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Abstract

Many concepts in Quantum Theory are generalisations of concepts from Probability
Theory, we aim to investigate potential generalisations of coupling, a concept from
Probability Theory, in a Quantum Theoretic context with our investigation grounded by
well-accepted generalisations to adjacent notions.
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Chapter 1

Introduction

1.1 Motivation

Quantum Computing and Quantum Information as fields have seen many advances
in recent years, with near-term commercial prospects Bova, Francesco et al. (2021)
such as in the development and/or discovery of medicines Cao et al. (2018); Zinner
et al. (2022), quantum cryptography for secure modern systems Deutsch et al. (1996);
Pirandola et al. (2020), and quantum machine learning promising speedup to the
resource-intensive learning process Garros et al. (2023); Zhang and Ni (2020), to more
theoretical endeavours such as quantum software verification for the understanding and
guarantee on reliability and correctness of quantum algorithms Lewis et al. (2023);
Garcia de la Barrera Amo et al. (2022). Quantum Information, therefore, plays an
important role in framing our understanding of the world and solutions to real-world
problems of importance.

In the pursuit of understanding Quantum Information we note many approaches attempt
to bridge the gap in understanding by introducing a classical analogue, indeed we
expect classical theories to, at the very least, approximate Quantum Theory or provide
partial solutions/insights. For example p-mechanics Kisil (2003), which sets out to
understand quantum-classical systems, was used to show a relation within such mixed
systems that was motivated in part by “the explicit similarity between the Hamiltonian
descriptions of quantum and classical dynamics”. Kisil (2005) Further, such classical
analogues are also theoretically sound when Quantum Theory is understood to be a
generalised probability theory Janotta and Hinrichsen (2014); Moyal (1949); Rédei and
Summers (2007), for our goals a particularly relevant observation is that a collection of
density operators, the fundamental objects in Quantum Theory that model the state of
quantum systems (See Sec 2), which are diagonal in the same basis can be modelled as
discrete probability spaces. This correspondence also allows us to model all problems
in Discrete Probability Theory as problems in Quantum Theory, but beware that such a
relation is certainly not an equivalence, as “entanglement and non-locality are known to
be genuine non-classical features.” Janotta and Hinrichsen (2014)
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1.2 Why Coupling?

Markovian Coupling Levin and Peres (2017) is a well-studied concept in Probability
Theory wherein the local properties of the marginals of a pair of stochastic processes
are understood and studied in relation to one another, often this is realised in the form
of a random process of interest and some other dependent process constructed, mathe-
matically, to illuminate the behaviour of the process of interest over time. Markovian
Coupling has numerous applications; An interesting application of Markovian Coupling
is as a potential factor for noise reduction in gene regulation in sub-Fano regimes Ramos
et al. (2015) allowing for a deeper understanding of basic biological processes, another
important application is in the domain of adaptive learning/machine learning when it
comes to understanding global properties of an adaptive Markov chain Monte Carlo
and limiting behaviour Roberts and Rosenthal (2007) as well as compensating for the
diffusive behaviour of Markov chain Monte Carlo and improving efficiency of sampling
therewith Bou-Rabee et al. (2020) which has practical implications on the training time
for ML models. And more generally, coupling is useful when understanding Mixing-
Times, which represents the expected time until a stochastic process ’stabilizes’ and
when we expect samples from the process to look like they were taken from a particular
fixed distribution known as a stationary distribution Levin and Peres (2017); Hunter
(2009). Moreover, classical coupling already has applications in Quantum Mechanics
such as Plasmon Emission Dynamics Kravtsov et al. (2014), given this we argue a
specialised quantum coupling result could prove useful.

1.3 Background on Trace distance and Total Variation

Note that this section is meant to sketch out the concepts mentioned in table 1.1 but this
section is by no means a replacement for chapter 2.

For probability measures absolutely continuous with respect to the Lebesgue measure,
i.e. with probability density function p : R — R™, we can visualise the Total Variation
distance (also known as the Earth Mover distance, Kantorovich distance, or the L
Wasserstein distance) as half the unsigned area between the two probability density
functions, see fig. 1.1 for an example.

The trace distance can be formalised in terms of the eigenvalues of density operators
(see chapter 2) however we will give an equivalent definition in terms of measurements
and the total variation distance. What is a measurement? For quantum systems there
exist measurement outcomes i € Z for some set Z where the system can be measured
with respect to this measurement irrespective of the state of the system (Note: we
are using the Positive Operator Valued Measure (POVM) model of measurement), we
will discuss measurements rigorously in chapter 2. For now we can think of the trace
distance as

|p—olltp = max v —VamllTv

where p, G are density operators, || - [|Tv is the total variation distance as discussed above,
and w7, Vs are probability distributions induced by measurement of p, G respectively, i.e.
(i) is the probability that measurement outcome i was obtained when p was measured.
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Visualising total variation distance as unsigned area of difference
——  f~ Normal(0,1)

040 - —— g~ Normal(1,3)
unsigned difference
overlap

density at =

Figure 1.1: Visualisation of total variation distance ( % of the blue shaded area) between
two normal/Gaussian distributions

This explains the second line in table 1.1 where equality holds given optimisation over
the measurements.

1.4 Towards a quantum coupling & Problem Statement

Concept in Probability Theory ‘ Analogue in Quantum Theory

Discrete probability spaces Density operators
Total Variation distance Trace distance
Coupling ?

Table 1.1: Quantum Theoretic analogues to concepts in Probability Theory

In section 1.1 we mentioned how a collection of density operators that are diagonal in a
shared basis are analogous to discrete probability spaces, this explains the first line in

table 1.1.

Now, the underpinning result for Markovian Coupling is an upper bound on the To-
tal Variation Distance where optimisation over all possible Couplings of a pair of
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distributions leads to saturation of the bound, that is to say

lu=Vlrv = (Xy)lglf(y./v)P(X #Y)
where || - ||Tv is the total variation, and I"(u,V) is the set of all couplings of the dis-
tributions p and v. Here inf(x y)er(,v) optimises the coupling. Returning back to
trace distance, like in the above coupling equation, maxy; optimises the measurement.
Given these optimisations and table 1.1 we can understand the final row as a ’quantum
coupling’ analogue which looks like

”p _GHTD = Opty andCP(X 7 Y)
where Opt,, is an optimisation over measurements and Opt. is an optimisation over
entangled states, that we call quantum couplings, with reduced density operators p,G.

1.5 Contributions

* General framework for understanding potential quantum couplings as a relation
over collections of measurements indexed by bipartite (entangled) states.

* The infeasibility of arbitrary measurements for quantum coupling.

* Coupling bound for pairs of pure states in the 1-qubit system with restriction to
Von Neumann measurements with saturation under measurement optimisation.

* Monotonicity of coupling function over the maximal Total Variation measurement
scheme irrespective of restriction to states.

» Equality of coupling function over the maximal Total Variation measurement
scheme under mild conditions.

* Negative result on saturation of coupling function over the maximal Variation
measurement scheme.

1.6 Dissertation Structure

Background Chapter: This chapter introduces the main concepts of interest, the con-
cepts from probability theory section motivate the maximal total variation measurement
scheme and ground the project but are not critical to understanding any of the work
done while the concepts from quantum theory section outlines foundational concepts
that must be understood rigorously as they form the backbone of every result presented.

Measurement Systems and Understanding Quantum Couplings Chapter: This
chapter introduces our framework, measurement systems, as motivated by problems
that arise from other approaches towards a quantum coupling result and provides a
practical application in the basics of the Von Neumann measurement scheme section.

Maximal Total Variation Measurement Scheme Chapter: This chapter applies all of
the work done in the prior chapter towards the core quantum coupling problem and gives
an extensive characterisation of any possible solution and general properties such as
monotonicity, quantum coupling function, and saturation within an appropriate context.
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Background Chapter

2.1 Concepts from Probability Theory

The concepts of Total Variation Distance and Coupling are integral to our analogue and
provide guiding principles for our study, we investigate their implications in Chapter
4. This section is based heavily on Markov Chains and Mixing Times, second edition
Levin and Peres (2017) and aims to motivate the investigation of quantum couplings
rigorously as well as provide some basic results as required in the main work.

2.1.1 Total Variation Distance

In the introductory chapter, we introduced the concept of Total Variation as "the unsigned
area between two probability densities’, we now formalise this concept for discrete
probability spaces, our probability spaces of interest, and give a few results relevant to
us.

Definition 1 (Total Variation Distance). Let (u, F,Q) and (v,F,Q) be probability
spaces, then

-V =max |u(E)—Vv(E
= Vilry = max [u(E) ~v(E)|
is the total variation distance (T.V).

Proposition 1. d(u,v) = ||u— V|1V is a metric.

Proof. omitted. O

Lemma 2. Let (u, F,Q) and (v, F,Q) be discrete probability spaces, then
1
la=vlirv =5 Y (@) —v(o)]
0eQ

Proof. We paraphrase from Markov Chains and Mixing Times Levin and Peres (2017)
(pp- 48):

Let B:= {0 € Q|u(w) > v(w)} then clearly
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u(B) —v(B)| = maxger [u(E) — V(E)]|, and also

u(B) = v(B°)| = [(1 —pu(B)) — (1 =v(B))| = [V(B) — u(B)| = maxge r [u(E) — V(E)|
from which we find

¥ [u(0) - v(o)
= ZB lu(®) —v(0)|+ Z;,}C u(®) —v(o)]

— Y (o) —v(@)|+ ¥ |ju(@)—v(®)|  since u(®) > v(w) forall® € B

oeB weBe

=Y (u(@)—v(w)|+| ). (u(w) —v(co))‘ since u(®) < v(w) for all w € B
wEB WEB

= |u(B) —Vv(B)| + |u(B) +v(B)| by countable additivity

= 2max|u(E) —v(E)|

O

Remark. From the above we immediately see the relation between T.V and the unsigned
area between the densities, in fact by approximating measures that are absolutely
continuous w.r.t the Lebesgue measure with finite valued random variables (r.vs) we end
up integrating the absolute value of the difference between the densities, i.e. calculating
the unsigned area between the densities, for an illustration see fig. 1.1.

Lemma 2 is an integral component for proving the relation between the total variation
distance and trace distance.

2.1.2 Coupling

We now introduce coupling alongside a simple example and introduce a key relation
with T.V that motivates our investigation of a quantum analogue.

Definition 2. [Coupling] A coupling of the distributions g, v is a pair of r.vs (X,Y) such
that Py = g and Py = v. (i.e. the marginal distributions of X, Y are u and v respectively.)

Example 1. Let u = v be the distribution of a fair coin flip, i.e.

1
u(heads) = v(heads) = 5= u(tails) = v(tails)

then
Pyy | X=0 X=1
Y=0 % % (2.1)
Y=1| g4 7

and
Pyy | X=0 X=1
Y=0[ 3 0 (2.2)
Y=1| 0 ]
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describe two distinct couplings of u,v where in (2.1) the r.vs are independent and in
(2.2) the r.vs are dependent and strongly correlated.

Lemma 3. If (X,Y) is a coupling of pand v, then |u—v|tv <P(X #7Y)

Proof. We paraphrase from Markov Chains and Mixing Times Levin and Peres (2017)
(pp- 50): Let (X,Y) be a coupling of the distributions ¢ and v, then for any event E:
UE)—Vv(E)=P(X€E)-P(Y €E)
=P(X€EYCE)+P(X€E,Y¢E)-P(Y€E,XEE)
—P(YE€EXZE)
=P(X€E,YZ¢E)-P(Y€EXEE)
<PX€E)YZE)
<PX#Y)
Thus [|u—V[|lty = maxge F [u(E) = V(E)| < maxper [P(X #Y)| =P(X #Y). [

Example 2. Recall the fair coin distributions g and v as in example 1, we find
lu=Vllrv = [|0][rv =0
and, for the couplings (2.1) and (2.2) we find
1

PX#Y)=PX=0,Y=1)4+PX=1,Y=0)= > For coupling (2.1)

PX#Y)=PX=0,Y=1)+P(X=1,Y=0)=0  For coupling (2.2)

For the dependent fair coin joint distribution (2.2) we see that ||u—Vv|tv =P(X #Y),
such a coupling is called optimal.

Proposition 4. For any pair (u, F,Q), and (v, F,Q) of discrete probability spaces:
|lu—Vv|rv =min{P(X #Y) : For (X,Y) a coupling of uand v}

i.e. there exists an optimal coupling of u and v.

Proof. Note that inequality follows immediately from Lemma 3 thus this is more a
statement about saturation of the inequality, proof omitted for brevity, see pp. 50-52
Levin and Peres (2017) (Proof of Proposition 4.7). O]

Remark. The key properties to this relation are the monotone increasing bound P(X #Y)
and saturation of the bound.

2.2 Concepts from Quantum Theory

To understand the existing quantum analogue to T.V, and also for all results that follow,
we must understand density operators and positive operator valued measure (POVM)
measurements, we will then be ready to introduce the trace distance (T.D) and show
that it is indeed a quantum analogue to T.V. This section is based heavily on Quantum
Computation and Quantum Information Nielsen and Chuang (2010). Note that it may
be worthwhile to review section 2.3 (Nomenclature) first.
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2.2.1 Hilbert Spaces and Density Operators

A Vector Space X is a Hilbert Space if it is an inner product space such that the
norm induced by the inner product (formally (-, ) %) gives us a Banach Space (X, || - ||),
equivalently a Banach Space that satisfies the parallelogram identity is a Hilbert Space,
we are concerned with complex Hilbert spaces over the base field C of dimension at
least 2 equipped with the standard complex inner product. A common class of Hilbert
Spaces are of the form H = (C2)®” which represent the n-qubit system.

Definition 3 (Density Operator). For a given Hilbert space, , a density operator is an
operator p € L(H) such that

* p satisfies the trace condition: tr(p) = 1
* p is positive semi-definite: V|@) € H : (¢|p|@) >0

Remark. An important kind of density operator is one such that tr(p?) = 1, known as a
pure state, for example, if p = |@) (@| is a density operator then it is pure, by spectral
decomposition we can also show that the above representation is an iff characterisation.

2.2.2 POVM Measurements

Definition 4 (POVM Measurement). A POVM element is a family of linear operators
{M;}icr C L(H) such that for every i € Z we have MiMlT positive semi-definite and
the completeness equation:

Y MM} =id

i€l
Definition 5 (POVM Elements). Let {M;},c7 be a POVM measurement, then E; =
M,-Ml-T is known as a POVM element, we will often refer to {E;},c7 as a POVM

measurement for convenience as often we do not care that E; = M;M" just that E; is
positive semi-definite, in this case we also have the completeness equation:

Y Ei=id

i€l

Remark. Moreover since each E; is positive semi-definite y/E; exists and thus we have

E;=/E;i\/ E,JL meaning that if all of E; are positive semi-definite and the completeness
equation is satisfied then there does indeed exist a corresponding POVM measurement.

Given this we are equipped to introduce the third postulate for Quantum Mechanics
Nielsen and Chuang (2010):

* Postulate 3: For a POVM {E;},c7, the index set, Z, describes the possible
measurement outcomes of a quantum system. If the state of a quantum system
is p (p a density operator) at the time of measurement then the probability of
measurement outcome i € 7 is

P(X =i) =t(Eip)
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and more generally for / C 7 we have

P(x €1)=t((} E)p)

icl

This postulate is critical to our results and as such we verify that P, as given above, is
indeed a probability measure.

Proof. Non-negative:
tr(M,‘MiT p)= tr(Ml.T pM;) by the cyclic property of the trace

but for any vector |y) € H we have [y') := M; |y) € H and by the positive semi-definite
property of density operators we must have (/| p [y’) > 0 and thus Ml-T pM,; is positive
semi-definite, hence the eigenvalues are non-negative reals and the trace, which is the
sum of the eigenvalues, is non-negative, finally non-negativity follows in the general
case by the linearity of the trace.

Distributive over countably many disjoint unions: Let {E;};c 7 be countably many
disjoint events, then

Y P(X €E))
jed
=) P(X€E))
jied
= Z tr(E;-‘p) where EJ* is the operator corresponding to the event E;
jed
= tr( Z E;p) since tr is a linear operator
jeJ
=t(( Y, E)p)
jeg
=P(X € U Ej) since E; are disjoint
icJ
Completeness:
P(X € T) = u((Y, E)p)
icT
= tr(idp) by the completeness equation
=tr(p) =1 since p is a density operator
Thus P is a probability measure. L

2.2.3 Spectral Decomposition and Q, S Matrices

Spectral Decomposition is a fundamental result in Algebra and is invaluable in the
context of quantum information, we will rarely use the theorem directly but many
relevant results are a direct consequence of this theorem.
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Theorem 5 (Spectral Decomposition). If' N is normal then N is diagonalizable, more-
over N is diagonal in its eigenbasis with diagonalization

N =Y hilw) (il
i€l

where \; are the eigenvalues counted with appropriate multiplicity and ;) the corre-
sponding eigenvectors.

Proof. Ommited, see Nielsen and Chuang (2010) (pp. 73). ]

Now, for density operators p, G, recall that density operators are Hermitian from which
we immediately see that (p—6)(p—0)" = (p—06)"(p—0),i.e. p—oisnormal, then by
Thm. 5 (Spectral Decomposition) we have a diagonalization p — 6 = Y ;c7 A; [W;) (Wi,
Let O = Y A |v;) (y;]| for the eigenvalues A; > 0 and S = Y —A; |y;) (y;| for the eigen-
values A; < 0 (note that the eigenvalues are real since p and G are positive semi-definite).
These Q, S matrices have many nice properties and will be useful to us when aiming to
understand the trace distance and our coupling results. One basic result is

Proposition 6. For density operators p,c € L(H) with p—c = Q — S for positive
semi-definite Q,S with Q 1 S we have

p=>0
Proof. For |y) in the null-space of S we get

(Wl(p—o)[v) = (W[(Q—S)|v)
(Wiplw) —(vlo|y) = (v|Q|vy)
(ylplw) > (v|Q|v) since (Y| o |y) > 0 as G is a density operator

then p > Q follows by linearity from every other vector being the sum of a vector in the
null-space of Q and |y) since Q L S and since p > 0 is a density operator. ]

2.2.4 Trace Distance

Definition 6 (Trace Distance). Let p,c € L(#H) be density operators, then the trace
distance is

1 1
lp—oliro =5} [l = S trlp —of
1

where A; are the eigenvalues of p — ¢ counted with algebraic multiplicity.

Remark. Essentially the trace distance is the sum of the absolute values of the eigen-
values counted with multiplicity, formally the definition is %tr |p — o] (hence the name
trace distance, it is also (clearly) % the trace norm), using S, Q matrices it can be shown
that |p —o| = |Q — S| = O+, intuitively Q — S is diagonal in some basis and for a
diagonal matrix we can explicitly find the matrix |D| to be the matrix whose entries
are D/ ;= |Djjl, finally the trace is invariant w.r.t. the choice of orthonormal basis and
hence the sum of unsigned eigenvalues counted with algebraic multiplicity follows.
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While || - || can be viewed as a metric is a minor point, the proof introduces basic
relations between the Q, S matrices and the T.D which are quite important for sections
4.2 and 4.3.

Proposition 7. 0 < d(p,0) = ||p —6||tp < 1 is a metric.
Proof. We observe that

0=1-1=tr(p) —tr(c) =tr(p—0) by the linearity of trace
= tr(Q - ) = u(Q) —tr(S)
hence tr(Q) = tr(S), from which we find that the trace distance is also 5 (tr(Q) +tr(S)) =

tr(Q) = tr(S), then 0 < Q < p tells us that tr(0) = 0 < ||p — &||tp < < 1 =tr(p) (giving
us a stronger claim than just non-negativity).

Now, notice that ||p —&||tp =0 = tr(Q) = tr(S) = 0 but since Q, S are diagonalizable
with non-negative eigenvalues we must find Q = § = 0 from which it follows p — 6 =
Q—-S=0 < p=o,i.e. disnon-degenerate.

Note that symmetry follows immediately from |[p—c|=0+S=S+0=|c—p]|.

The triangle inequality follows from Jensen’s trace inequality given the convexity of |- |,
this is not relevant to us and thus we omit it. O]

The following proposition should be carefully understood as the key symmetry which
underpins measurement systems.

Proposition 8. Forall U € SL(H) and for all density operators p,6 € L(H) we have
lp —o|ltp = |UpUT —UcUT||1p, i.e. the trace distance is invariant under unitary
transform.
Proof.
1
|UpU" —UcU"||1p = Etr|UpUT —UoU'|

_ %trw(p—o)yw

1
=5 tr|U (Z Al (wi Ut by Spectral Decomposition (Thm. 5)
i€l
! 7
=5t Y LU i) (wil U
icT
= Z Al unitaries are a change of basis and
i€l
=|lp—ollp so the A;’s are still our eigenvalues

]
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Remark. That is to say, the trace distance is invariant under a change of basis, intuitively
this suggests that any quantum coupling result should likewise not depend on a choice
of basis, indeed it would be strange to find our result dependent on a basis when the
value we are interested in is not.

We are now ready to see how trace distance can be understood classically as maximisa-
tion through measurement optimisation of the total variation distance.

Proposition 9. Let I be the set such that if M = {M;};c7 is a POVM measurement
over the Hilbert space H then M € T, then for density operators p,c € L(H) we let
up (i) = tr(Mip) and vy (i) = tr(M;G) be the distribution representing the probability of
observing measurement outcome i € I when measuring the operators p, G respectively,
then

—6|ltp = v
P —oltp rﬁ{}gHuM M|V

Proof. We first show that for every measurement M = {M; },c7 we have ||uyr — V|| Tv <
Ip —o|/rp.

1 ) )
|y — V|tV = 5 Y I (i) = Vi (i) by Lemma 2
icT

— % Z |tr(M;p) — tr(M;0)|

i€l
1
=3 Z |tr(M;(p —0))| by linearity of the trace
i€l
1
— 1Y w0 9)
i€l
1
< 3 Z tr|M;(Q —9)| since |- | is subadditive and tr|A| = Z A
i€l
1
< =) tw(Mi|Q—S)) since |- | is submultiplicative
2 i€l
1
:Eztr(Mi(Q-i-S)) since Q L S
1S
1
=~ tw()Y Mi(0+S)) since tr is a linear map
2 i€l
1
= 5tr((Q+S) Y M;)
i€l
1
=3 tr((Q+S)id) by the completeness equation
= llp—olm

Finally, saturation of the bound is a consequence of any POVM measurement {M;, M, }
with M; L Sand M, L Q (e.g. M the projection onto the eigenvectors with non-negative
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eigenvalues of p — ¢ and M, the projection onto the eigenvectors with strictly negative
eigenvalues of p — G) as given this we find M;(Q — S) = Q and M(Q — S) = —S from
which the claim follows immediately. ]

2.3 Nomenclature

We provide an extensive list for the readers’ convenience, it should be noted that fV g,
the piece-wise join is relevant to the addition of measurement systems (see appendix A)
which provides a deeper understanding of what a measurement system represents
and its behaviour, in particular addition gives a simple ’patchwork’ approach to the
investigation of potential quantum coupling functions but is not crucial to the question
at hand.

Notation Meaning
T adjoint/conjugate transpose
® tensor product
y) vector belonging to some complex Hilbert space
(y| dual to |y), equivalently (y] = |y)"
p? reduced density operator p4 = trg(pA8)
H complex Hilbert space
U /vy distribution of outcome probabilities associated with POVM M
L(H) bounded linear operators over the Hilbert space H
SL(H) special linear group over the Hilbert space H
Iy least (orthogonal) projection such that IT4A = A for normal A
ALlB AB =0, i.e. matrices A and B are orthogonal
fVg piece-wise join function: (fV g)(x) = max{f(x),g(x)}

Mon f  least upper bound f(x) < (Mon f)(x) that is monotone non-decreasing

Table 2.1: Nomenclature



Chapter 3

Measurement Systems and
Understanding Quantum Couplings

In this chapter, we will formally introduce the problem of coupling and justify require-
ments such as basis invariance and shared measurements. This will inform our definition
of a measurement system and we will also see how measurement systems are a rigorous
formalism for any reasonable quantum coupling candidate that are also specific enough
for emergent behaviour. Further, we will classify measurement systems according to
useful/insightful properties and briefly explore their interplay before moving on to
quantum coupling functions. Finally, we will conclude with an extensive application
of all the theory that we introduce and discuss the benefits provided by the framework.
Please see appendix A for measurement system addition, a concept that helps illuminate
the structure inherent to measurement systems and provides a ’patchwork’ approach to
quantum coupling results.

3.1 Arbitrary measurement schemes

Before going any further we must address so-called ’identity measurements’, POVM
measurements similar to {31id, 3id} or {id,0} are often easy to analyse and help clarify
certain results, however, from a physical perspective an ’identity measurement’ cor-
responds to no measurement and thus results based on identity measurements might
seem like they are arbitrary and non-informative. However we can ’emulate’ such
measurements with a multitude of meaningful and rich measurements, for example if
we are measuring density operators p,c € £(H) which have both have support in the
same proper subspace of H a binary measurement consisting of a projection onto said
subspace and a projection on the difference subspace will give measurement outcomes
identical to that of {id,0}, and this goes further in that changes to p,c are permissible
so long as the support is never the trivial subspace {0}, in fact pure states will almost
always satisfy have support in a proper subspace with the only notable exception be-
ing when # = C? i.e. the 1-qubit system. One more method to *emulate’ ’identity
measurements’ is with limits, consider any binary POVM measurement {M, M5} then
it is clear that for all € € (0, 1] the POVM measurement Mg = {(1 —&)M|,eM>} is

14
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an operationally meaningful POVM measurement but also as € — 0 our distribution
MM, — Mg,y for any density operator by the linearity of the trace, this means we
can get distributions € close to a distribution given by an ’identity measurement’ and
in many of our applications this is sufficient. Do note that here we mainly focused
on binary POVM measurements for simplicity, these arguments also apply to more
general ’identity measurements’ such as {% id, }lid, }Tid} and henceforth we will treat
such measurements the same as any other POVM measurement.

3.1.1 Problem Statement

We understand the problem as follows: We have a shared resource pA8 € L(H%?),
we provide Alice access to p?* and Bob gets p5. Now, Alice performs some POVM
measurement {M;};c7 on her p# and Bob performs some possibly other POVM mea-
surement {M} jc 7 on his pB, this process corresponds to measuring the shared resource
pAB using the POVM {M; & M i}i,j)ez x g+ After both parties have taken their measure-
ments they compare the outcomes and determine if they are equal’ and repeat until
Alice and Bob know the odds of the two being different. Then coupling optimisation
corresponds to a choice of shared resource 6% € L£(H®?) with p4 = trp(c*8) and
p? = try (68) that minimizes the probability of being different (denoted P(X # Y)) and
the final outcome is a bound ||p# — p®||tp < P(X # Y) with saturation for optimised
couplings, we may also consider different functions for the odds of being different, i.e.
lp? — pBlltp < Q(P(X # Y)) for some function Q, a particularly interesting pair of
examples are the functions 1/2P(X # Y) and 1/2P(X # Y) — 1 which we will see in a
bit.

3.1.2 Why Should Alice and Bob Perform the Same Measurement?

Now, what does it mean to be equal? A simple definition is to choose a function
1:Z — J where we consider the outcome to be ’the same’ whenever we find 1(i) = j
and our measurement outcome is M; ® M, but using this definition and considering
the measurement {id,0} we can either find equality 100% of the time or inequality
100% of the time, instead considering the measurements {id,0} and {pid, (1 — p)id}
for p € [0,1] we find P(X # Y) = p for any p*,p® which means, first and foremost,
that the bound ||p? — pB||tp < P(X # ¥) only holds for ||p* — p®||tp = 1, which isn’t
useful since we already know that ||p? — p®||tp < 1 in general, and the only function
Q such that the bound ||p? — pB|ltp < Q(P(X # Y)) holds is the function Q = 1, i.e.
lp* — pB|lTp < 1, again, this is not what we are looking for.

Well then, rather than choosing an arbitrary function 1 : Z — J we can also choose
one that *'minimizes the difference between the two measurements’, it should be noted
that this case has potential however it is beyond our scope, we will provide a short
argument to persuade the reader that our choice is, if not required, practical. We choose
the 1 € HomSet(Z — J) such that the family of operators (M, Y13 Mi)je7 is
minimized in some sense, for example, we could minimize by trying to minimize the
trace norm of the operators, however:

Example 3. If M| and M, are mutually unbiased bases (MUBs) and we measure in
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these bases then an 1 that minimizes the difference between the two measurements is
any bijection, this is immediately concerning since we would like a canonical t, but
instead we just have 1 a bijection meaning that there are |M|! different choices of 1 not
only is this computationally expensive to compute all possibilities but each choice of
bijection is meaningfully different as it corresponds to a permuation of the measurement
outcome probabilities for p&.

and if we take |0),|1) € M| then we find
110) (0] —10) (O] ||tp = 0
110) (O] = [1) (1| [[tp = 1

now, note that since |0) (0| is a pure state our shared resource must be |0) (0|* or
|0) (0] ® |1) (1], given this we find

P(X #Y)

= Y, w(0)(0l@|w) (wl]0) (0]?)
ly)eMa\1(|0)(0)

= Y. w(|0)(0]]0) (Of) tr(|w) (w |0) (O])
ly)eMa\1(/0)(0)

= Y Lx tr(|y) (yl]0) (0])
lw)eM>\1(|0)(0])

= Z ML since M| and M, are MUBs
wema(o) o)) M2l

_ My -1

|M;|

but notice that replacing |0) (0| with [0) (0| @ |1) (1| does not change the above

argument, and thus we also have P(X £Y) = %‘2/[;1 for the shared resource |0) (0| ®

1) (1. For H = C? we know that {|0) (0[,[1) (1]} and {|+) (+],|—) (—|} are MUBs
meaning that P(X # Y) = 1 for both of the above cases and would imply that || [0) (0| —
1) (1] [|tp < P(X #Y) = 5 but we already know that || |0) (0] — [1) (1| ||tp = 1, this
means that the basic inequality is falsified whenever there exist MUBs in the Hilbert

Space (since clearly M‘/I]‘z);'l < 1 for all |M;| € N).

In the next subsection, we show that there is a need to restrict measurements, this
(obviously) also applies to the general case wherein we permit Alice and Bob to
perform different measurements and thus if such a path were to be pursued the question
of what measurements are permissible is that much harder, especially from the algebraic
side of things.

3.1.3 The Need for Restrictions for Measurements

Henceforth we will assume that Alice and Bob are performing the same measurements
on their quantum states, we now show that it is not feasible to permit arbitrary measure-
ments and thus demonstrate the need for restrictions to the measurements that Alice
and Bob are permitted to perform.
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Let p*8 be our shared resource, our measurements will be of the form M, = {% id, %id},
= {}id,$id, }id}, ..., explicitly: M, = | [{_, 1 id then the probability of inequality
is
n

(X 7& Y Z Z tr ®2 AB)
i=1j#i
n 1 2
Z Z tr(= p"B) since id®? is the identity of %>

1 n
=— Z Z tr(p AB by the linearity of the trace

. AB : .
== Z Y1 since p”” is a density operator

We now show that there exists a spectrum of measurements between every M,, and M, ;|
such that P(X #Y) is continuous over spectrum, and since we start by performing the
measurements M, and end up performing the measurements M,, ;| we must therefore
have a measurement in the spectrum such that P(X # Y) =k forany k € [* =, - +1] Let

d(x) = ("+]) , then (x,8(x)) is the line that passes through (0, 1) and (1, ;) (hence a
continuous functlon) we define our spectrum of measurements by d(x)M,, LI (1 —8(x)) id,
then each element of our spectrum is indeed a measurement since every operator is
positive semi-definite (all of them are identity operators times some non-negative scalar)
and as for the completeness equation:

Y E+(1-38(x))id= 26 —1d+1—8( ))id
Ecd(x)M,

= §(x)id+(1—8(x))id =id

Thus indeed every set in our spectrum is a POVM measurement, moreover we can
explicitly calculate

Z Ztr ®2pAB)

i=1j#i
n Zu(@id@(l —8(x))idp™*)

5()

—|—Ztr ((1—8(x))id®—21idp"B)

_ 8()6)2”(” B 1) +26(X)(1 B S(X)) itr(id@’z

AB
n? n )

P
i=1

= 5()6)2u +28(x)(1—8(x))

n
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B n?—x24+2x—1
- n?+n

which lets us find the measurement that gives said probability of inequality.

It should be noted that we can find a measurement such that P(X # Y) = k for any
k € [0, 1) but not for k = 1, one might think that P(X #Y) = 1 iff p* L p® however this
is not the case.

Example 4. consider the shared resource pA8 = 110) (0| ® [1) (1| + % |1) (1| ®[0) (0],
then we find p? = %id = p? and since the trace distance is a metric we must have

lp* — pB|ITp = 0, clearly our states are not orthogonal, but consider the measurement
{]0)(0],|1) (1|}, i.e. measurement in the 0/1 basis, here we find

P(X #Y) = te(|0) (0] @ [1) (1] p"*)
+ur(|1) (11 [0) (0 p**)
1 1 !

_§+§_

In other words to find a measurement such that P(X #Y) = 1 we need to find POVM
measurements {M; };c7 such that try (id @M;p8) L trg(M; ®id p*®) meaning that, when
observed the reduced density operators look orthogonal, from the above it is also clear
that this is an iff statement since whenever Ml(-g> 2pA8 £ 0 we have some chance p > 0
suchthat X =ijandY =i,ie. P(X =Y) >0 = P(X #Y) < 1. This does mean that
if our shared resource is e.g. |0) (0|“? there is no measurement such that P(X #£Y) = 1.

3.2 Measurement Systems

This section introduces measurement systems, we will be developing our understanding
of these mathematical structures and giving results on quantum coupling in the language
of measurement systems from here on out.

Definition 7 (M-System). Let 7 be a Hilbert space and D C L£(H*?) a set of density
operators, then a measurement system (M-System) over D is a collection {Mp},cp
where each M, is a non-empty set of POVMs on H and we satisfy

« Trivial Motion: For p € D if p’ := U¥?pU®? € D for some unitary U € SL(H)
then

My = {{UMU " }ie1 : {Mi}ic1 € My}

Remark. For clarification: {Mp}pep is a family of sets, i.e. given a density operator
p € D (corresponding with a global state) we find an associated set M, where all of
{M;}c1 € M, are POVM measurements over a local system H. Explicitly D C £(H%?)
where p € D is a density operator and {M,};c7 C P(L(H)) such that {M,};c7 is a
POVM measurement.

Remark. A key aspect is that the set D is not determined, we may thus consider a
quantum coupling of p,6 € H to be any pA® € D such that trg(pA8) = p# = p and
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try(p*8) = p® = 6 and so part of our investigation is to understand which sets D are
"well-behaved’ with respect to some analogue to the classical coupling bound.

The trivial motion condition is meant to capture the fact that the trace distance is invariant
under unitary transforms (see Prop. 8), i.e. an M-System isn’t tied to a particular choice
of basis. The name comes from Geometric Rigidity theory as M-Systems happen to
share some key similarities, in particular the factoring of isomorphisms, we however,
do not factor out all isomorphisms since an attempt to do so leads to complications in
both proofs and also does not admit an intuitive notion of M-System addition.

Definition 8. Let D C L(H) be a set of density operators, then D is full if for every
pair of density operators p, € £(H) there exists an operator pA8 € D such that p4 = p
and p? =o.

Remark. Ultimately we want to understand and work with full sets of density operators
D, and if such is the case we speak of the M-System over D as being full.

Though not particularly insightful, all of our key M-Systems satisfy a symmetry condi-
tion, hence we will spell it out:

Definition 9 (Symmetric M-System). An M-System {M }oep is regular if it satisfies
the symmetry condition.

e Symmetry: If p € D and USWAppU§WAP € D where Uswap € SL(H®?) is the
unitary that maps a @ b — b®a for a,b € A, % an orthonormal basis of H then
Mp - MUSWAPPU§WAP

Definition 10 (Simple M-System). An M-System {M, },cp is simple if forall p,c €
D . Mp — Mc.

Definition 11 (Regular M-System). An M-System {M, },cp is regular if
(Vp € D)(VU € SL(H))(Mp = {{UMU" }ie1 : {Mi}iez € Mp})

i.e. if M € M, then applying a change of basis to the measurement operators gives us
another measurement M’ € M.

Remark. 1t should be noted that being regular is not implied by trivial motion, trivial
motion gives us the same behaviour as regularity whenever U € SL(H) is such that
U®2pU®?" = p but this only holds for a subgroup of SL(H).

Remark. It should be immediately clear that being simple is a stricter condition than
being symmetric, indeed simple = symmetric but one of our core M-Systems of
interest, those that fall under a maximal total variation measurement scheme, are not
simple or regular but are symmetric. Finally regular and simple are distinct, there are
clear examples of regular M-Systems that aren’t simple and M-Systems that are simple
but not regular, this is a direct consequence of the fact that there exists no unitary U
such that U [0) (0| U™ = Jid (there is no such unitary since if there were then

S =t((5id)?)
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(U [0) (0|UU|0) (0| UT)
tr(U(|0) (0))*UT)
twr(UTU(|0)(0])%)

1

but clearly % #1)

Before going any further we introduce the notion of a measurement scheme. For exam-
ple the arbitrary measurement scheme is simply the collection of all M-Systems with
My =T(H) for all p € D where {M,};c7 € I'(H) iff {M,};c7 is a POVM measurement
over H. That is to say, measurement schemes are just swathes of M-Systems that we
group together due to shared properties.

Remark. It should be noted that every M-System in the arbitrary measurement scheme
is simple and regular.

We will now introduce some basic results surrounding M-Systems before moving on to
the core problem: quantum coupling functions.

Definition 12 (unital closure). A set D C L£(H®?) of density operators is closed under
unitaries if forall U € SL(H), p € D implies that U®?pU%?T € D, if D is a set of density
operators we denote its closure by D (where D = {U®?pU%?" : p € D,U € U(H))).

Proposition 10. D=D.
Proof. Immediate from the composition of unitaries being a unitary. [

Definition 13 (unital closure). Let M be a M-System over D then the unital closure of
M is an M-System over D, denoted M, that agrees with M on p € D, i.e. for p € D:
My € M and M, € M are equal (M, = M,).

Lemma 11. For any M-System, M, there exists a unique unital closure of M.

Proof. Let (Mp)pep be an M-System, then the unital closure is (M), where My =

M, for p € D and for p’ € D\ D there exists a p € D and a unitary U € U(H) s.t.
U®2pU T2 = p’ € D (see Defn. 12) thus to satisfy trivial motion (see Defn. 7) we must
have My = {{UM;U" };c1 : {M;}ic1 € Mp}.

Now for the sake of a contradiction suppose we find conflicting p,c € D such that
{{UlMiUlT},-eI : {M;}icz € M, } induced by p does not equal

{U:MU] Yier : {Mi}ier € Mg} induced by 6. Here we have UP?pU{®* = p/ =
Ué@zGU;@Z for some unitaries U;,U, and thus (UZTUI)‘X)ZQ(U;UQT®2 = o, thus by
trivial motion we get M5 = {{U;UlM,-(U;U1 )" Vet : {Mi}ie1 € M, }, since unitaries are
isomorphisms this induces a bijection F = GoH : My — Mg where both G : My — Mg
and H : M, — M. Again, G and H are bijections since unitaries are isomorphisms
whose existence is a contradiction (we would no longer have the conflict between My
as induced by p in comparison to ) thus we assume there does not exist a bijection F,
L.e. either the unitary U or the unitary U, do not exist, thus My is well-defined. Note
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that the above is sufficient for uniqueness while for existence we must finish off by
showing that there exist no contradictions as described above for the cases of p € D
and 6 € D\ D, or p,c € D\ D. This follows immediately by considering p1,6; € D
with Uig)zplU? 27 = p and U§§2($1U£®2T = O (which exist directly from Defn. 12 and
considering the identity unitary for p € D) then My is an M-System as:

* We have already shown that p,c € D lead to a consistent M,y.

o If at least one of p,c ¢ D then there exist p;,6; € D as described above and
if p,p’,c do not satisfy trivial motion then we have U*?Up,U%*" = &, but
Mg, # {{UMU"}icz : (Mi)iez € Mp,} (as in the initial case, this follows as
unitaries are isomorphisms to we have a chain of bijections), i.e. p1,61 € D do
not satisfy trivial motion and M is not an M-System, but M is an M-System and
thus M satisfies trivial motion.

[]

Proposition 12. We have the following implications
o M is simple (symmetric) => M is simple (symmetric).
o M is regular iff M is regular.
o M is regular and simple iff M is regular and simple.

Proof. For every p € D we have M, = M, thus if M is symmetric then clearly M
is symmetric, if M is simple then clearly M is simple, and likewise if M is regular
then by the same argument we get that M is regular, however if M has D = {|0) (0|}
over H the 1-qubit system then letting Mgy o = {{|0) (O, [1) (1|} } we can easily verify
that M is an M-System, clearly it is simple but M is not simple, since |[+) (+| € D
but by direct calculation we find M|y, | = {|+) (+],|=) (=} # M|g)(o|- Thus we have
shown that M is simple/regular => M is simple/regular respectively and that M
is simple ~= M is simple, we now suppose that M is regular, then for every p € D
we have some p’ € D and some unitary U € SL(#) such that U*?p'U%®?" = p, in
the proof of existence and uniqueness of the unital closure (Lemma 11) we’ve shown
that Mp, = {{UM;U"};c1 : {M;}ic1 € My} but since M is regular we know that every
{UM;U"};c1 € My and infact the two sets are equal, thus M, = My but then M,
satisfies the regularity condition and so M is regular, finally notice that if M is simple
then since we have M, = My for every p € D and we must have M be simple. ]

Remark. We can see visualise why M being symmetric does not imply that M is
symmetric even when M is regular by considering D = {p,p’} with U # id and
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p' = UswapU®?*'pU ®2ijap then we simply pick M, # M,y and the diagram

Uswap /

P

U®2 U?QZT

o —— Ol

Uswap

clearly shows the issue, note that this could be amended by requiring symmetric M-
Systems to satisfy a stronger symmetry condition, one such that symmetry holds after
composition with any unitary U®? - U1,

Remark. In the above we’ve show that M is simple #=> M is simple using a contrived
example, fig. 4.2 and the corresponding representative set is a meaningful instance of this
fact and demonstrates how simplicity can be induced by choosing ’good’ representations
(see Defn. 17).

See section 3.4, Von Neumann measurement scheme, for a practical application of
the above to quantum coupling functions (Defn. 14), in particular to derive the initial
quantum coupling (Defn. 15).

3.3 Quantum Coupling Functions

Quantum coupling functions are the generalised analogue to the classical coupling
function and our success in constructing these bounds is exactly the aim of the project.

Definition 14 (Quantum Coupling Function). Let A = B = H, H a Hilbert space, let
D C L(A® B), D consisting of density operators, then a quantum coupling function
(q-¢) is a function Q : [0,1] — R™ (non-negative reals, including 0) and an M-System

(M8) pasep such that for every pA2 € D and every POVM {M,}c7 € M5 we have

Ip* =Pt < O(P(X #7Y))

where X represents measurement of pA w.r.t. {M;},c7 and Y represents measurement
of pB w.rt. {M;};cz. Explicitly:

P(X £Y) =Y tr(M;® (id—M;)p*?)

i€l
=1- Ztr(M?szB)
i€l
=1-P(X=Y)

Definition 15 (Initial Quantum Coupling). A q.c Q is initial if for any other q.c Q over
the same M-System we have Q < Q, we use the bar to indicate that a g.c is initial.

Remark. The name initial comes from category theory Leinster (2016), wherein Q is
the initial object of the category of quantum couplings with an arrow A — B whenever
A < B for objects A, B.
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Lemma 13. For any M-System there exists a unique initial q.c.

Proof. Uniqueness: if O and Q; are both initial then by Defn. 15: Q; < 0, < 0y, and
thus Q1 = Q».

Existence: for x € [0,1] let B, = {pA8 : (3(M});c1 € Moas)(P(X #Y) =x)} then define

Ql

(x) = SUPpABep, Ip* = pB|ltp  for By # 0
0 otherwise

for any p*® € D and any (M;);cz € Myas let x = P(X #Y), then p** € B, and so

Ip* —p®|ltp < sup [|o* —&® ||l

oABcB,

=0(x) =Q(P(X #Y))

thus Q is a q.c.

Now suppose there exists a q.c such that Q(x) < Q(x) for some x € [0, 1], then for said
x there exists a sequence p\2 € B, for n € N such that

15 = P5llrv — suppascp, [Ip* — pPlirv as n — oo, thus eventually [y — pyl| > Q(x)
(or alternatively if By = 0 then Q(x) = 0 and Q is negative, hence not a q.c) and thus

Q(x) is not a q.c, hence Q is initial. O

Remark. We may therefore speak of the initial/optimal quantum coupling of some
M-System.

Example 5. We now take a small break to apply what we have introduced to M-
Systems in the arbitrary measurement scheme, based on our results in subsection 3.1.3,
the need for restrictions for measurements, we’ve shown that for any shared resource,
i.e. pAB € D, we can find measurements such that P(X # Y) = k for k € [0, 1) then let
us take ¢ = suppuscp | p" — pB|I1p, then there must also exist a sequence (p42),eny € D

such that lim,,_,« ||p* — p2|/Tp = ¢, now for each k € [0, 1) there exists a measurement,
M,, such that P(X, # Y,) = k which means that lim, .. Q(P(X, # Y,,)) = Q(k) >
lim, e ||p2 — pB|ITD = ¢, moreover there does not exist pAZ with ||p? — p®||tp > ¢ and
thus Q(k) = C for all k € [0, 1), this means that the initial coupling over any M-System
in the arbitrary measurement scheme is finite-valued, taking at-most 2 values, if the q.c
is continuous, a desireable property to have, then it is constant and in the case that there
exists pA8 € D such that pA L p? then clearly ||p* — p®|/tp = 1 and by performing a
measurement {M,M,} with My | pB and M, | p (e.g. the measurement consisting
of a projection onto the support of p# and a projection onto the support of p?) we
find P(X # Y) = 1 and thus Q = 1. Clearly, the arbitrary measurement scheme is
uninformative, and thus we can conclude, using the language of M-Systems, that there
is a need for measurement restriction.

The final key ingredient is a notion of saturation:

Definition 16 (Saturated in State). A g.c, Q, is saturated in state-space/saturated in
state/saturated if for all pA8 € D there exists some 68 with p* = 6% and p? = o® and
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there exists a measurement (M;);c7 € Msas such that
lo” —o®[ltp = Q(P(X #Y))
ie.

(vp*® € D)(36"8 € D)(3(M;)icz € Mgus) (p* = 6)(p? = o®)
(Jlo* —c®|ltp = Q(P(X #7Y)))

Lemma 14. There exists a saturated q.c, Q, if and only if Q is saturated in state.

Proof. the <= case is trivial thus we show —:

If Q is saturated in state then for all pAB € D there exists 0?8 € D with pA = o4,
pB = o8, and a measurement (M;);c7 € Mgz such that for x = P(X # Y) we have
l6* — o®||tp = Q(x), but then O(x) < Q(x) by Defn. 15 but ||6* — 6®||tp < Q(x)
(since Q is a q.c, see Defn. 14) thus Q(x) = ||6* — 6®||tp and so Q is saturated in
state. []

Remark. Given this, we are intimately interested in initial couplings when derivable
since they naturally give us saturation, if at all possible, within the M-System we are
considering.

3.3.1 Representative Sets

Representative sets give us a clever way to exploit symmetries and parameterise our
coupling bound in a way that admits direct computation, this will be and integral to the
result given in section 3.4.

Let D C L(H®?) be a set of density operators and consider the binary relation ~:
D x D — {True,False} s.t. for p,6 € D we have p ~ & if and only if there exists a
unitary, U € U(H), such that U®?pU"*? = o.

We show this relation is an equivalence:
* Reflexive: U = id is a unitary, thus id®? pid®?" = p thus p ~ p.

* Symmetric: If p ~ G then there exists a unitary, U, s.t. U®?pU®?" = ¢ then U™
is also a unitary and UT®2cU®? = p, thus 6 ~ p.

e Transitive: If p ~ p” and p’ ~ o then there exist unitaries Uy, U, such that we have
_ 77®27 ;@2 7 t®27 12
=U,"UpU 0,
= (L) **p(Ualn)'*?
and thus p ~ ©.

Thus ~ is an equivalence and we define a representative set as a choice of representation
of the equivalence classes induced by ~.
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Definition 17 (Representative Set). For a set of density operators D C L(H®?) a
representative set/representation of D is a set S C D such that forall p € D there exists
exactly one p’ € S such that for some unitary U®2pU %% = p'.

As shown above, this notion is well-defined and we will now show that the behaviour
of a representation of D w.r.t. a q.c, Q, determines the behaviour of Q over D and as
such a representation of D is the least amount of states one must consider to understand
q.cs over D, we also explore the relation with the unital closure D.

Proposition 15. If S is a representation of D then:
1. S is the representation of S.
2. §=D.
3. S is a representation of D.

4. If S is a representation of D, D’ then D = D.

Proof. We handle the claims as follows:

1. If there exists a unitary U € U(H) s.t. for 51,50 € S with 51 # s, we have
U®25,U"%2 = g, then 51 and s belong to the same equivalence class and thus S is
not a representative set, thus no such unitaries exist from which it is immediately
clear that a representation of S is S and since representations are subsets, for any
§" C §if S’ were a representative set we would have a unitary U for s € S\S' # 0
with U®2sUT®2 = ¢ € §', but we have shown no such unitaries exist, thus S is the
only representation.

2. Forall p € D we have p’ € D and some unitary, Uy € U(H), s.t. UP2p'UI“* = p
(see Defn. 12) while by Defn. 17 we have some representative, ¢ € S, such that
UEXQGUZT ®2 — p/ and thus we have

p = U0y %oU; U

— (Ul U2)®2G<U1 U2)®2T

thus p € S.i.e. D C S but since S C D it is obvious that S C D and thus S = D.

3. Asargued in 2, we know that forall p € D we have some 6 € S s.t. p = U%2cU 792,
as argued in 1, we know that for any 6,6’ € S we have no unitaries U®?cU®?" =
o’, thus the 6 in question is unique and the representative of p € D and thus the
claim holds.

4. Tmmediately from 2. we have D =S5 =D’
O]

Lemma 16. If S is a representation of D with M-System M = (Mp)oep, then Q is a
g.c on M if and only if Q is a q.c on (Mg)ges moreover Q is initial on M if and only if
it is the initial coupling over (Mg )ges.
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Proof. If Q is a q.c on M then it is clearly a q.c on (M, )pes, suppose Q is initial
on M, since Q is initial we have a sequence of density operators p48 € B, := {p48 :
(I(Mi)icz € Mppus)(P(X #Y) =x)} for n € N such that P4 — pB||tp — Q(x) as n — oo,
Now let 648 be the representative of pAZ for all n € N, then by trivial motion we have
048 € B, for all n € N and since the trace distance is invariant under unitary transform
we conclude that ||67} — 6B|| = ||p2 — pB|| — Q(x) as n — o thus Q is initial over S.

Now suppose that Q is a q.c over (Mp)pcs, for any pA8 € D and measurement
M;)icT € Mz, let 648 be the representative of pAZ, then there exists a unitary U

€ p P p y
s.t. UP2pABUT®2 = 648 and by trivial motion we have {UM;U"};c7 € Mgas, now
observe that

Ip* = p®lp = [[6* — 6% 1D

<O(P(Xs #Ys5)) since Q is a q.c over S
=0(1- Y w((UMUT)*?c"P))
i€
=Q0(1—- Z tr(MP2(UT*26*BU%?))) by cyclic property of the trace
i€l
=0(1- ) u(M?p")
i€l
= O(P(Xp #Yp))

and thus Q is also a q.c over M.

Finally for Q initial over (Mp)pes. let O be initial over M, for any sequence pi8 € B,
sit. ||p2 — pB|ltp — O(x) as n — oo (which must exist since Q is initial, except for
B, = 0 in which case Q(x) = 0 = Q(x)) we take the representative 645 of p4% which
gives |64 — o8||tp — O(x) and thus since Q is a q.c we have Q(x) < Q(x) but trivially
Q(x) < Q(x) and thus Q < Q < Q and thus Q = Q and the initial q.c over (Mp)pes is
the initial g.c over M. O

Proposition 17. Let M be an M-System, if Q is a q.c over M then Q is a q.c over M,
moreover if Q is initial over M then it is initial over M.

Proof. Let S be a representation of D where M is over D, then by Prop. 15 (part 3) S
is also a representation of D, and the claim follows immediately by Lemma 16. L

Proposition 18. Let S C Dyre = {p® 06 :p,06 € L(H) : p,C are pure states}, then S
is a representation of Dy if and only if the map || trp(-) —tra(-)||tp : S = [0,1] is a
bijection.

Proof. Since the representation of p has the same trace distance as p we know that
S must induce a surjection immediately. Now suppose that for s‘?B ,S‘E‘B € S we have
Hs‘? - S?”TD = ||s§ - s129||TD, since s‘i‘B ,slzw € Diocally pure W€ know that the relevant
density operators are pure and thus we know that 1 < dimspan{s/, s{” } <2 (and likewise
for s58), if dimspan{s{,s?} = 1 then since s{ and s? are colinear density operators
we must have s{ = 5%, thus ||s{ — s®||tp = 0 = ||s5 — s5||p, since the trace distance
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is a norm we have s‘é‘ = sg by the non-degenerate property of a norm. But then S
is not a representation as for any pair of pure density operators we have a unitary
s.t. UsfUT =54, i.e. 518 and 538 belong to the same equivalence class and thus §
is not a representative set. Otherw1se if dlmspan{s‘i‘,sl} = 2 we can immediately
see that dimspan{s3,s5} = 2 (we’ve already shown that dimspan{s4,s5} =1 <
dim span{s‘i‘,slirg } = 1) Notice that since s‘i‘, s‘f are pure states they exist in a subspace
isomorphic to the one qubit system C2, call the elements of an orthonormal basis of
this subspace |0) (0| and |1) (1|. Let U be a unitary such that Us{U" = |0) (0| and U’
be a unitary such that U’slsAU’T = |0) (0|. Finally, if ||s; — s2||tp = p then Us¥U" and
U'sBU"" are one of ((1— p?)|0) +€®p?|0))((1 — p?) (0] +¢®p? (0]) (these are the only
states in the subspace that satisfy the trace distance condition, that are also pure states)
for some (possibly distinct) phases 0, but then rotating around |0) gives an isomorphism,
and thus s’i‘B and s’i‘B belong to the same equivalence class.

Finally, if S induces the bijection described above then for any p*# we will show that
o8 e {p"Bcs:|p™—pB|tp=p*—p®|tp} belongs to the same equivalence class
thus completing the proof.

Note that this follows exactly as above, if ||p* — pZ|ltp = O then p# = p® (and also
o* = of since || - ||1p is a norm), we have an isomorphism UpAU" = ¢ and thus 68
and p”8 belong to the same equivalence class. While for p# # p? we again map the
2-dimensional subspace containing p4, p? to the 2-dimensional subspace containing
o, 65, take an orthonormal basis of this subspace and call the first element |0) (0| and
the second element |1) (1|, again map Ucs*U™ = |0) (0| and U’p U’ = |0) (0|, then as
before UsBUT and U'pBU’" are isomorphic up to rotation around the |0) (0| and thus
o8 and p”2 belong to the same equivalence class, as desired. [

3.4 basics of the Von Neumann Measurement scheme

As teased at the start of subsection 3.3.1, representative sets, we now apply our tools
to the following M-System in the Von Neumann measurement scheme (in the Von
Neumann measurement scheme exactly the Von Neumann measurements are permitted):
our set D is the set of pure states of the 1-qubit system, explicitly

D={p®cec L((C*)*®?) :tr(p?) =tr(c?) =1, and p and G are density operators}
and
Mp ={(Ei)ic{1,2y : E1 € L(H) and E; € L(H) are idempotent rank 1 projectors}

Clearly this M-System, M, is simple and a change of basis does not change the
rank of a matrix (and the resulting matrix will still be idempotent since (UTIUT)? =

UTNIUU'TIUT = UTT?UT = UTIU") thus the M-System is also regular. Now, by the
completeness equation, we know that E1 + E, =1d = E, =1id —E| and every rank
1 idempotent projector is of the form |y) (y| by spectral decomposition, now every
ly) € C? is a linear combination of a |0) + b|1) with ag + bb = 1 (since an idempotent
operator can only have 1 or O as its eigenvalues thus |y) must be normal w.r.t. the
standard complex inner product). Thus we let ¢ € [0,1] and 6,6’ € R to parameterise
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our measurements by using the polar form as ¢ (/T —¢|0) + V€™ |1)) (here € is
the global phase) and thus our measurement operators are

E; = (\/T—q|0) +/ge® 1)) (e (/1 ¢|0) + y/ge® 1))
= (/T q0) +/ge™® 1)) (v/T—q (0] + y/ge ™ (1])
:< l-q Q(l—Q)e"'G)

Va(l—q)e® q

and

Er—id—E
_ ( g  —/q(l —q)e‘“’>
—/q(1—q)e® 1—gq

Now, since ¢ is 27 periodic we can take © € (—=, 7| and for normalization we re-
quire ¢ € [0, 1] thus every measurement corresponds with some point (¢,0). Let p,, =

L—p p(l—p))
for p € |0,1], then we have S ={|0) (0O|®p, : p € |0,1
(ot V7O 0.1] {10} 0] @ py : p € [0.1])
a representation of D by Prop. 18 since

ool =1 (g o)~ (s V7 ")
:H(_ p —\/p(l—p))HTD

p(1—-p) —p
1
= 5(]\/13] +1—=+/Pl) the eigenvalues
=P are £,/p

meaning that the map given in Prop. 18 is a bijection and thus S is a representation,
now we simply pick some p € S and M € M,, then using our parameterisations we can
calculate the probability of inequality directly and get the equation

P(X #Y)=22¢"p—q* —2qp+1)+2(29—1)y/q(1—q)y/p(1 — p) cos®

Now, for our g.c we need to find the global minima, we will do this by finding the
critical points:

%p(x #Y) = —2sin0(2g — 1)v/q(1—q)\/p(1 - p)

The above is 0 exactly when
1. \/q(1 —q) =0, this holds for ¢ =0, 1 and any 8 € (—mx, 7.
2. 2g—1 =0, this holds for ¢ = 3 and any 6 € (—m,].

3. /p(1—p) =0, this holds if and only if p = 0,1 which gives us some boundary
conditions.
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4. sin® = 0, this holds for any ¢ € [0, 1] and 6 = 0, .

IP(X #Y) _2q(1—q)(2g—1)(2p—1) —cos6(8¢> —8q+1)1/q(1 —q)/p(1 - p)
dq q(1-q)

Recall we must find both %]P’(X #Y)= %IP’(X #Y) = 0 for the point to be a critical
point:

1. when ¢ =0, 1 the denominator g(¢ — 1) = 0 and the partial derivative is undefined.

2. wheng = % the partial derivative is 2 cos 6\/ (1 —p), thus O whenever p=0,p =
1,and 6 € (—m, 7] or cos® =0,i.e. ¢ =—7%,7 for allp € 0,1].

3. when p = 0,1 the singularities at ¢ = 0, 1 are removable and the analytic continu-
ation is F2(2¢ — 1) which is zero only for g = 3 (and any 6 € (—=, 7).

4. finally, whenever sin@ = 0 (i.e. 6 = 0, and cos @ = +£1) the partial derivative is
zero when

\/ (I-p Va(l—q)(2g—1)

squaring both sides and turmng into simple fractions gives us

2p—1 8¢% —8¢g+1
P _ q q-+

4 1
p(1—p)  q(1—q)(2q—1)?

for p#£0,1and g #0, . 5, 1 (which we may disregard wholesale as these cases have
already been handled) the solutions of the corresponding diophantine equation

(which are also solutions to the given equation for p # 0,1 and g # 0,1, %) are
g = P T
~— T2 T 2

Evaluating our original expression for P(X # Y) at these critical points gives us the
following equations

atg=0,1:P(X#£Y)=p
1 1
atq:E: (X#Y)—E
1— 1
atg = 2\/5:1@@7“)_%—2,)(1—;9)
1 1
atq:%\/ﬁzp(x#y):%
1— 1=
atg = 7 p:IP’(X;aéY) g
1+T—
andatq=¥;1@(x¢y) L 2p(1-p)

The easiest way to find the global minima is to plot the equations, fig. 3.1 shows us that

the global minima is the line at g = = —5—L which gives us P(X #Y) = £, we know
that this is the global minima since we have already handled the boundary conditions
and thus we conclude that Q(P(X #7Y)) = /2P(X #Y) is the initial q.c, moreover the
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Behaviour of P(X #Y) at the critical points
— PX#Y) =1+ 2p(1-p)
— PX#Y)=L+2p(1-p)
— P(X#Y)=p
P8 — pX2Y)=L

— P(XzY)=L

— P(XzY)=tfl

0.6

P(X#Y)

%o 02 04 06 08 10
10001 — | Fp =

Figure 3.1: Plot of P(X # Y) vs. the square of the trace distance at the critical POVM
measurements.

bound is saturated since we have equality when measuring at the critical measurements
for which g = I=imp V217p Explicitly this means that we have the inequality

Ip* — pB|ltp < V2P(X #7Y)

for all pure states p?, p? in the 1-qubit system. Now, how do the tools of M-Systems
that we’ve introduced make the problem that we’ve solved above tractable? Firstly
Prop. 18 let us parameterise our collection of states S with only one parameter, p € [0, 1]
rather than the 4 parameters (py,0; for the first qubit and py, 6, for the second) required
to parameterise D and this reduction in dimension had no cost to the applicability
of our results, furthermore since our M-System is simple we could parameterise our
measurements independently of our state, i.e. with g € [0, 1] and 6 € (—x, @] giving us
a parameterisation M (g, 0) rather than a collection of parameterisations {M(q,0) }pep,
in chapter 4, maximal total variation measurement schemes, we will work with M-
Systems that are not simple or regular and we will have to rely on algebraic arguments
rather than a direct computation of the criticial points, and evaluation. Now, this result
generalises if

conjecture 1. Fix a subspace V C H of dimension 2, for every {E;},c7 € My € M
where M is a M-System over D = Dy in the Von Neumann measurement scheme
there exists a binary dilution of {E;},c7 (see Defn. 18) {E1, E,»} such that the dilution
understood as a measurement of the local system V is a Von Neumann measurement of
the system.

The existence of the aforementioned dilution immediately gives us the desired inequality
due to Prop. 19, it should be noted that this is not an iff statement, that is to say the
claim may be false while the bound holds.
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Maximal Total Variation Measurement
Scheme

We are finally ready to tackle the coupling problem: M-Systems part of the maximal
total variation measurement scheme.

Fix some D C L(H®?), a set of density operators. For pA8 € D we let ug be the
distribution given by performing the POVM measurement E on the system pA and vg
be the distribution given by performing the POVM E on the system p?, then we let

Moas =A{E : 1p* — P2 |Itp = ||uE — VE||TV for E a POVM measurement }
Then {Mp}pecp := M is an M-System since:

We let i, and Vi, be the distrubution obtained when measuring 6* and ¢® with the
POVM measurement E respectively, then if U®?pABU%?T := 648 ¢ D for pA8 € D and
some unitary U we take E = (E;);cz € Mpas and let UEU' = (UE;U");cz. We will

now show that UEUT € Mas which will be sufficient to satisfy trivial motion.

H:U/UEUT -V,

UEUT”TV

= Z Iy gyt (1) = Vgt ()] by Lemma 2

=— tr(UE; Ute?) — tr(UE;U 6" by postulate 3
Z | tr( yp
zeI

:— tr(E UTGAU —tr(E;U' sBu by the cyclic property

y yclic prop

IGI

= Z |tr(E;p?) — tr(EipB)] since U*?pABy 27 = g8
zEI

= Z g (i by postulate 3
lEI

= [|ue — VE[ITV by Lemma 2

31
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and thus we have amap My : Myas — Mgas given by (Ei)iez — (UE;U");c7 an injection
(since unitaries are isomorphisms) and by analogous argument the inverse map M+ :
Map — Mz 1s an injection, but then My must be surjective, and we know My to be

an injection, thus My is a bijection and thus M satisfies trivial motion.
We also have symmetry:

If pA8 € D and Uswapp?8 USTWAP € D then for every POVM measurement E we have

lue —VE|lTv = |luE — VE|ITV

Ip* = p®|ltp = [Ip® — p*|ITD

since || - [|v and [ - ||tp are metrics, but then for any measurement E' € Mas we have

1p? — p?(ltp = ||p* — p®||tD = ||tE — VE|ITV = ||[VE — | TV

thus (M;);er €M e Vi Mo — M

L TUIEE = Uswpp Uy Uswarp*Usyp
(which is an injection since unitaries are isomorphisms), and by an analogous argument

. . AByrT - AB I,
to above, by starting with Uswapp”” Ugy s p instead of p™?, gives 1 : MUSWAPPABUSTWAP —

M a5 for U the identity map (again, U’ is an injection as unitaries are isomorphisms), but
clearly 1 is the inverse to 1, thus 1 is a surjection, and we know 1 to be an injection, thus

118 a bijection, and as required for symmetry we have M s = M P
.] q y y pAB USW AP pAB USWAP

for 1 the identity map

We also consider M" for n € N to be defined as above but with the additional restriction
that every POVM (M;);c1 € M, has index set 0 C Z C {1,2,...,n}, i.e. the measure-
ment has < n outcomes. Notice that the same argument as above applies to every M"
to show that M" is an M-System and it also partially justifies the name M, the main
reason we do not care much for large cardinals, and thus group all of that structure under
M is because the structural properties we are concerned with, such as monotonicity of
the g.c, emerge when just considering numerable index sets. Now, the measurements in
M? have a very useful algebraic structure, they are all of the form {E|,E>} with E; L S
and E; 1 Q where p? — p® = Q — S for positive semi-definite Q, S for this reason we
need one final tool, the notion of a measurement dilation which will allow us to develop
and understand g.c’s in M? and then transfer these results to our main M-Systems of
interest, M™.

Definition 18 (Measurement Dilation). A measurement (E;);c7 is a dilution of (E]);c
if there exists a partition of Z into {P,}, 7 such that Y pcp E = E}

Proposition 19. If E is a dilution of E' then for all p € D we have P(Xg # Yg) >
P(Xp # Ypr).

Proof. Let E = (E;);cz be a dilation of E’ = (E]),.7, then by Defn. 18 there exists a
partition of Z into {P;},. such that Y pcp E = E!. Notice that

{XE’ #YE/}: U{XE/ :landYE/ 751}

i€l
= J{XeePandYs &P}
ieT’
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C{Xg # Y}
and thus the claim holds by the monotonicity of the probability measure P. ]

Proposition 20. Every measurement in Myss € M" for n € N or Mpas € M” is a

dilution of some measurement in M:) A € M?.

Proof. LetE = (E;)jc1 € M5, and let pA —pB = 0 — S for Q, S positive semi-definite.

Then for each i € Z either E; L Q or E; L S as if neither holds then (E;);cz does
not maximise the total variation distance ||ug — Vg|ltv. Let Pp = {E;: E; L S} and
Pg={E;:E; 1 O}, then clearly Pp > Iy and Ps > Il thus {Pp,Ps} € M")AB as {Pp,Ps}
maximises the total variation distance, finally the only exception is a measurement
of cardinality 1, and by the completeness equation we must have },;c(1} M; =id —
M;j=idandide M, = id e Mf), thus the claim holds.

4.1 Monotonicity of the Quantum Coupling Function

Lemma 21. The initial q.c over M (over D) is monotone non-decreasing on [0, 1),
moreover if there exists pAB € D s.t. ||pA — pB||tp = 1 then Q(x) = 1 for x =1 and Q
is monotone non-decreasing on [0, 1].

Proof. Since measurements in M are dilutions of measurements in M? by Prop. 20

(and M? C M) we know there exists a sequence of measurements Ej, ‘= {Ein,Eon} €

Mz € M? C M™ such that lim,, e P(Xg, # Yg,) < P(Xg # V) with lim, e P(Xg, #

YE,) = supgey ,, P(Xe # YE) for all E € Mpus € M (note that the existence of such
p

a sequence follows from the existence of the supremum)

Now, for each E, we define mE, to be ||{" | 1 E,

Let 8(x) = M then (x,8(x)) is the line that passes through (0,1) and (1,

1 > m+1
(hence continuous) and the continuum of measurements 8(x)(mE,) + (1 —8(x))(E, J)r
Moas € M over x € [0, 1] saturate [P(Xug, # Y, ) P(X(ui1)E, # Yims1)E,)] (since
8(0)(mE,) + (1—206(0))(E,) = mE, and §(1)(mE,) + (1 —9(0))(E,) = (m+ 1)E,) by

the linearity of the trace, now notice that

R 1) L) a8
—am Eoe( () o ()
+tr ((l Eék)> ® (l El(k)> pAB) +& (& is the uncounted terms)
m m
R 1w (k) JAB
=i Y (ﬁEl “EP

1
+tr (_2 Eék) ® El(k) pAB> +& since ® is bilinear
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= 1im Y° L GRS

k=1
= lim ) &
PN SRR 1w 120\ a8
_"l’l_rg"l;kgktr <(mE1 ) N (mEl P
1 1 /
+tr ((EEY‘)) ® (n—qEék)) pAB)
1 1 /
+r ((EEZ(IC)> ® (n—iEfk)) pAB)
1 1
it ((n—qEz(k)> ® (ZEék)) pAB)
1 1
o)< ()
1 1
o)< ()
1 1
+tr (<%E§k)> ® (%Ef")) pAB)
1) 1 %))\ .48
+tr %EZ X %EZ p
b - 1 *) o oK)
“hm Y Y (e
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+Ef 9B + £ 9 ) 4%
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since trace is a linear map

since trace is a linear map

and ® is a bilinear map

by the completeness equation

since p® is a density operator
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.2 o )
= lim — Z n (by substitution with n = m — k)
m=reo M n=1
. 2 (m—1m ) .
= lim — ) sum is m — 1™ triangular number
m—yoo 2
. o m—1
= lim ——
m—ye  m

(note that the superscript E ) are for distinguish-ability of the elements, i.e. E k) = g)
when equality is understood to be equality of the linear maps but E (k) #E () when

equality is understood as being the same element in the family mE,,)
Thus we have a continuum of measurements saturating (infP(Xg, # Yg, ), 1).

Now, if Q(x) = p for some x € [0,1) then there exists a sequence of p,” € By s.t.
P2 — pB|ltp — p (else Q would not be initial, see proof of Lemma 13), for each of
these 28 we’ve shown that Q(x') > lim, . ||p7 — pB||tp = Q(x) for x < ¥’ < 1 and

thus monotone non-decreasing on [0, 1).

If pA8 € D is such that ||p* — p®||tp = 1, then let pA — pB = Q — S for positive semi-
definite Q,S. Now: tr(Q) = ||p? — p?||tp = 1 = tr(S), but by the linearity of the trace
this is only possible if Q = p# and S = p5, i.e. p# and p® are orthogonal and thus any
binary measurement {E|,E>} € Mz € M= gives us E; L pP and E; 1 p? (else we
fail to maximise the total variation distance with the induced distribution) which gives
usP(X #£Y) = tr(E; @ E;pB) +tr(E, @ E1pA8) = 14+0=1,thus (1) > 1,but 0 < 1
and thus Q(1) = 1 and since Q < 1 and Q is monotone non-decreasing on [0, 1) we find
Q is monotone non-decreasing on [0, 1]. O

4.2 Optimal Coupling Function

In this section we will consider D to be full, thus we have monotonicity on [0, 1] for
our initial q.cs over M.

Take some system M? and O the initial q.c over it, then we know that O < Mon O (by
Prop. 19 since Prop. 20) with Mon Q the inital q.c for M, then by Prop. 20, and since
M™ C M we know that for every Q' for M" we have Q < Q' < Mon Q, thus if we
can show that Q is monotone we will discover that all of the initial q.cs over the systems

M" and the intial q.c over M are identical.

Towards this we will prove that Q(P(X #Y)) =P(X #Y). Let |0),[1) € H be or-
thonormal, then the pair of states |0) (0] and (1 — p)|0) (0] + p|1) (1| have only one
coupling, namely p = |0) (0| @ ((1 — p)|0) (0| + p|1) (1|) and thus said state is in D,
notably the eigenvalues and eigenvectors of the difference of the two states are +p and
|0) (0], |1) (1]. Now consider the binary measurement {E,E,} with E; L |0) (0| and
E> 1 |1) (1] then

P(X £Y) = tr(E1 ® Exp) +tr(E ® Erp)
= 0+tr(Ei((1-p)[0) (O] + p[1)(1]))
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= ptr(E[1) (1])
=p since E; > |1) (1|

Thus Q > P(X #7Y).

4.2.1 Residue Matrix R

We require a short detour to the concept of a residue, let p,o be density operators
belonging to the same Hilbert space, then we know there exist Q, S positive semi-definite
such that p —o = Q — S, we now show that there exists positive semi-definite R such that
p=Q+Randc=S+R. Firstlywelet R=p—Q,thenR—6=—-S — S+R=o,
now consider some vector |y) in the nullspace of Q, then

0 <(ylply) = (Y| (Q+R) |y) since p is positive semi-definite
= (y|R|y) since |y) is in the nullspace of Q

Now for [y') in the nullspace of S we get

W|(p—o)|v)=W(Q-9)|v)
W p|v) = (v|olv)

and since S L Q we conclude that p > Q, and thus

(Wlelv) = (@+R)|v)
= (V[(P—-0)|v) = (V[R V)

and since p > Q p — Q is positive semi-definite, and by linearity (since Q L S) we
conclude R is positive semi-definite. Since R < p we have tr(R) =1 —tr(Q) < 1 and

% is a density operator in the case that R # 0. We call R the residue matrix and if

R # 0 then for a binary measurement {E,E>} € Mpgg € M? we call tr(E, %) =q

or tr(EQ%) := ¢ the residue, this means that we treat 1 — g and ¢ as identical (by com-

pleteness), and this is due to the symmetric nature of measurements in M2 (see fig. 4.1),
finally we call the distribution induced by the binary measurement on R the residue distri-
bution. Given this we may consider D = {p®0: p,6 € H are density operators}, a full
set of density operators and for the M-System M? over D we can calculate the probabil-
ity of inequality explicitly: since for every measurement {E,E»} € M‘F‘,‘B e M?wlog
we have E| L Sand E; 1 Q, let g =tr(E, %) be the residue and p = tr(Q) = tr(S) the
trace distance, then we find

P(X #Y)
= tr(E; ® E»p"8) + tr(Ey @ E1p5)
= tr(E; ® E,p? @ pB) + tr(Ey, @ E1p? @ p?) pB = p @ p? for our set D
= tr(E1p?) tr(E2p®) + tr(Exp?) tr(E1 p®)
=tr(E1(Q+R))tr(E2(S+R)) by residue decomposition

+tr(E2(Q+R))tr(E (S+R))
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= (tr(Q) +tr(E1R)) (tr(S) + tr(E2R)) by linearity of trace and since
+tr(E|R) tr(E2R) IIs L Ey >Tlp and Iy L E» > Iy
=(p+(=p)g)(p+(1-p)(1-9q))
+(1=p)g(l—p)(1—q) by substitution of p, g
=2(1-p)°q(1—q)+p
> p=|p* —p®|lrp since p,q € [0,1]

Saturation of bound w.r.t. Residue
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Figure 4.1: Visualisation of the impact residue has on the probability of inequality

Now for the general case (arbitrary full D) we have

P(X =Y) = tr(E{*p*?) + r(E5*p*P)
< tr(id @Ep8) + tr(E, @ id pAB) since E1,E; < id

tr(E1p®) +tr(E.p?) by the universal property of partial trace
(1=plg+(1-p)(1-g)=1-p

hence P(X #Y)=1—-P(X =Y) > 1—(1— p) = p and thus the bound holds in general
meaning that our original claim is true and the initial q.c for all of our full M-Systems
M"forn>2and M is Q=P(X #7).
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4.3 Results on Saturation

Back in section 4.2, optimal coupling function, we’ve shown that the bound P(X #7Y) is
optimal by looking at the spectrum of states p = |0) (0| @ ((1 — p) |0) (0| + p|1) (1]) for
p € [0, 1], we will now show that the worst case saturation, corresponding to a residue of
% (see fig. 4.1) is not only possible, but there is no measurement optimisation or coupling
optimisation that can remove it, we do this by considering the spectrum given by pA8

B210) + /52 11)) (/S22 01+ /52 (1) @ (/52 1)+ 1/ 55210)) (/152 (1] +

\/ u (0]) for p € (0,1], clearly the non-zero eigenvectors of p* — p2 are |0) (0| and
1) <1| with eigenvalues (132 — 122) = +p (thus p is also the trace distance) and
taking measurements {E1,Ex} € Myas € M? with Ey L |1) (1] and E; L |0) (0] gives

us

P(X #Y) = u(Eip" @ E2p®) + u(Exp” @ E1pP)

() 0]
=%(p2+1)

and thus

Ip* = p®lltp = V2P(X #£Y) —

We can visualise this result by the following diagram:

>HS

Figure 4.2: For pure states p, o the residue operator lies in the span of the eigenvectors

This shows that the residue is % and thus saturation is not possible irrespective of
measurement or coupling (since the only coupling of a pure state is the trivial coupling).



Chapter 5

Conclusion

This chapter restates our contributions, summarises the project, and proposes potential
future work.

5.1 Contributions

* General framework for understanding potential quantum couplings as a relation
over collections of measurements indexed by bipartite (entangled) states.

* The infeasibility of arbitrary measurement scheme for quantum coupling.

* Coupling bound for pure states in the 1-qubit system given a Von Neumann
measurement scheme with saturation under measurement optimisation.

* Monotonicity of coupling function over the maximal Total Variation measurement
scheme irrespective of restriction to states.

* Equality of coupling function over the maximal Total Variation measurement
scheme for full M-Systems.

» Negative result on saturation of coupling function over the maximal Variation
measurement scheme for full M-Systems.

5.2 Overview

In this project we introduce a general framework for understanding and working with
quantum coupling functions, justifying our choices along the way, and apply our frame-
work to two main measurement schemes: the arbitrary measurement scheme which
demonstrates the need for measurement restriction, and the maximal total variation
measurement scheme, motivated by the well-known quantum analogue to the concept
of total variation distance, trace distance, we demonstrate the general existence of a
bound analogous to that given by coupling for full measurement systems as well as
demonstrate that the quantum coupling function is essentially monotone in the most
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general case. The negative result on saturation motivates the study of more esoteric mea-
surement systems for which we have laid the groundwork. We also explore the utility
of our framework for pairs of pure states of the 1-qubit system with the corresponding
measurement system as a part of the Von Neumann measurement scheme.

5.3 Future Work

Within the general framework, we assume the base field to be the complex numbers,
C, the key reason for this is algebraic closure for spectral decomposition so a natural
extension of the framework could be to consider more general separable Hilbert spaces,
which would allow results to apply to a wider domain of theoretical physics.

The work done within the Von Neumann measurement scheme is preliminary with
two main roads for future development: continuing with pure states but generalising
to arbitrary Hilbert spaces may be attempted through proving conjecture 1 or some
alternative approach, or generalising from pure states to more general quantum states,
in particular, a geometric approach seems most insightful towards this end.

We have seen that well-structured measurement dilution can lead to monotonicity,
this can easily be generalised however measurement systems like those handled in
section 3.4 do not admit such an argument due to their bounded cardinality yet seem
to be monotone, it can easily be verified that regularity and simplicity on their own
are insufficient however the result is unclear when both hold simultaneously. Such
monotonicity results have implications on alternative quantum coupling analogues as
there is a strong intuitive reason why the classical coupling bound must be monotone-
increasing thus informing us about the structure of potential analogues.

For numerical stability, the smoothness (and consequently continuity) of the coupling
bound is important and towards this end a notion of ’continuous motion’ analogous
to trivial motion but for states where direct isomorphisms do not exist, but a clear
notion of similarity exists in the Hilbert space is a worthwhile starting point. The name
’continuous motion’ comes from geometric rigidity theory.
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Appendix A

addition of measurement systems

This appendix includes addition of measurement systems, a patchwork approach to
quantum coupling functions is an immediate consequence of these results but most
importantly to the reader, addition gives an insight into the composition of measurement
systems and allows the reader to view q.c results, not only at the level of representative
sets but rather as induced by the ’influence’ of every generalised element in a well-
chosen representative set.

Definition 19. Let M) = {Mél)}pep, and M) = {MF()Z)}peD2 be M-Systems with
D1, D> C L(H®?) sets of density operators for some Hilbert space H, then
MWD 4 MB s the M-System over D; UD, with

My =M UM for p € Dy, Dz, Dy UD,
My = Mél)for p & Dy,p €D
My = MF()z)for p&Dy,peD;

Lemma 22. M"Y+ M@ := M is an M-System.

Proof. If p & D,,p € D) then there does not exist a unitary U € SL(#H) such that
U®?pU%?" € D, thus we only need to verify trivial motion for some p’ € D which
follows from M () being an M-System. And analogous to above if p & Dy,p € D,
thus we only need to show trivial motion for p € Dy,D,,D U D,, observe that if

U®2p'U®?" = p then by unital closure p’ € Dy, D5 and so My = M F(,}) UM ’()%) and since
both M) and M? are M-Systems we have

My =M UMb

— ({UMU Yicr  (Mibicr e MY UMD}
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= {{UMiU?}ieI {Mi}icr € My}
thus we have trivial motion and so M = M) 4+ M) is an M-System. O

Lemma 23. Let M"Y and M® be M-Systems with (initial) q.cs Q1 and Q» respectively,
then a (initial) g.c over MO+ MP s 0, v 0.

Proof. 1f M € My then cither M € M\, and [|p* — %[/t < 01(P(X # 1)) < (01 V

02)(P(X #7Y)) and analogously for M € Méﬂ thus Q; V Q> is a q.c for the M-System

MWD 4 M) And if Q) and Q, are initial then for every x € [0,1] there exists a
sequence of operators p48 and 648 such that ||p?} — p2|tp — Q1(P(X #7Y)) and |6/ —
o3|t — Q2(P(X #Y)) as n — oo from which we immediately conclude that Q; V Q>
is initial. []



