likelihood
(see Equation (3.7)). Our experimental setup follows that of Salimbeni and Deisenroth
[2017], except that we scale the number of training epochs down from 10000 to 1000,
since after 1000 epochs, we saw little to no performance improvements in the tested
models. We train our models using the Adam optimiser [Kingma and Ba, 2017] on a
randomly selected training set containing 90% of the data and test each model on the
remaining 10% of the dataset, repeating each experiment 5 times. Following Dutordoir
et al. [2020], we use 210 inducing variables (spherical harmonics for residual deep
Gaussian processes; inducing points for Euclidean deep Gaussian processes) for the
Concrete and Kin8nm datasets, 336 for the Power dataset, 294 for the Yacht dataset,
and 119 for the Boston dataset.

We used the code provided by the authors of Dutordoir et al. [2020] for computation of
spherical harmonics in our implementation of the corresponding variational inference

't is not clear whether this is actually caused by the asymptotic improvements, as typically the
batch size would indeed be larger than the number of inducing points. Nevertheless, this method yields
multiple simplifications hidden by the asymptotic notations, which surely contribute to the improvement
of inference speed.
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technique. For the initial projection of datasets from R? to S¢, we used equation
Equation (5.4) with b = 1. We motivated this choice by the fact that for larger values of
b, the distances between projected data points would be lower than for » = 1 and would
thus require higher frequency harmonics to accurately model, while for b < 1, data
could lie inside the sphere before projection, making it an intuitively doubtful choice.
We attempted optimisation of b from training data; however, such optimisation hindered
the test-set performance as it quickly led to overfitting.

All variables that we have not mentioned here were held constant, and their values are
reported in Appendix A.

Results In Figure 5.1, we show the performance of residual deep Gaussian processes
across the number of layers on the six datasets we considered, compared against the
performance of Euclidean deep Gaussian processes.

Focusing, for now, on the performance of residual deep Gaussian processes only,
we find that it improves with depths for the Kin8nm, Power, and Concrete datasets.
Indeed, the greatest increase in performance can be seen on Kin8nm and Power, which
have the highest ratio of the number of data points to the dimension of the dataset.
This correlation between performance of deep models and data density is not at all
unexpected. As we have seen in Section 3.2, data density appears to be a crucial factor
in determining whether performance can be gained from increasing the depth of residual
deep Gaussian Processes. With 1030 data points, Concrete is the third largest out of
the tested datasets; thus, an improvement in performance with depth is not unexpected,
and the fact that the improvement does not appear as dramatic as in the case of Kin8nm
seems logical, since the latter dataset has 8 times as many data points. We should
stress the word “appear” in the previous sentence, since it is hard to quantify the rate of
improvement across datasets. Indeed, concrete conclusions may only be drawn from
the relative values of test log-likelihoods within one dataset.

Comparing the performance of our model to the performance of Euclidean deep Gaus-
sian processes, we find that the Euclidean models boast superior performance, until a
rapid collapse at 4 and 5 layers, except for the Power dataset. It is difficult to say why
this collapse happens, since our results for 1-3 layers (except for the Boston dataset)
approximately match the values reported by Salimbeni and Deisenroth [2017] on the
same datasets then adjusted for the lower number of training epochs. It is only at higher
number of layers that our results differ in the performance pattern exhibited — through,
again, this difference is not seen for the Power dataset.

Looking for differences between our model and the Euclidean models, we hypothesised
that this collapse might be caused by numerical instabilities due to inducing locations
being too close to each other. This could be due either to a number of inducing points
that was too high or optimisation of inducing locations incidentally drawing them close
together. Nevertheless, we repeated the experiments controlling for both variables
and continued to find the same performance patterns (see Appendix B). The fact that
the model appears best behaved on the largest dataset could point to issues related to
dataset size; however, further experiments need to be conducted to gain insight into this
seemingly anomalous behaviour. For this reason, we direct most of our attention away
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from the Euclidean models in these experiments.

For the Boston and Energy datasets, which are smaller than the other three we discussed
but still larger than the Yacht dataset, we find that residual deep Gaussian processes
offer little to no advantage over shallow models. This aligns with our expectations of the
gains from depth being limited by data density. Interestingly, we find that in the Boston
dataset, our 3-layered model performs noticeably and consistently worse than the others.
It is not clear why this particular setting repeatedly exhibits a poorer fit to the data;
however, this can be interpreted as an instance of a general trend. Specifically, both in
the performance patterns on UCI datasets and in the synthetic data in Section 3.2, we
have seen that the variance in solutions found by residual deep Gaussian processes for
problems on hyperspheres appears significantly lower than that of Euclidean models or
manifold-Euclidean hybrids. If true in general, this would make our model potentially
more reliable than its Euclidean counterpart when the effect of a stochastic training
process is considered.

Finally, we see that for the Yacht dataset, the performance of our model deteriorates
with depths, the performance of a shallow Gaussian process is recovered by the model
with one hidden layer. This situation is extremely similar to the performance pattern we
saw for the regime of 200 or 100 training points on the sphere in Section 3.2 and with
little surprise as Yacht is the smallest out of the six datasets with 278 training points in
6 dimensions.

Key Findings To summarise, we successfully reproduced the results of Dutordoir et al.
[2020] for regression with shallow Gaussian processes based on spherical harmonic
features on the tested UCI datasets and showed that their performance can be enhanced
with increasing depth of residual deep Gaussian processes on the three datasets with
the largest data density. We found that on the smallest dataset, Yacht, the performance
deteriorates with depth, while on the two datasets with a slightly higher data point count,
increasing depth results in almost no changes to performance.

Finally, we also noticed that here, as in the stylised example in Section 3.2, the variance
in performance of residual deep Gaussian processes is noticeably smaller than that of
their fully or partially Euclidean counterparts. This could mean that our model boasts
robustness to stochasticity in training.

Throughout, we commented on the seemingly anomalous performance of Euclidean
deep Gaussian processes, concluding that a further investigation is needed, as our initial
tests seemed to rule out numerical issues due to optimisation of inducing locations.
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Figure 5.1: Performance of deep residual Gaussian processes and Euclidean deep
Gaussian processes on six datasets from the UCI machine learning repository. The
number of layers in each model is given on the x-axis, with 1 indicating a shallow
Gaussian process. Boxes show the interquartile range of the test-set performance over
the 5 independent runs. The horizontal line inside each box indicates the median
performance. Whiskers extend to the observations furthest away from the median but
still within 1.5 times the interquartile range from either the lower or upper quartiles,
while dots represent the outliers beyond that range.
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Conclusion and Future Work

Gaussian processes have proven to be a powerful probabilistic tool for learning unknown
functions, particularly in tasks such as Bayesian optimization, active learning, and
reinforcement learning where accurate uncertainty estimates are crucial. Data in these
tasks often has inherent geometric structure - in particular, it may reside on a non-
Euclidean manifold. A range of Gaussian process constructions has been developed
to harness the geometry of data for improved predictions; however, these methods
are nevertheless often limited by the simplicity bias of their defining kernels. Deep
Gaussian processes hope to alleviate this limitation by sequentially combining multiple
Gaussian processes; however, thus far, little has been known about their generalisation
to Riemannian manifolds — Residual deep Gaussian processes.

In this fourth year project, we conducted a comprehensive investigation of residual deep
Gaussian processes, aiming to develop a multi-faceted understanding of their strengths
and weaknesses. We hypothesised that these models would offer improved performance
in modelling irregular functions and may even offer competitive performance in regres-
sion on Euclidean data by projecting it onto a hypersphere. To this end, we conducted
three broad experiments, while focusing our scope to hypersphere domains. Firstly,
we conducted a fundamental analysis of our model in a fully synthetic experimental
setting, evaluating the joint impact of model depth and data density on the performance
of residual deep Gaussian processes using a target function specially designed to test the
model’s ability to capture irregular functions on hyperspheres. Secondly, we explored
the application of residual deep Gaussian processes to one of the most prominent use
cases for Gaussian processes: Bayesian optimization. Lastly, we evaluated our model on
the ambitious task of modeling Euclidean data by projecting it onto a hypersphere and
employing a specialized variational inference strategy based on spherical harmonics.

Our experiments on modeling an irregular function on the sphere demonstrated that
residual deep Gaussian processes can significantly outperform shallow Gaussian pro-
cesses when sufficient training data is available, supporting our main hypothesis. We
observed a monotonic increase in model performance with increasing depth, saturating
at around 3 hidden layers. Notably, our model exhibited superior median performance
compared to a simplified deep Gaussian process baseline across all depths tested, while
also showing remarkable stability across independent experimental runs. However,
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we also found that in sparse data regimes, the performance of residual deep Gaussian
processes deteriorates with increasing depth, despite their theoretical ability to recover
the solutions of shallow Gaussian processes. This behavior is likely due to the increased
complexity of optimizing deeper models.

Leveraging the insights gained from the controlled experiments, we proceeded to
showcase the effectiveness of residual deep Gaussian processes in optimizing irregular
functions on hyperspheres via Bayesian optimization. By strategically combining
shallow Gaussian processes for initial exploration with residual deep Gaussian processes
for subsequent exploitation, we achieved significant improvements in the quality of the
discovered optima. This symbiotic approach harnesses the strengths of both models,
mitigating the challenges faced by deep models in sparse data regimes. Moreover, we
confirmed that for functions that behave smoothly around their optima, residual deep
Gaussian processes offer no significant advantage over standard Gaussian processes.

In an ambitious attempt to extend the applicability of our model to Euclidean data, we
explored the projection of real-world datasets onto hyperspheres and employed a varia-
tional approximation based on spherical harmonics. Our experiments on several datasets
from the UCI Machine Learning Repository demonstrated improved performance over
shallow Gaussian processes, with the performance gains being most pronounced on
datasets with higher data density. These findings align with our observations from
the controlled synthetic experiments and suggest that manifold learning techniques
can enhance the applicability and performance of residual deep Gaussian processes
when dealing with Euclidean data. Interestingly, we also noticed that the variance in
performance of residual deep Gaussian processes was noticeably smaller than that of
their fully or partially Euclidean counterparts, suggesting that our model may be more
robust to stochasticity in training.

While our model achieved performance close to Euclidean deep Gaussian processes
on these tasks, the comparison was hindered by anomalous behavior exhibited by the
Euclidean models in our experiments. Further investigation is needed to determine the
factors behind this inconsistency and to establish a more definitive comparison.

Looking ahead, our findings open up several promising avenues for future research. The
success of the adaptive strategy for Bayesian optimization suggests that more elaborate
schemes, such as periodically switching between shallow and deep models, could further
enhance performance on irregular functions with multiple local optima. Additionally,
the recently introduced intrinsic Gaussian vector field construction presents an exciting
opportunity to apply residual deep Gaussian processes to complex real-world problems,
such as modeling wind velocities near the Earth’s surface.

By demonstrating the effectiveness of residual deep Gaussian processes in regression
and Bayesian optimization tasks, identifying their strengths and weaknesses in various
data regimes, and exploring their application to Euclidean data, we have contributed
to the growing body of knowledge on these expressive models. As research in this
field continues to evolve, we anticipate that residual deep Gaussian processes will
play an increasingly important role in tackling challenging problems involving data on
non-Euclidean manifolds.
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Appendix A

Experimental Details

A.1 Regression on the Sphere

For each model we used the following hyperparameters

» Matern kernel with an initial length-scale of 1, output-scale of 1, and smoothness
of 2.5. All hyperparameters were fruther learned during optimisation.

* An output-scale Gamma prior with.

* 60 inducing points initialised uniformly on the sphere.

A.2 Bayesian Optimisation of Irregular Functions

We used the following Bayesian optimisation parameters
* An initial of 5 observations sampled uniformly at random from the hypersphere.
» The Log-Expected Improvement acquisition function.

The acquisition function was optimised using the Riemannian steepest descent opti-
misation algorithm implemented in Pymanopt [Townsend et al., 2016]. After each
acquisition step we retrained the Gaussian process for 500 iterations using the Adam
optimiser with a learning rate of 0.01.
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Figure B.1: Performance of Euclidean deep Gaussian processes on datasets from the
UCI machine learning repository compared when inducing locations are and are not
optimised during training. The number of layers in each model is given on the x-axis,
with 1 indicating a shallow Gaussian process. Boxes show the interquartile range of the
test-set performance over the 5 independent runs. The horizontal line inside each box
indicates the median performance. Whiskers extend to the observations furthest away
from the median but still within 1.5 times the interquartile range from either the lower



