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Abstract
Modelling the relationships between neuronal activity, sensory stimuli, and behavioural
outputs is a key challenge in neuroscience. Within this field, the Copula-GP approach
represents a significant advancement in the analysis of dynamic neural dependencies.
However, its performance is limited when the true dependence structure deviates from
that of the copula models employed in the framework. In this project, we address this
limitation by incorporating three new parametric copula families (Ali-Mikhail-Haq, Joe,
and Student’s t copulas) to Copula-GP. We evaluate the performance of the extended
Copula-GP framework on different datasets and assess their abilities in providing
simple yet novel dependence structures. Our results demonstrate that incorporating the
AMH and Student’s t copulas significantly enhances the framework’s expressive power,
while the Joe copula’s contribution is comparatively less significant. Furthermore, by
extending the Copula-GP framework to accommodate multi-parameter copulas, our
work makes a considerable advancement in enabling the inclusion of more complex
dependence structures.
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Chapter 1

Introduction

1.0.1 Context and Motivation

Investigating neural dependence remains a challenging endeavour due to the highly
dynamic and intricate nature of the brain. With billions of neurons, the brain features
complex interactions and a wide range of response patterns that yield high-dimensional
datasets, often with a limited number of trials [26]. State-of-the-art imaging and
recording techniques have enabled researchers to simultaneously monitor large numbers
of neurons as well as a variety of behavioural variables [22]. However, conventional
measures of dependence are often inadequate to examine dependencies between such
variables, as they can only capture linear or monotonic relationships. These methods
also impose constraints on the marginal behaviour of the variables, even though neuronal
spiking and behavioural variables often operate on substantially different timescales
and exhibit unique marginal (i.e., single-variable) statistics. In particular, neuronal
spiking takes place on a timescale of milliseconds, while behavioural variables range
from seconds to hours or even days [22].

Copula models have emerged in recent years as a promising tool for modelling depen-
dencies between variables with vastly different statistics [22]. By dissociating marginal
statistics from the dependence structure, copula models enable a more comprehensive
analysis of variable relationships. In addition, lower-dimensional copulas can be used to
construct high-dimensional copulas through the so-called pair copula construction [2],
effectively addressing the curse of dimensionality present in large datasets [26]. This
ability to handle a variety of dependencies, including non-linear and high-dimensional
ones, makes copula models particularly suitable for studying neuronal activity.

Within the field of computational neuroscience, copula models have been employed
to study spiking activity between cortical neurons [17], spiking activity within the
prefrontal cortex [30], and calcium transients in the visual cortex [26]. However, some of
these models assume that the dependence between variables remains static, limiting their
capacity to capture the dynamic nature of neural and behavioural interactions. To address
this limitation, research efforts have focused on developing dynamic copula models that
integrate continuous time- or context-dependent changes in the relationships between
neuronal and behavioural variables. One such example is the Copula-GP framework
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Chapter 1. Introduction 2

(Kudryashova et al.) which combines Gaussian processes and copula mixtures to
dynamically model high-dimensional neuronal dependencies [22]. Specifically, the
framework makes use of parametric conditional copulas that allow for modelling
dependencies as they vary with respect to a task-related variable such as time, space, or
orientation. This parametric approach was shown to significantly improve performance
in characterising high-dimensional dependencies compared to other commonly-used
techniques. Moreover, the Copula-GP model has proven useful in providing accurate
mutual information estimates as well as predicting behaviorally relevant parameters of
the task without the need for explicit cues.

The current iteration of the Copula-GP framework incorporates copula mixtures com-
prising four distinct parametric families: Gaussian, Clayton, Gumbel, and Frank. While
the combinations of these families produce flexible copula mixtures with considerable
expressive power, it has been observed that Copula-GP’s performance deteriorates
whenever the true dependence structure deviates from that of the parametric families
[22]. Additionally, the current framework only considers single-parameter copulas,
whereas other Gaussian process copula models have demonstrated promising results
from accommodating copulas with multiple parameters [13]. As recent research has
provided universal methods for constructing multi-parameter asymmetric copulas [24],
the addition of multiple parameter copulas to Copula-GP represents a significant area
of improvement.

1.0.2 Objectives

The main objective of this project is to improve the expressive power of the Copula-GP
model [22] by adding more copula families. Specifically, we extend the framework to
accommodate copulas with multiple parameters and consider the addition of three new
parametric families: the Ali-Mikhail-Haq copula, the Joe copula, and the Student’s t
copula. The contribution of this project is twofold:

• We implement three new copula families within Copula-GP and evaluate their
value to the framework.

• We propose a modified architecture for Copula-GP which allows for the inclusion
of copulas with arbitrarily many parameters.

This project seeks to answer the following research questions:

RQ1: To what extent does the Ali-Mikhail-Haq copula contribute to the expressive
power of the Copula-GP model?

RQ2: To what extent does the Joe copula contribute to the expressive power of the
Copula-GP model?

RQ3: To what extent does the Student’s t copula contribute to the expressive power of
the Copula-GP model?
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1.0.3 Thesis Structure

The remainder of this thesis is organised as follows:

• Chapter 2 provides background on copula models, Gaussian processes, and
the existing Copula-GP framework. It introduces the fundamental concepts and
terminology necessary to understand the project’s objectives and the proposed
modifications to the Copula-GP framework.

• Chapter 3 presents the methodology for implementing the Ali-Mikhail-Haq,
Joe, and Student’s t copulas into the Copula-GP framework. It also outlines the
proposed modifications to the architecture, which enable the accommodation of
copulas with multiple parameters.

• Chapter 4 describes the experimental setup used to evaluate the performance of
the extended Copula-GP framework, including how the synthetic datasets were
generated. This chapter also presents the results of these experiments.

• Chapter 5 discusses the results of the experiments from Chapter 4 in the context
of the project’s objectives and research questions. This chapter also explores
alternative methods and suggests potential avenues for future work.

• Chapter 6 concludes the thesis by summarising the main findings.



Chapter 2

Background and Literature Review

This section introduces the relevant background knowledge used in this project. In
Section 2.1 and Section 2.2, we describe copula theory and Gaussian processes, which
are the two main components behind Copula-GP. Next, in Section 2.3, we outline how
these are combined in the Copula-GP framework. Finally, in Section 2.4, we review
prior research related to neural copula models and Gaussian process vine copulas.

2.1 Copulas

2.1.1 Bivariate Copulas

In probability theory, copulas are functions that describe the dependence structures
between random variables in multivariate distributions. Named after the Latin word
for ”link” and ”bond”, copulas provide a way in which marginal (single variable)
probability distributions can be ”coupled” to form a joint distribution. Conversely,
copulas also allow the decomposition of a multivariate distribution into its marginals
and dependence structure. Unlike traditional measures of dependence, such functions
can capture complex, non-linear, and non-monotonic relationships, making them a
powerful tool for analysing dependencies in neuronal data with inherent variability [6].

More formally, a bivariate copula C : [0,1]2 → [0,1] is a cumulative distribution function
(CDF) defined on the unit square with uniform marginals [12]. In the 2-dimensional
case, we consider a random vector (X ,Y ) and the marginal CDFs of each component
FX = P(X ≤ x) and FY = P(Y ≤ y). Applying the probability integral transform yields
a random vector (U,V ) = (FX(X),FY (Y )) that has uniformly distributed marginals
on the interval [0,1]. The copula of (X ,Y ) is defined as the joint CDF of (U,V ):
C(u,v) = P(U ≤ u,V ≤ v).

Using copulas, we can separate a joint distribution into its marginals and dependence
structure. This is formalised in Sklar’s Theorem, which states that any multivariate
joint distribution can be expressed in terms of its univariate marginal distributions and a
copula [6]. In a bivariate setting, this is equivalent to:

F(x,y) =C(Fx(x),Fy(y)) (2.1)

4
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Sklar’s theorem can also be written in terms of probability densities:

f (x,y) = c(Fx(x),Fy(y))× fx(x)× fy(y) (2.2)

where fi(x) is the probability density function of the i-th component and c is the copula
density defined as c(u,v) = ∂C(u,v)

∂u∂v .

In practice, a copula is learnt from data using a two-stage estimation method [13]. The
first step consists of learning the marginal distributions of each component by fitting
univariate models. The second step is mapping the data to the unit square via the
probability integral transform and then fitting the empirical copula.

2.1.1.1 Parametric Copula Families

Parametric copulas represent a subcategory of copulas that have a fixed functional form
defined by a finite set of parameters. These parameters dictate the shape and strength
of the dependence structure within the copula, as well as its behaviour around extreme
values, also known as tail dependence [19]. Numerous bivariate copula families stem
from a variety of parametric bivariate distributions. The Gaussian copula, for instance,
is an elliptical copula derived from the elliptical Gaussian distribution. It has one
parameter ρ that controls the strength of dependence and can be implicitly written as
[28]:

C(u,v) = P(X ≤ Φ
−1(u),Y ≤ Φ

−1(v)) = ΦX ,Y (Φ
−1(u),Φ−1(v);ρ) (2.3)

where Φ is the CDF of the standard normal, ΦX ,Y is the joint CDF of (X ,Y ) and ρ their
covariance. Other examples of elliptical copulas include the Student-t copula, which is
constructed using the multivariate Student-t distribution. Like all elliptical distributions,
elliptical copulas exhibit full rotational symmetry [28].

Archimedean copulas are another special class of parametric copulas characterised
by a unifying structure based on a generator function [19]. The generator function
ϕ, also called the Archimedean generator, is a continuous, strictly decreasing, and
convex function that maps the unit interval [0,1] to the non-negative real line [0,∞).
Using the generator, all bivariate Archimedean copulas can be expressed in the form
C(u,v) = ϕ(ϕ−1(u)+ϕ−1(v)) and most Archimedean copulas admit an explicit formula
[28]. Due to their ease of construction and their many desirable properties, Archimedean
copulas are widely used in various applications, including in Copula-GP.

Figure 2.1 illustrates some of the most commonly-used elliptical and Archimedean
copulas.

Copula Mixtures. A useful property of copulas is that a mixture of copulas is also a
copula. This means that if we want to model correlations that cannot be described by a
single copula alone, we can combine them to form a linear mixture model [22]:

C(u,v) =
N

∑
j=1

φ j(x)C j(u,v) (2.4)

where φ j(x) is the concentration and C j the copula function of the j-th copula.
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Figure 2.1: Samples drawn from commonly-used parametric copula families. The copula
parameter θ effectively determines how the samples are distributed on the unit square.
The copula families outlined in red are currently implemented in Copula-GP, and the
copula families outlined in black will be implemented in this project.

2.1.1.2 Conditional Copulas

Conditional copulas are an extension of the standard copula framework that allows for
the modelling of non-static dependence structures. In particular, conditional copulas
capture the changing nature of dependence among random variables as a function of
some continuous conditioning variable. This flexibility can be particularly valuable in
situations where the dependence structure is not constant across different regions of
the conditioning variable. One such case is in a neuronal experimental setting, where
the dependence between neurons may vary as the stimulus is presented. In Copula-GP,
conditional copulas play a vital role by dynamically modelling the dependence structure
between neurons or behavioural variables, conditioned on some continuous task-related
variable such as time, velocity, or orientation [22].

To derive the conditional copula, we first consider the standard bivariate copula C(u,v),
which is the joint cumulative distribution function (CDF) of U and V . Our goal is to
condition on one of the variables, for instance, U , and obtain the conditional distribution
function for V given U = u.

We denote the conditional copula as C(v|u), which describes the conditional CDF of
V when U = u. Using the definition of conditional probability, we can express the
conditional copula as a partial derivative of C(u,v) [28]:

C(v|u) = P(V ≤ v|U = u) = lim
∆u→0

C(u+∆u,v)−C(u,v)
∆u

=
∂C(u,v)

∂u
(2.5)

The above method of differentiating with respect to the conditioning variable works
well for copulas that admit an explicit formula. In cases where the copula function is
implicitly defined, an alternative approach is to first obtain the conditional distribution
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of the underlying variables, F(y|x), and then use the probability integral transform to
obtain the conditional copula.

2.1.1.3 Sampling from a Copula

Apart from modelling dynamic dependence structures, conditional copulas also offer a
means to generate random variates from a copula. In the bivariate case, we can sample
a pair (u,v) of observations of uniform (0,1) random variables (U,V ) whose joint
distribution function is C using the conditional distribution method [28]:

1. Draw two samples u and t independently from the standard uniform distribution.

2. Let v =C−1(t|u), where v =C−1(t|u) is the quasi-inverse of C(t|u) .

3. The pair (u,v) follows the joint distribution function C.

2.1.1.4 Limitations of Bivariate Copulas

Although the aforementioned copulas are useful for modelling the dependence be-
tween two random variables, directly extending them to higher dimensions may not
be suitable due to their limited flexibility in higher-order scenarios. Such extensions
often fail to accurately model complex and varying dependence structures in higher
dimensions, where capturing dependencies across all possible variable pairs becomes
increasingly challenging and prone to oversimplification and misrepresentation. This
is especially true in a neuronal setting, where dependencies between multiple neurons
and behavioural variables are intricate and cannot be accurately modelled using a single
copula family [26].

Furthermore, the curse of dimensionality can pose significant challenges for copula
modelling in large neuronal datasets, as parameter estimation and model selection
become more difficult with an increasing number of variables and a limited number of
trials [26]. Consequently, directly extending bivariate copulas to the multivariate setting
may result in suboptimal models that inadequately describe the relationships between
variables. To address these limitations, more advanced and flexible methods, such as
vine copulas, have been developed.

2.1.2 Vine Copulas

Vine copulas are a flexible class of multivariate copulas that offer a versatile way to
model the dependence structure among more than two random variables. Building on the
basic concepts of bivariate copulas, vine copulas extend the applicability of copulas to
higher dimensions by constructing a hierarchical network of bivariate copulas, capturing
complex interdependencies between multiple variables in a tractable manner [2].

2.1.2.1 Pair Copula Constructions

The foundation of vine copulas is the pair copula construction (PCC) approach, which
decomposes the multivariate joint distribution into a product of pairwise copulas [4].
This construction is made possible by the use of conditional copulas, as discussed earlier,
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to capture the dependencies between pairs of variables conditioned on other variables.
In the PCC framework, a d-dimensional joint probability density f (x1,x2, ...,xd) can
be represented as a product of d(d − 1)/2 bivariate copula densities and d marginal
densities [22].

To illustrate this decomposition process, let us consider the trivariate case (d=3) where
the joint density f (x1,x2,x3) can be factored using the product rule of probability as
f (x3) · f (x2|x3) · f (x1|x2,x3). Rearranging Equation 2.2, we can express f (x2|x3) as
c23(F2(x2),F3(x3)) · f2(x2), where f2(x2) is the marginal density of x2, and c23 is the cop-
ula of x2 and x3. Similarly, we can write f (x1|x2,x3) as c12|3(F1|3(x1|x3),F2|3(x2|x3)) ·
f (x1|x3), where f (x1|x3) can be further decomposed as before. This factorisation results
in a cascade of conditional bivariate copulas, which is referred to as the pair copula
construction.

From the example above, it is evident that the pair copula construction is inherently
iterative and has many alternative re-parametrisations for any given factorisation. In
fact, the number of potential constructions can be quite substantial, with 240 distinct
constructions when d is only five [2]. To facilitate the organisation of these constructions,
Bedford and Cooke [4] proposed a graphical model called the regular vine (R-vine).
In this section, we will focus on one specific type of regular vines used in Copula-GP,
namely the canonical vine or the C-vine.

2.1.2.2 Canonical Vine Copulas

C-vines, or canonical vines, are a specific class of vine copulas that possess a sequential
tree structure. In a C-vine, the first tree links all variables to a single, fixed variable
referred to as the root node. This root node does not change for all the trees in the
C-vine. Each successive tree in the vine connects the remaining conditioning variables
in a pairwise manner. The process continues until all the conditioning variables are
exhausted. This tree structure leads to a natural and interpretable decomposition of the
copula probability density function given by [22]:

c(u) =

[
N

∏
i=2

c1i(u1,ui)

]
×

[
N

∏
i=2

N

∏
j=i+1

ci j|{k}k<i

(
F(ui|{uk}k<i),F(u j|{uk}k<i)

)]
(2.6)

2.2 Gaussian Processes

This section provides an overview of Gaussian Processes, which are used in Copula-GP
to parameterise conditional copulas as they vary with respect to a task-related variable.
Gaussian Processes are an ideal modeling choice for neuronal analysis, as they provide
a Bayesian approach to learning. Given that neural spike trains frequently encompass a
degree of inherent randomness, our interest often extend beyond that of fitting a single
function to data. Instead, we want to consider a distribution of functions, which is
precisely what Gaussian Processes can achieve.

A Gaussian Process (GP) is a high-dimensional multivariate Gaussian distribution over
functions. Formally, it is defined as a collection of random variables, where any finite
set of them have joint Gaussian distributions [34].
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Using GPs, we can draw samples from a distribution to get plausible predictions of
our underlying function f . We do this through the discretisation of our input space by
using a large vector of function values f to represent our function [15]. This means that
rather than predicting a label yi for a given input xi, we instead model f directly as an
infinite-dimensional Gaussian.

2.2.1 Gaussian Process Regression (GPR)

Like any Gaussian distribution, a GP is fully defined by its mean and covariance. For
GPs, however, we generalise this further by adapting the concept of a mean function
m(x) and covariance function k(x,x′), also known as the kernel function [34]:

f ∼ GP (m,k) (2.7)

Without any specific domain knowledge, m(x) is often set to zero which leaves the
kernel function to control the shape of the GP. More specifically, the kernel function
describes how function values depend on each other and is used to compute an entry in
the covariance matrix K for each input pair:

Ki j = k(xi,x j) (2.8)

To generate smooth functions, we expect strong positive correlations between function
values of close input locations and weaker correlations for inputs locations far away.
Furthermore, we also need to ensure that this kernel function is positive definite or
else the GP will not define a valid Gaussian. A kernel which satisfies both of these
requirements is the RBF kernel:

k(xi,x j) = σ
2
f exp

(
− 1

2

D

∑
d=1

(xi,d − x j,d)
2/ℓ2

d

)
(2.9)

where xi,d is the d-th component of the i-th input and σ2
f , ℓ2

d are hyper parameters.

The kernel we choose specifies the set of potential functions we want to consider before
observing data. This is known as the GP prior and represents our a priori beliefs
about f [11]. In practice, we do not use f directly (as it is infinite-dimensional), but
rather consider a finite subset of function values, denoted by f∗, evaluated at some test
locations X∗ [15]. By the definition of a GP, we know that this subset is also normally
distributed. Thus, we can write:

f∗ ∼ N (0,K(X∗,X∗)) (2.10)

where K(X∗,X∗)i j = k(x∗,i,x∗, j)

Assuming our training labels y (observed at input locations X) are generated from f, we
can add a noise variance to account for noisy observations in our observation model
[11]:

yi ∼ N ( fi,σ
2
y) (2.11)



Chapter 2. Background and Literature Review 10

The joint distribution of y and f∗ is then given by

p
([

y
f∗

])
=

([
y
f∗

]
; 0,
[

K(X ,X)+σ2
y K(X ,X∗)

K(X∗,X) K(X∗,X∗)

])
(2.12)

From this, we can derive the posterior predictive distribution p(f∗|y) which is:

N (K(X∗,X)(K(X ,X)+σ
2
y)

−1y,K(X∗,X∗)−K(X∗,X)(K(X ,X)+σ
2
y)

−1K(X ,X∗))

In the case of regression, we are interested in the maximum a posteriori (MAP) estimate
which is the posterior mean of this distribution. If we are only estimating a particular
point, we can use marginalisation to extract its mean (value) and standard deviation
(uncertainty) [11].

2.2.2 Multi-task Gaussian Process

Multi-task Gaussian Processes (MTGPs) are an extension of the GP framework, de-
signed to model multiple correlated tasks or outputs simultaneously. The key idea in
MTGP is to extend the GP covariance function to incorporate the correlations between
different tasks. This is often achieved using a multitask kernel, which is a combination
of a standard kernel and a task-specific kernel that models the correlations between the
tasks [7].

2.2.2.1 Multitask Kernel Functions

To model MTGPs, we define a multitask kernel function, which extends the covariance
structure to consider both input and task similarities. Given two inputs xi, x j and their
respective tasks a, b, we can define the multitask kernel as [7]:

kMT ((xi,a),(x j,b)) = k(xi,x j)× kT (a,b) (2.13)

Here, k(xi,x j) is the input kernel (e.g., the RBF kernel in Equation (2.9)), and kT (a,b)
is the task kernel that quantifies the similarities between tasks a and b. Like the input
kernel, the task kernel should be positive definite to maintain a valid Gaussian Process.

2.2.2.2 Multitask Gaussian Process Regression

Assuming we have T tasks and N observations for each task, we stack the observations
of all tasks into a single vector yMT ∈ RNT . We also stack the inputs and associate each
with their respective tasks, creating a new input set XMT = {(xi, ti)} for i = 1, . . . ,NT ,
where ti is the task index for the i-th input.

Following the notation in Section 2.2.1, we can then define the MTGP prior over the
function values fMT∗ at test locations XMT∗ as:

fMT∗ ∼ N (0,KMT (XMT∗,XMT∗)) (2.14)
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where KMT (XMT∗ ,XMT∗)i j = kMT ((x∗,i, t∗,i),(x∗, j, t∗, j)).

We can then extend the joint distribution of the observed outputs yMT and test function
values fMT∗ , as shown in Equation (2.12), to include the multitask kernel structure:

p
([

yMT
fMT∗

])
=

([
yMT
fMT∗

]
; 0,
[

KMT (XMT ,XMT )+Σy KMT (XMT ,XMT∗)
KMT (XMT∗,XMT ) KMT (XMT∗,XMT∗)

])
(2.15)

Here, Σy is a block-diagonal matrix where the t-th block contains the task-specific noise
variances for the t-th task.

Using the joint distribution in Equation (2.15), we can derive the posterior predictive dis-
tribution p(fMT∗|yMT ) for the multitask setting. The posterior mean of this distribution
is given by:

µMT∗ = KMT (XMT∗ ,XMT )(KMT (XMT ,XMT )+Σy)
−1yMT (2.16)

and the posterior covariance of this distribution is given by:

ΣMT∗ =KMT (XMT∗,XMT∗)−KMT (XMT∗,XMT )(KMT (XMT ,XMT )+Σy)
−1KMT (XMT ,XMT∗)

(2.17)

Like before, we can use marginalisation to extract the mean and standard deviation for
the desired task [7].

2.3 Copula-GP

In this section, we explore the semi-parametric approach behind Copula-GP (Kudryashova
et al.) [22], which uses non-parametric marginals and parametric copulas to model
high-dimensional dependencies. The overall framework is based on the inference for
margins (IFM) training scheme [18] and can be summarised into two main stages:

1. In the first stage, univariate marginals (eCDF) are estimated using the non-
parametric algorithm fastKDE [32], allowing data to be mapped onto the unit
hypercube via the probability integral transform.

2. In the second stage, a copula mixture model is constructed by inferring the copula
parameters from the empirical conditional copula [22].

Linear Copula Mixtures. The copula mixture model in Copula-GP is built using
four bivariate copula families: Gaussian, Frank, Clayton, and Gumbel, see Figure 2.1.
Each of these families has a single parameter that corresponds to the rank correlation.
To capture upper tail dependencies and negative correlation, the model also includes
rotated variants (at 90°, 180°, and 270°) of the Clayton and Gumbel copulas. Since
the Independence copula is a special case in all of the copula families, it is added as a
separate family with zero parameters.

Gaussian Processes. To parametrise each copula in the linear mixture model, the
framework uses independent latent Gaussian processes with specific GPLink functions
that map the GP variable onto the copula parameter domain. Moreover, GPs are also
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used to parametrise concentrations ϕ j(x), which are defined on a simplex (sum to
one). The entire mixture model with M copula elements is parameterised by 2M−1
independent GPs and requires 2M−1 hyperparameters.

Approximate Inference. Due to the presence of latent variables with GP priors and
an intractable posterior distribution, stochastic variational inference (SVI) is used as
an approximate inference method in Copula-GP. The SVI implementation has a single
evidence lower bound, allowing for joint optimisation of the GP hyperparameters and
the parameters of the variational distribution. Training is carried out using the Adam
optimiser with two learning rates, one for the GP hyperparameters and another for the
variational distribution parameters. To avoid overfitting, a normal prior λ ∼ N (0.5,1)
is placed on the RBF kernel lengthscale parameter.

Bayesian Model Selection. For model selection, the framework uses the Watanabe-
Akaike information criterion (WAIC), which is a fully Bayesian approach to estimating
the AIC. The WAIC can be calculated from two measures: the log pointwise predictive
density (lppd) and the effective number of parameters (pWAIC). The lppd is a measure
of the model’s goodness of fit, while the pWAIC represents the model’s complexity:

ˆlppd =
N

∑
i=1

log

(
1
S

S

∑
s=1

p(yi|θs)

)
, pWAIC =

N

∑
i=1

V S
s=1 log p(yi|θs)

where {θs}S is a draw from a posterior distribution and V S
s=1 represents the sample

variance.

Using these terms, the WAIC can be computed as ˆlppd− pWAIC = −N ×WAIC. In
the model selection process, the goal is to choose the copula mixture that yields the
lowest WAIC. To do so, Copula-GP offers two algorithms to create close-to-optimal
copula mixtures: greedy and heuristic. The greedy algorithm is universal and can be
used with any other copula families without adjustment, while the heuristic algorithm is
fine-tuned to the specific copula families used in Copula-GP. For independent variables,
both model selection algorithms will prefer the Independence model over other models,
as it has the smallest number of parameters.

Copula vine constructions. In constructing high-dimensional copulas, Copula-GP
employs the C-vine structure introduced in Section 2.1.2.2. While C-vines have the
benefit of being suitable for neuronal data [26], one limitation of this structure is that
the number of parameters grows exponentially with the number of variables. This, in
turn, can lead to issues such as overfitting, high computational costs, and difficulties in
model interpretation. To resolve this, Copula-GP incorporates a pruning mechanism
for the C-vine construction that simplifies the resulting model without significantly
compromising its accuracy. The pruning method involves identifying vine elements
that contribute minimally to the model’s overall performance. This is achieved by
computing the difference in the WAIC when a particular vine element is removed. If the
difference is below a predefined threshold, the element is considered insignificant and
removed from the model. This process is iteratively applied, resulting in a simplified
C-vine structure.
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Goodness-of-fit. In Copula-GP, the accuracy of density estimation can be evaluated
using the proportion of variance explained (R2). This is calculated by comparing the
estimated conditional cumulative distribution function ccdf(u2|u1 = y) with the empiri-
cal conditional cumulative distribution function ecdf(u2|u1 = y), using the following
formula:

R2(y) = 1−∑
[ecdf(u2|u1 = y)− ccdf(u2|u1 = y)]2

[ecdf(u2|u1 = y)−u2]2
(2.18)

Here, R2(y) quantifies the proportion of total variance of u2 that can be explained by
the copula model, given u1 = y and u2 = F(y2) = 0.5.

Mutual Information Estimation. In addition to constructing copula models condi-
tioned on a task-related variable, Copula-GP can also estimate how much knowing one
variable x contributes to knowing another variable y using mutual information. The
mutual information I(x,u), where u = F(y), can be quantified through the unconditional
and conditional entropies of the copula model:

I(y,u) = H(u)−
∫

H(u|x = t)p(t)dt (2.19)

Copula-GP offers two methods for estimating mutual information: the ’integrated’ ap-
proach and the ’estimated’ approach. The integrated approach assumes no conditional
dependence in the marginals and uses direct integration of Equation 2.19. The estimated
approach, on the other hand, does not impose any limitations on the conditional depen-
dencies in the marginals, but requires an additional copula model for the unconditional
distribution p(y), in addition to a conditional copula model of p(y|x).

2.4 Related Work

2.4.1 Neural Copula Models

The use of copulas to model dependencies within neuronal populations was first pro-
posed in ”The Shape of Neural Dependency” by Jenison and Reale [17]. In this paper,
Jenison and Reale discuss the limits of using the conventional product-moment correla-
tion coefficient to model linear dependence on non-elliptical distributions. Instead, they
present an alternative copula method which allows for the formation of ”flexible multi-
variate distribution”, eliminating ”the implied reliance on the multivariate Gaussian”
[17]. To this end, the authors suggest using the Akaike information criterion (AIC) to
select the best-fitting copula for a given dataset. This method was used in [17] to model
the joint conditional probability density of first-spike latency in two cortical neurons
with the Ali-Mikhail-Haq (AMH) Copula.

Subsequent work by Onken et al. [29] expanded on this approach by exploring a broader
range of parametric copula families to model neural dependence. They applied various
copula-based models, including Clayton, Gumbel-Hougaard, Frank, Ali-Mikhail-Haq,
and multi-parameter FGM copulas, alongside the discretised multivariate normal (MVN)
distribution to analyse spike data from the prefrontal cortex of an awake behaving
macaque. Their results revealed that the Clayton copula family provided the best fit for
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their data and that the likelihood for the copula-based models was significantly larger
than for the discrete MVN model. Additionally, Onken et al. also investigated the
presence and importance of higher-order interactions by comparing different numbers
of parameters for the FGM copula. They discovered that the FGM model with third-
order interactions offered a significantly better fit for the data than the model with only
pairwise interactions, suggesting that higher-order interactions played a crucial role in
terms of model fit and information content. Nevertheless, they were unable to generalise
this method to population sizes with more than 20 neurons as the proposed method
became too computationally demanding for a higher number of neurons.

Continuing along the same vein, Onken et al. [30] employed mixtures of copulas and the
so-called flashlight transformation to provide a more flexible approach for investigating
dependencies in neuronal populations. This technique enabled the tail dependence
of an arbitrary copula to be shifted into any orthant of the joint distribution, which
proved particularly useful for modelling distributions of spike counts. By applying
this technique to data from the macaque prefrontal cortex, it was shown that copula-
based distributions with negative binomial margins were better suited for modelling
spike-count distributions than the commonly-used multivariate Poisson latent variables
distribution and the multivariate normal.

Additional work studying the cortex of macaque monkeys with copula models has
also been undertaken by Berkes et al. [6]. In their study, Berkes et al. demonstrated
how to construct non-independent joint distributions over firing rates using copulas.
Furthermore, they also derived a Maximum Likelihood (ML) procedure for estimating
parameter values for their neural copula model. This method was tested on neural data
recorded from the pre-motor cortex while a macaque executed a centre-out reaching
task. Results showed that the dependency structure between 54% of neuron pairs could
be represented by the Gaussian-like dependency of the Frank copula. More interestingly,
a significant portion of neuron pairs revealed tail dependencies, where 38% of them
were either concentrated in the upper tails (Gumbel copula) or the lower tails (Clayton
copula).

In [6], Berkes et al. identified an important challenge of generalising the aforementioned
copula methods to distributions over responses of n neurons rather than just neuron
pairs. Most copula families are bivariate and, as such, are unlikely to capture the full
complexity of non-homogeneous dependency structures within neuronal populations.
One exception to this limitation is the Gaussian copula, which may be extended to the
n-variate case. However, Berkes et al. argue that although it is mathematically feasible,
using the Gaussian copula becomes ”prohibitively expensive to fit in high dimensions”
[6].

Work by Onken and Panzeri [31] and Mitskopoulos et al. [26] address this dimensional-
ity problem by incorporating vine copulas into their frameworks. Both [31] and [26]
use the C-vine; however, the former employs a parametric approach, whereas the latter
uses a non-parametric method with flow-based vine copulas.

Other non-parametric approaches to neural copula modelling have also been proposed
in work by Sacerdote et al. [35]. Instead of inferring an underlying copula parameter
describing the dependence structure, this non-parametric method involves analysing
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copula scatter plots to interpret relationships between spike trains and using association
indexes like Kendall’s tau to quantify the strength of these relationships. Non-parametric
approaches like [35] and [26] offer the advantage of avoiding the rigid constraints im-
posed by assuming an underlying parametric distribution. However, such methods tend
to be less robust to data sparsity, which is often present in neuronal datasets where the
number of trials is limited but the dimensionality is high. In such scenarios, assumptions
about the dependencies between variables can be helpful, allowing parametric models
to offer a degree of specificity and interpretability that non-parametric approaches may
lack.

2.4.2 Gaussian Process Copula Models

Although work combining copulas and GPs in the field of neuroscience is limited, this
has previously been applied to analyse other types of data. In [25], Lopez-Paz et al.
proposed GPVINE, a method for scaling copulas to high-dimensional data by con-
structing a hierarchy of conditional bivariate copulas using vine factorisations. Rather
than assuming that a copula is independent of its conditioning variables (something
which is often done to simplify inference), Lopez-Paz et al. used Gaussian Process
Regression to learn the latent functions describing these dependencies. Following this
approach, it was found that the resulting predictive posterior distribution did not have
an analytical solution but could be approximated using Expectation Propagation (EP).
To evaluate this method, GPVINE was compared against a baseline model using the
simplifying assumption (SVINE) and a state-of-the-art alternative based on maximum
local-likelihood methods (MLLVINE). Evaluation was performed on various datasets,
ranging from weather recordings to mineral concentration levels. Results showed that
GPVINE consistently outperformed SVINE while also performing favourably with
respect to MLLVINE.

Work by Hernández-Lobato et al. [13] later extended the conditional copula model of
[25] by accommodating copulas with multiple parameters for bivariate data. This was
previously computationally infeasible in [25], as it required numerical calculations of
multidimensional integrals within the EP inference. As a solution, Hernández-Lobato et
al. proposed Gaussian process conditional models (GPCC), which allowed the inclusion
of copulas such as Student’s t and asymmetric copulas. This extension was shown to be
beneficial in improving the model’s performance when evaluated on synthetic data and
financial time series.
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Methods

This chapter details the methodology for incorporating new copula families into Copula-
GP. We begin in Section 3.0.1 with a brief overview of the essential steps required to
implement a new copula family within the framework. We then detail how this process
is executed for each of the copula families we add. Finally, in Section 3.0.5, we propose
a modified architecture for Copula-GP, which allows for the inclusion of copulas with
multiple parameters.

3.0.1 General Approach

The Copula-GP package is based on the PyTorch library [33], which we use to imple-
ment the following components:

Conditional Copula: Copula-GP uses conditional copulas to model the dynamic
dependence structure between neurons or behavioural variables, given a continuous
task-related variable. To introduce new copula families into the framework, we must
derive their conditional form using the approach described in Section 2.1.1.2.

Inverse Conditional Copula: In addition to the conditional copula, we also need to
obtain its inverse. This is necessary to enable sampling from each copula family using
the conditional distribution method outlined in Section 2.1.1.2.

Copula Density: The copula density is used to compute the log-likelihood term during
training with stochastic variational inference. The copula density can be obtained by
differentiating the copula function with respect to each variable.

GPLink Function: Most of the copula families used in Copula-GP have restricted
parameter domains that do not coincide with the range of the GP variable (with the
exception of the Frank copula). For instance, the parameter of the Gaussian copula
ranges from -1 to 1, but the GP variable f ∈R is on the real line. Thus, we need a GPLink
function that maps from R to the parameter domain: θ j = GPlinkc j( f j), R→ dom(c j).

16
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3.0.2 The Ali-Mikhail-Haq Copula

Following this approach, the first copula we add is the Ali-Mikhail-Haq (AMH) copula,
which belongs to the Archimedean copula class [3]. The AMH copula is given by the
following function:

C(u,v) =
uv

1+θ(1−u)(1− v)
(3.1)

where θ is the copula parameter that lies within the range [−1,1). Like the Gaussian
copula, the AMH copula reduces to the Independence copula when θ = 0.

The AMH copula can model both tail dependence and tail independence, depending on
the value of θ. In particular, when θ = 1, the AMH copula exhibits left tail dependence
[23]. This tail dependence is generally weak, so the AMH copula is best suited for
modelling modest dependencies [16].

In this project, we decided to add the AMH copula into the Copula-GP framework for
three main reasons:

1. Diversity: The AMH copula is particularly well-suited to model data that is close
to independent around central values but exhibits weak tail dependence around
extreme values. This is in contrast to current copula families in Copula-GP, which
either capture no tail dependence or strong tail dependence.

2. Relevance: The AMH copula has been successfully applied in previous research
to model dependencies between cortical neurons [17]. Given that the primary
application for Copula-GP is in neuroscience, incorporating the AMH copula is a
logical choice.

3. Tractability The AMH copula belongs to the Archimedean copula class, which
has numerous useful properties, including an explicit functional form.

3.0.2.1 The Conditional AMH Copula

As our first step, we need to obtain the conditional form of the AMH copula. To do this,
we take the partial derivative of the copula function with respect to the conditioning
variable U .

C(v|u) = ∂C(u,v)
∂u

=
v(1+θ(1− v))

(1+θ(1−u)(1− v))2 (3.2)

The resulting equation cannot be directly implemented, as it will cause numerical issues
for certain combinations of values. For instance, a division by zero error may occur
when u → 0, v → 0, and θ → 1. To resolve this, we limit the range of the variables
with a small ε = 10−7 such that u,v ∈ [ε,1] and θ ∈ [−1,1− ε]. The value of 10−7 is
determined experimentally by analysing at which ε NaN values occur.

Another challenge when working with numbers between 0 and 1 is that they are prone
to numerical underflow when multiplied together. To further increase the numerical
stability of our implementation, we employ the log-sum-exp trick commonly used in
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probabilistic modelling to the conditional copula: C(u|v) = exp(log(v(1+θ(1− v)))−
2log(1+θ(1−u)(1− v))).

3.0.2.2 The Inverse Conditional AMH Copula

Once we have the conditional form of the AMH copula, we can algebraically derive the
inverse conditional CDF by setting an auxiliary variable t equal to C(v|u) and solving
for v. After some algebraic grunt work, we get the following expression for the inverse
C−1(t|u):

1−θ−2tθ+2tθ2 +2tθu−4tθ2u+2tθ2u2 ±
√

1−2θ+θ2 +4tθu−4tθ2u+4tθ2u2

2(−θ+ tθ2 −2tθ2u+ tθ2u2)
(3.3)

We discard the option in which the square root yields a positive value as that brings v
outside of the [0,1] range. Furthermore, we also log-transform the inverse to increase
numerical stability.

We observe that as θ → 0, both the numerator and the denominator of Equation 3.3
tend to zero. To avoid this issue, we leverage the fact that the AMH copula reduces
to the Independence copula when θ = 0. In other words, C(v|u) and C−1(t|u) can be
approximated with v and t respectively when θ is sufficiently small. We implement this
by setting a threshold λ and define a modified inverse C−1

∗ (t|u):

C−1
∗ (t|u)

{
t if |θ|< λ

C−1(t|u) otherwise
(3.4)

Likewise, we update C∗(v|u) to return v whenever |θ|< λ. To determine the value of λ,
we run unit tests by transforming randomly generated samples twice, first using C(v|u)
and then using C−1(t|u). We perform these tests for 500 values of θ linearly spaced
between -1 and 1. At λ = 0.005, the transformed samples differ from the original
samples by less than the distance tolerance of 10−4 set in the original Copula-GP
package.

3.0.2.3 The AMH Copula Density

As discussed in previous sections, the copula density can be obtained by differentiating
the copula function with respect to each variable. Since we already have the conditional
form of the AMH copula, we can derive the density by taking the partial derivative with
respect to v:

c(u,v)=
(1−2θv)(1+θ(1−u)(1− v))2 −2θv(1−u)(1+θ(1− v))(1+θ(1−u)(1− v))

(1+θ(1−u)(1− v))4

(3.5)

As before, we log-transform this expression to increase numerical stability.
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3.0.2.4 Formulating the AMH GPLink Function

For the GPLink function of the AMH family, we need to define a function which maps
from R to [-1,1]. Conveniently, the AMH copula has the same parameter range as the
Gaussian copula, which means that we can use its GPLink function: Erf( f/1.4), for the
AMH family as well. Here, Erf represents the error function [37].

3.0.3 The Joe Copula

Next, we move on to the Joe copula which is another copula belonging to the Archimedean
class. Like the Gumbel copula, it has a strong clustering of values in the upper right
orthant but exhibits a thicker tail, see Figure 2.1. The explicit form of the Joe copula is
given by [19]:

C(u,v) = 1− [(1−u)θ +(1− v)θ − (1−u)θ(1− v)θ]
1
θ (3.6)

The parameter θ takes values in the range [1,∞], and when θ = 1, the Joe copula reduces
to the Independence copula. As θ increases, the tail dependence becomes stronger,
allowing the Joe copula to model more extreme joint behaviours.

We chose to incorporate the Joe copula into Copula-GP for the following reasons:

1. Relevance Previous work such as [29] and [22] have shown that spike data usually
exhibit heavy-tailed dependence, which can be captured by the Joe copula’s upper
tail dependence.

2. Tractability The Joe copula is an Archimedean copula; thus, it has numerous
nice properties, including an explicit functional form.

3.0.3.1 The Conditional Joe Copula

As before, we take the partial derivative with respect to the conditioning variable u to
derive the conditional form of the Joe copula:

∂C(u,v)
∂u

= (1−u)θ−1(1− (1− v)θ)[(1−u)θ +(1− v)θ − (1−u)θ(1− v)θ]
1
θ
−1 (3.7)

Given that θ can range from 1 to +∞ and u,v ∈ [0,1], we apply the log-sum-exp trick
once more to prevent numerical underflow. Furthermore, we also restrict the range of
u,v to be within [ε,1− ε] to avoid any division by zero errors.

3.0.3.2 The Inverse Conditional Joe Copula

Unlike the AMH copula, the conditional form of the Joe copula is not invertible. This
means that we have to rely on numerical methods to calculate the inverse. Specifically,
we are interested in the set of root-finding algorithms which can solve the equation
0 = t −C(v|u) for v.

To simplify our problem, we reparametrise our variables and let x = (1− u)θ, y =
(1− v)θ. This allows us to solve for y instead v which will provide a much more
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numerically stable solution. Moreover, we also take the logarithm to prevent any
vanishing values. The function which we want to find the root of is then:

0 = log(t)− (log(x)− log(1−u)+ log(1− y)+(
1
θ
−1) log(x+ y− xy) (3.8)

There are several root-finding algorithms capable of solving the equation above. In
this project, we consider the class of Householder’s methods which use derivatives to
iteratively approximate the root [39]. Although convergence is not always guaranteed,
Householder’s methods typically exhibit faster convergence rates compared to more
numerically stable techniques, such as the Bisection Method [20]. We motivate this
trade-off between numerical stability and convergence speed by the need for efficiency
in a machine-learning framework like Copula-GP.

Out of the Householder’s methods, we evaluate two options: the Newton-Raphson’s
method and the Halley’s method, which each correspond to the first and second-order
variants of this class. The Newton-Raphson method employs the first derivative, while
Halley’s method utilises both the first and second derivatives. At each iteration, we
update our guess as follows [20]:

y(NR)
n+1 = yn −

f (yn)

f ′(yn)
(3.9)

y(H)
n+1 = yn −

2 f (yn) f ′(yn)

2[ f ′(yn)]2 − f (yn) f ′′(yn)
(3.10)

Although Halley’s method generally converges faster, it comes at the cost of added
complexity and computational overhead. This, in turn, might offset the additional
speed benefits gained in faster convergence. To identify the most efficient option, we
implement both methods and compare their run times through experiments. We detail
the procedure and present our results in Appendix A.

3.0.3.3 The Joe Copula Density

Using the expression for the conditional Joe copula, we can differentiate with respect to
v to obtain the copula density. To keep the final expression succinct, we continue with
our previous notation where x = (1−u)θ and y = (1− v)θ.

c(u,v) =
[x+ y− xy]

1
θ
−2x1− 1

θ y1− 1
θ [(θ−1)+ x+ y]

u2v2 (3.11)

3.0.3.4 Formulating the Joe GPLink Function

To use the Joe copula in Copula-GP, we need a GPLink function that maps from R to
the parameter domain of [1,∞]. Fortunately, we can reuse the GPLink function of the
Gumbel copula: 1+ exp(0.1 · f ), as it has the same parameter range.
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3.0.4 The Student’s t Copula

Our final addition to the new set copula families is the Student’s t copula which we
write as t-copula for short. The t-copula is derived from the multivariate Student’s
t distribution and is an elliptical copula that allows for both upper and lower tail
dependence, see Figure 2.1. The Student’s t copula can be defined as [19]:

C(u,v) = Tν(T−1
ν (u),T−1

ν (v);ρ) (3.12)

where Tν and T−1
ν denote the CDF of the multivariate Student’s t distribution and its

inverse (PPF), respectively.

Unlike the other copula families introduced in this report, the t-copula is controlled by
two parameters. The first parameter, ν, signifies the degrees of freedom and lies in the
range [2,∞). Meanwhile, the second parameter, ρ, represents the correlation coefficient
and spans the interval [−1,1]. As ν grows increasingly larger, the t-copula converges to
the Gaussian copula, and when ρ = 0, the t-copula becomes the Independence copula.
Lower values of ν lead to heavier tails and, consequently, stronger tail dependence.

To use the t-copula in the Copula-GP framework, we need to modify the original
package as it currently only accommodates copulas with a single parameter. Since this
modification is rather extensive, we describe this separately in Section 3.0.5.

Our motivation for adding the t-copula to Copula-GP is threefold:

• Relevance. The t-copula is a suitable choice for many real-world problems and
has previously been useful in Gaussian Process copula models to analyse financial
time series data [13].

• Flexibility. The Gaussian copula has been extensively used for modeling various
dependence structures; however, it falls short in cases where extreme events
exhibit stronger correlations. The t-copula offers more flexibility due to its addi-
tional parameter, ν, which enables the simulation of Gaussian-like dependence
patterns while incorporating tail dependence.

• Novelty. The t-copula has two parameters and serves as an excellent starting point
for expanding the Copula-GP framework to incorporate copulas with multiple
parameters.

3.0.4.1 The Conditional Student’s t Copula

Since the t-copula does not have an analytical form, we use the bivariate conditional
Student’s t distribution to obtain the conditional copula instead. We use results from
Ding [9] to guide our derivation. In this paper, Ding shows that the multivariate
conditional t-distribution for two variables X1 ∼ tp1(µ1,Σ11,ν) and X2 ∼ tp2(µ2,Σ22,ν)
with dimensionality p1 and p2 respectively can be expressed as:

X2 | X1 ∼ tp2

(
µ2|1,

ν+d1

ν+ p1
Σ22|1,ν+ p1

)
(3.13)
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where µ2|1 = µ2 +Σ21Σ
−1
11 (X1 −µ1) is the conditional mean, d1 = (X1 −µ1)

T Σ
−1
11 (X1 −

µ1) is the squared Mahalanobis distance, and Σ22|1 = Σ22−Σ21Σ
−1
11 Σ12 is the conditional

scale matrix.

In the bivariate case where both p1 = 1 and p2 = 1, this translates to:

x2 | x1 ∼ t1

(
ρx1,

ν+ x2
1

ν+1
(1−ρ

2),ν+1
)

(3.14)

Now let u = Tν(x1) and v = Tν(x2). The conditional t-copula is then:

C(v|u) = Tν+1

 T−1
ν (v)−ρT−1

ν (u)√
ν+T−1

ν (u)2

ν+1 (1−ρ2)

 (3.15)

3.0.4.2 The Inverse Conditional Student’s t Copula

To find the inverse conditional t-copula, we set an auxiliary variable t ∈ [0,1] equal to
the left-hand side of Equation 3.15 and solve for v. This yields:

C−1(t|u) = Tν

T−1
ν+1(t)

√
ν+T−1

ν (u)2

ν+1
(1−ρ2)+ρT−1

ν (u)

 (3.16)

3.0.4.3 The Student’s t Copula Density

The t-copula density is given by [1]:

c(u,v) =
Γ(0.5ν)Γ(0.5ν+1)(1+ T−2

ν (u)+T−2
ν (v)−2ρT−1

ν (u)T−1
ν (v)

ν(1−ρ2)
)−

ν+2
2√

1−ρ2Γ(0.5(ν+1))2(1+ T−2
ν (u)

ν
)−

ν+1
2 (1+ T−2

ν (v)
ν

)−
ν+1

2

where Γ denotes the gamma function [38].

3.0.4.4 Formulating the GPLink Functions for the Student’s t Copula

As the t-copula has two parameters, we must specify two GPLink functions - one for the
correlation coefficient (ρ) and another for the degrees of freedom (ν). For the correlation
coeffcient, we can reuse the GPLink function of the Gaussian copula: Erf( f/1.4), since
it has the same range of -1 to 1. However, because none of the other copula families
possess the parameter domain of [2,∞) for ν, we must devise a new GPLink function.

We draw inspiration from the GPLink functions of the Clayton (θ ∈ [0,∞]) and Gumbel
(θ ∈ [1,∞]) families, which are exp(0.2 · f ) and 1+ exp(0.1 · f ), respectively. Note that
the coefficients 0.2 and 0.1 are hyper-parameters used to regulate the effective learning
rate of each copula parameter. These coefficients are necessary for model selection as
they ensure that different copula families converge at similar rates despite the non-linear
nature of the GPLink functions. Thus, we define our GPLink function for ν to be
2+ exp(α · f ), where α is a hyper-parameter we tune experimentally. The results of our
experiments are presented in Section 4.1.
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3.0.4.5 Computing the Student’s t CDF

A major challenge we encountered whilst implementing the t-copula was that the
cumulative distribution function (CDF) of the Student’s t-distribution Tν and its inverse
T−1

ν were not supported by the PyTorch library. This was a considerable obstacle since
both functions are requisites for constructing the t-copula, as per Equations 3.15, 3.16,
and 3.0.4.3.

To address this issue, we considered two potential solutions. The first involved using a
statistical library like Scipy [36] that has pre-built functions for computing the CDF and
inverse CDF of the t-distribution. However, using Scipy would necessitate transferring
the PyTorch tensor from the GPU to the CPU, which could lead to significantly longer
training times. Instead, we opted to preserve performance by implementing the CDF
and its inverse from scratch using PyTorch.

Student’s t-distribution CDF. The t-distribution is related to the beta distribution in
that if a random variable Y follows a t-distribution with ν degrees of freedom, then
X = 1

2 +
1
2

Y√
ν+Y 2 follows a beta distribution with the shape parameters a = ν

2 and b = ν

2 .
This relationship is often used to compute the CDF and PPF of the t-distribution [38],
and is what we used in this project as well. Computing the CDF of the beta distribution
is not trivial, however, as it is also not supported by PyTorch. Thus, to implement it
in an efficient and numerically stable way, we based our code implementation on the
Cephes Mathematical Functions Library [27], which was originally written in C. We
modify it such that our implementation works with batches of values, specifically with
PyTorch data structures (tensors) to allow for GPU acceleration.

Student’s t-distribution PPF: To approximate the percentile point function of the
t-distribution T−1

ν (u) = x, we use our implementation of the t-CDF in combination with
the Newton-Raphson method described in Section 3.0.3.2. We chose this particular
root-finding method for two reasons: (1) Although the t-CDF is not available in PyTorch,
the t-PDF is. Thus, we have an efficient way to calculate the derivative of the equation
0 = u−Tν(x) with respect to x. (2) The Newton-Raphson method converges faster than
simpler methods such as the Bisection method. This is especially important as running
the forward computation of Tν(x) is computationally demanding.

Using the Newton-Raphson method, we iteratively update our guess for x as per Equa-
tion 3.9. However, we use an additional trick to improve the convergence speed of
our method. Instead of initialising x randomly, we take advantage of the fact that the
normal distribution is a good approximation of the t-distribution, especially for large
values of ν. Since the PPF for the normal distribution is available in PyTorch, we set our
initial guess of x to be the PPF of the normal distribution evaluated at u. This enables
our method to converge in less than five iterations for a distance tolerance of 10−5,
effectively reducing the runtime by a factor of three.

We provide our code implementation of both the Student’s CDF and PPF in Appendix
B.
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3.0.5 Extending for Multiple Parameters

This section proposes a modified architecture for the Copula-GP model which allows
for the inclusion of copulas with arbitrarily many parameters. Note that as a simplifying
assumption, we model each parameter of the copula independently.

Our approach builds upon the copula mixture structure from the original framework,
where a multitask GP with 2M − 1 tasks is used to parameterize M copulas. In our
modified version, we extend this to ∑

M
m=1 nm +M−1, where nm represents the number

of parameters for the m-th copula. This is achieved by introducing an additional field
(param no) in each copula class to keep track of the number of parameters for a given
family. If there are M copulas in a copula mixture, we initialise ∑

M
m=1param no+M−1

independent tasks.

To implement each copula family within this architecture, we add an extra dimension
to the tensor (M-way array) containing the copula parameters for each copula instance
in the mixture. While this allows for multiple parameters to be stored together, it
also results in a dimensionality mismatch between the GP output and the parameter
tensors. We address this issue by effectively ravelling and unravelling the stack of copula
parameters during each training iteration. Moreover, we stack the GPLink functions for
each individual parameter to create a collection of GPLink functions which operate on
all parameters simultaneously. Figure 3.1 depicts a schematic diagram of the structure.

Figure 3.1: Modified architecture for Copula-GP which allows for copulas with multiple
parameters to be used. Note that this figure only covers the copula parameters; the
pipeline for the copula concentrations remains unchanged.

As shown in Figure 3.1, this extended framework not only accommodates copulas with
any number of parameters but also mixtures composed of any number of copulas, each
with any number of parameters.
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Results

This chapter details the experiments conducted in this project to evaluate and configure
the implementation described in Chapter 3. The first experiment described in Section
4.1 aims to identify the optimal hyperparameter for the GPLink function of ν. The
remainder of the experiments is concerned with evaluating the extended Copula-GP
model against the original version and other state-of-the-art methods.

4.1 Tuning the GPLink Coefficient

In Section 3.0.4.4, we developed the GPLink function for the ν parameter of the t-copula
to be exp(α · f )+2. The goal is to find the optimal value of α that ensures the t-copula
converges at similar rates to other copula families while allowing the model to train
effectively. To achieve this, we conduct two experiments. The first experiment is
performed on the UCI shuttle dataset [8], which was originally used to fine-tune the
GPLink hyperparameters. The second experiment is conducted on data generated using
the copula library in R [14].

For the UCI shuttle dataset experiment, our objective is to study the convergence rates
of different α values when the empirical copula density does not fit that of the t-copula.
We do this by comparing the convergence rate of the GaussianGumbel180°mixture
copula (which is the closest approximation of the t-copula in the original framework).
Since neither of the two copulas fit the data, we expect both models to train poorly on
the dataset. However, we are looking to examine which α configurations lead to similar
losses and WAIC.

The learning curves for the t-copula on the shuttle dataset are depicted in Figure 4.1. Our
experiments reveal that, in contrast to the GPLink functions for the Clayton and Gumbel
families, using a small α coefficient (e.g., 0.1 or 0.2) to decelerate the convergence of the
copula parameter results in significantly poorer learning. This finding can be ascribed
to the unique nature of the t-copula’s ν parameter compared to the copula parameters of
the Clayton and Gumbel copulas. The t-copula’s ν parameter dictates only the strength
of tail dependence, whereas the Clayton and Gumbel copula parameters determine the
overall dependence structure. As tail correlations are present only near extreme values,
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Figure 4.1: Learning curves of the t-copula for different values of α (GPLink hyperpa-
rameter). Left: α ∈ [0.1,0.9]. Right: α ∈ [1.0,1.9].

the ν parameter operates on a different scale. For α > 0.4, the learning curves for the
t-copula behave similarly to that of the GaussianGumbel180°mixture copula, with some
taking longer to converge than others.

After eliminating α values ≤ 0.4 based on the first experiment, we further filter our selec-
tion based on model performance by generating data from the t-copula using the copula
package in R [14]. We vary the degrees of freedom but keep the correlation coefficient
fixed. Our objective is not to compare losses with the GaussianGumbel180°copula, as
we anticipate our model to train better. Instead, we aim to identify the α value that
results in the most favourable training, which is indicated by the lowest WAIC.

Figure 4.2: Final WAIC scores for different α values on the Student’s t copula dataset.

Figure 4.2 shows the final WAIC of the t-copula model trained using different values
of α. The results demonstrate that all α values provide better WAIC scores than the
baseline copula mixture model. More importantly, the WAIC decreases rapidly from
α = 0.1 to α = 0.8, after which it remains essentially unchanged. We thus opt for
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the conservative choice of α = 1.0 (neither slow down nor speed up) as our default
value for the GPLink hyperparameter: ν = exp(1.0 · f )+2. Nonetheless, we leave our
implementation of the TCopula() class to include the GPLink coefficient as an optional
argument to allow for further analysis.

4.2 Model Evaluation

Our primary evaluation method involves comparing the original Copula-GP model
with the extended model. The objective of these experiments is to assess the value of
incorporating new copula families into the framework. Specifically, we aim to determine
whether the new families provide unique and valuable dependence structures that cannot
be easily replicated using copula mixtures from the original model. To this end, we use
two evaluation metrics. The first metric is the WAIC introduced in Section 2.3, which
considers both the predictive performance and complexity of the model. This metric is
particularly relevant since Copula-GP uses the WAIC for Bayesian model selection and
thus allows us to determine whether the added copula families will be preferred over
other mixtures in the selection algorithm. The second metric we use to evaluate the
goodness-of-fit is the coefficient of determination R2 (see Section 2.3 for details). This
allows us to measure the accuracy of the density estimation by comparing the empirical
conditional CDF and the estimated conditional CDF.

In order to ensure the correctness of our implementation and prevent any affirmative
bias, we generate data for each copula family using the copula [14] library in R. This
allows us to conduct inference with known underlying parameter functions, which we
use to verify the accuracy of our models and to identify their limitations. To model the
copula parameter as it changes across time, we use transformed sinusoidal waves, as the
shape of these functions can be well reproduced with the RBF kernel. Using this data,
we compare the fit provided by the added copula families against the copula mixtures
selected by the heuristics algorithm in the select copula module of the Copula-GP
package.

4.2.1 Evaluating the AMH Copula

We begin our evaluation with the AMH copula, which we describe in Section 3.0.2
as being well-suited for modelling data with weak dependence. To generate samples,
we use the amhCopula class from the R copula package and set θ = 0.99sin(2πx) for
9900 linearly spaced x-values between [0,1]. This allows us to examine the dependence
structure of the AMH copula across its entire parameter domain. Note that since these
samples will have uniform marginals by construction, we skip the marginal estimation
step and perform inference directly using our implementation of the AMH copula. The
inferred GP parameter and the true copula parameter are shown in Figure 4.3. (Note
that the shaded areas of all subsequent GP plots represent function values within two
standard deviations of the mean function). We find that Copula-GP is able to correctly
infer the underlying function parameterising the AMH copula. The mean of the GP
follows the trajectory of the sine waves closely, except at points of inflexions, where it
slightly overestimates the slope of the curve. The GP has the lowest uncertainty when
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Figure 4.3: Top: Inferred GP parameter of the AMH copula in Copula-GP alongside the
true parameter function used to generate the data. Bottom: The empirical copula density
(black) and the estimated copula density (blue) during different intervals of x-values.

θ =±0.99, which is expected as the dependence structure is most defined around those
points. Figure 4.3 also shows the empirical copula density alongside the inferred copula
densities as the θ parameter oscillates between [0.99,−0.99]. The dependence is not
particularly strong at either the maximum or minimum parameter values, but the AMH
copula does exhibit tail correlations at θ = 0.99, which is in line with previous work by
Kumar [23]. Notably, this tail dependence does not occur when θ =−0.99 (see density
plot for x ∈ [0.0,0.4] and x ∈ [0.6,1.0]).

Given that the AMH copula exhibits tail dependence, albeit weak, we hypothesise that a
copula mixture modelling such dependence patterns would consist of either the Gumbel
or Clayton families, as they are the only families in the original framework with tail
correlations. Moreover, since these families are monotonic and cannot accommodate
negative dependence, we anticipate that the Gaussian or Frank copula would also be
included in the mixture to account for shifting signs of dependence. Finally, since the
AMH copula’s dependence structure is akin to that of the independence copula for
central values on the unit square, we hypothesise that the independence copula would
be present in the mixture, even when θ ̸= 0. The results from running the heuristics
algorithm for selecting the optimal copula mixture are shown in Figure 4.4.

Using the original Copula-GP package, we find that the optimal copula mixture for
modelling the AMH copula’s dependence pattern consists of the Clayton (0°), Gaussian,
and Independence copulas, as shown in Figure 4.4. This copula mixture is parameterised
by 5 GPs in total. Interestingly, the GPs of the copulas’ parameters and concentrations
reveal the distinct roles each family has in reconstructing the dependence pattern of the
AMH copula. For example, the Gaussian copula parameter displays a similar sinusoidal
wave pattern as the true AMH parameter, albeit with lower amplitude, indicating that
the Gaussian copula is responsible for modelling the ”central dependence”. Since the
Gaussian copula does not exhibit tail dependence, but the AMH copula does, the copula
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Figure 4.4: Top: GPs of copula parameters and concentrations of the best-fitting copula
mixture in the original Copula-GP model. Bottom: The empirical copula density (black)
and the estimated copula density (blue) during different intervals of x-values.

COPULA MODEL WAIC ↓ R2 ↑
ALI-MIKHAIL-HAQ −0.0448 [0.97, 0.98, 0.99]
INDEPENDENCEGAUSSIANCLAYTON0° −0.0322 [0.99, 0.98, 0.99]

Table 4.1: WAIC and R2 scores for the AMH copula and the optimal copula mixture model
chosen by Copula-GP. The R2 scores are reported for three intervals: x ∈ [0.0,0.4],
x ∈ [0.4−0.6], and x ∈ [0.6,1.0], in respective order.

mixture must incorporate an additional family, in this case, Clayton, to model the lower
tail dependence. This is evident in the GP concentration of the Clayton copula, which
remains close to zero except when x ∈ [0.2,0.3]. Furthermore, as the GP parameter of
the Clayton copula remains constant, we conclude that its sole purpose is to capture the
tail dependence of the AMH copula.

Lastly, we observe that the Independence copula also makes a notable contribution to the
copula mixture, peaking as expected around where θ is close to 0. Since the dependence
of the AMH copula is generally weak, the concentration of the Independence copula
remains substantial throughout. In particular, the Independence copula accounts for
roughly 20% of the mixture between x = 0.6 and x = 0.8, despite being where the
dependence is most negative. It is worth noting that the uncertainties for the Gaussian
and Independence copula concentrations are large. This is especially true around θ = 0,
as both copulas can individually model independent samples, resulting in some degree
of overcompleteness.

We report the WAIC and the R2 values for the AMH copula and the selected mixture
copula in Table 4.1. Our results indicate that despite using data generated from the
AMH copula itself, the AMH copula model fails to provide as close of a fit as the
mixture model in terms of R2. While the R2 scores are generally comparable, the
mixture copula outperforms the AMH copula during x ∈ [0.0,0.4], where the coefficient
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of determination is 99% and 97%, respectively. This result is somewhat surprising but
can be attributed to the extreme flexibility of the mixture copula, which is parameterised
by a total of 5 GPs. Nevertheless, it is essential to note that the AMH copula does
achieve lower WAIC than the mixture copula, which we emphasise as that suggests that
the AMH copula is a more parsimonious model which will be preferred in the model
selection algorithm.

4.2.2 Evaluating the Joe Copula

In this section, we evaluate the addition of the Joe copula to Copula-GP using synthetic
data generated from the R copula package. As the Joe copula has a larger parameter
domain of [1,∞), we modify our ground truth parameter function to cover it accordingly.
We draw 9900 samples using the joeCopula class by setting θ = 3cos(2πx+π/2)+4
for x ∈ [0,1]. Then, we perform inference using our implementation of the Joe copula
on this data.

Figure 4.5: Top: Inferred GP parameter of the Joe copula in Copula-GP alongside the
true parameter function used to generate the data. Bottom: The empirical copula density
(black) and the estimated copula density (blue) during different intervals of x-values.

Figure 4.5 shows the inferred GP parameter alongside the true copula parameter of
the Joe copula. We find that the mean function of the GP aligns closely with the
ground truth function until x = 0.6. Beyond this point, the GP begins to underestimate
the value of θ, resulting in a minor mismatch in the empirical copula density and the
estimated density. Given the substantial uncertainty in the GP parameter, it is plausible
that this discrepancy is not because of a poorly implemented model but rather due to
the increased difficulty of inferring accurate estimates as the empirical copula tends
to perfect dependence. To validate this hypothesis, we generate similarly distributed
data for Clayton and Gumbel copulas, observing that these families also encounter
difficulties in differentiating high θ values given the same number of samples. This
issue likely emerges because the dependence patterns at large θ-values exhibit minimal
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COPULA MODEL WAIC ↓ R2 ↑
JOE −0.6092 [0.94, 0.99, 0.97]
INDEPENDENCECLAYTON180° −0.6079 [0.91, 0.99, 0.99]
CLAYTON180° −0.6070 [0.93, 0.99, 0.99]

Table 4.2: WAIC and R2 scores for the Joe copula and the optimal copula mixture model
chosen by Copula-GP. The R2 scores are reported for three intervals: x ∈ [0.0,0.4],
x ∈ [0.4−0.6], and x ∈ [0.6,1.0], in respective order.

changes when the copula parameter is unbounded and the sample size is limited. To
mitigate this, we suggest increasing the number of samples.

Next, we explore the copula mixtures in the original Copula-GP framework that can
replicate the dependence structure of the Joe copula. Based on the copula density plots
in Figure 4.5, we observe that the Joe copula displays strong upper tail dependence,
which is similar to that of the Gumbel and rotated Clayton copulas. We run the heuristics
algorithm to select the optimal copula mixture; see Figure 4.6

Figure 4.6: Top: GPs of copula parameters and concentrations of the best-fitting copula
mixture for reconstructing the Joe copula. Bottom: The empirical copula density (black)
and the estimated copula density (blue) during different intervals of x-values.

In Figure 4.6, we observe that the optimal copula mixture consists of the Clayton180°copula
and the Independence copula. Interestingly, the Independence copula only contributes
to the mixture whenever the ground truth copula reduces to independence. This suggests
that the Clayton180°copula may be capable of reconstructing the dependence pattern of
the Joe copula by itself. To further validate this, we conduct an additional experiment
with just the Clayton180°copula. The WAIC and R2 scores of our experiments are
reported in Table 4.2.

Our results indicate that the Joe copula only achieves minimal improvements in both
WAIC and R2 than the Clayton180°copula and the mixture copula. The poor perfor-
mance of the Joe copula can be attributed to our previous findings illustrated in Figure
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4.5. Since it underestimated the latent parameter function, the estimated conditional
copula differed from the true conditional copula, resulting in a lower R2 score. More-
over, the latent GP of the Joe copula model for x ≥ 0.6 exhibited large variance, making
the final WAIC term being only marginally lower than that of the other models.

4.2.3 Evaluating the Student’s t Copula

In this section, we present results from the extended Copula-GP framework using the
two-parameter t-copula. The objective of these experiments is to verify the model’s
ability to simultaneously infer multiple GP parameters using a single copula model. We
also seek to examine the extent to which the t-copula’s dependence structure can be
reconstructed using copula mixtures from the current iteration of Copula-GP and to
identify potential limitations of our model. As such, we conduct three experiments, one
that showcases the strengths of the t-copula, one that reveals its shortcomings, and one
that applies it to high-dimensional data.

In the first experiment, we generate synthetic data using the ellipCopula() class from
the copula library in R. To parameterise the copula, we use two sinusoidal waves: ν =
3cos(2πx+0.5π)+5 for the degrees of freedom parameter and ρ = 0.7+0.2sin(4πx)
for the correlation coefficient where x ∈ [0,1]. Note that we purposely ensure that the
ρ parameter never equals zero, as doing so would interfere with the inference of the ν

parameter.

Figure 4.7: Top: Inferred GP parameters of the t-copula in Copula-GP alongside the true
parameter functions used to generate the data. Bottom: The empirical copula density
(black) and the estimated copula density (blue) during different intervals of x-values.

Figure 4.7 depicts the inferred GP parameters alongside the actual copula parameters
of the t-copula. We find that our t-copula model accurately infers the ground truth
parameters for both the correlation coefficient and the degrees of freedom. Generally,
the uncertainty associated with the correlation coefficient is lower than that of the
degrees of freedom since the latter relies on the heavy tails of the copula density, which
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COPULA MODEL WAIC ↓ R2 ↑
STUDENT’S T −0.4224 [0.99, 0.98, 0.99]
GAUSSIANGUMBEL180° −0.4156 [0.98, 0.98, 0.98]

Table 4.3: WAIC and R2 scores for the t-copula and the optimal copula mixture model
chosen by Copula-GP. The R2 scores are reported for three intervals: x ∈ [0.0,0.4],
x ∈ [0.4−0.6], and x ∈ [0.6,1.0], in respective order.

is based on a small fraction of samples. The uncertainty for the degrees of freedom is at
its lowest at ν = 2 when the t-copula’s heavy tails are most prominent. Conversely, the
uncertainty for ν rises as its value increases, possibly due to the increased difficulty in
inferring confident estimates as the tail dependence weakens (we explore this further in
the next experiment).

Figure 4.8: Top: Inferred GP parameters of the t-copula in Copula-GP alongside the true
parameter functions used to generate the data. Bottom: The empirical copula density
(black) and the estimated copula density (blue) during different intervals of x-values.

Using the original Copula-GP package, we find that the optimal copula mixture
for modelling the t-copula’s dependence pattern consists of the Gaussian and Gum-
bel180°copulas, see Figure 4.8. This is the copula mixture we used previously in Section
4.1 to tune the convergence rate of the t-copula. The GaussianGumbel°180 mixture is
an intuitive approximation to the t-copula as the Gaussian distribution is equivalent to a
t-distribution with infinite degrees of freedom. We observe this from the GP parameter
of the Gaussian copula, which follows the trajectory of the correlation coefficient to
model the copula’s interior dependence. As the Gaussian copula does not possess tail
dependence, we also find that the mixture utilises the Gumbel copula to replicate the
heavy tails of the t-copula. This can be observed in the inverse relationship between the
ν and the concentration of the Gumbel copula: when ν is small, the tail dependence is
stronger, so the Gumbel copula accounts for more of the mixture to capture the heavy
tails. The R2 and WAIC scores for both copula models are reported in Table 4.3.
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4.2.3.1 Limitations of the t-copula

Previously in Section 4.2.2, we pinpointed a limitation of the Joe copula as being
unreliable whenever the copula parameter exceeded a certain limit. In this experiment,
our objective is to determine if a similar threshold exists for the degrees of freedom
parameter of the t-copula. The parameter domain of ν has no upper bound; thus, it can
take arbitrarily high values. Nevertheless, in many statistical applications, practitioners
often opt for the z-distribution (standard normal) over the t-distribution when the degrees
of freedom exceeds 30, as differences beyond this point become negligible.

Considering this, it is plausible that Copula-GP may encounter difficulties when at-
tempting to accurately infer extremely high values of ν. In order to assess the model’s
performance under such conditions, we designed an experiment where the t-copula’s
degrees of freedom parameter would progressively grow larger while keeping the
sample size the same. To this end, we generate data using the copula library in
R [14]. However, this time we keep the correlation coefficient constant and set
ν = 15cos(πx+0.5π) + 14πx + 7 for x ∈ [0,1]. This yields a parameter range of
approximately ν = 7 to ν = 50, see Figure 4.9.

Figure 4.9: The inferred GP parameters alongside the true parameter functions of
the t-copula. Note that the parameters in this plot are not normalised for improved
visualisation.

In Figure 4.9, we observe that the inferred parameter mostly corresponds to the true
parameter value for ν-values less than 10. However, beyond this point, the mean
function starts to severely underestimate the degrees of freedom, and this discrepancy
only grows larger as the parameter increases. Although the true value of ν always
remains within two standard deviations of the MAP estimate (mean function), this
demonstrates a significant limitation of the t-copula. Since the ν parameter is only
encoded in the tails of the copula, inference for this parameter relies solely on the few
samples near the upper-right and lower-left corners of the unit square. As a result, these
estimates will be inherently unreliable and will become less confident the more the
t-copula tends to the Gaussian copula.

4.2.3.2 Mutual Information Estimation Using the t-copula

As the previous experiments have largely focused on bivariate data, this experiment
aims to assess the extended Copula-GP’s capability to construct C-vines with copulas
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of multiple parameters. To this end, we employ the t-copula and replicate an exper-
iment initially conducted for the original Copula-GP paper [22]. In this experiment,
Kudryashova et al. compared Copula-GP against other state-of-the-art mutual infor-
mation estimators, namely, Kraskov-Stögbauer-Grassberger [21], Bias-Improved-KSG
[10], and the Mutual Information Neural Estimator [5]. They generated three datasets,
one of which was from the multivariate t-distribution, where the correlation coefficient
was fixed at 0.7 and degrees of freedom exponentially increased: d f = e5x+1,x ∈ [0,1].
Results showed that Copula-GP outperformed all of the aforementioned methods, ex-
cept for MINE when the data’s dependence structure did not correspond to any of the
parametric families used in the framework. Therefore, the objective of this experi-
ment is to determine whether the t-copula (which perfectly fits the data) can offer any
improvements for mutual information estimation on a high-dimensional dataset.

As described in Section 2.3, Copula-GP provides two methods for mutual information
estimation: ’estimated’ and ’integrated’. In this experiment, we utilise both methods,
modelling both p(y) and p(y|x) with the t-copula. We then train C-vines for up to eight
variables and compare our results from those presented in [22], see Figure 4.10.

Figure 4.10: Left: the conditional entropy H(y|x) at various y dimensionalities. MINE
estimates are not included in this comparison, as they do not produce estimates of
H(y|x). Right: Mutual information I(x,y); the solid and dashed lines for both Copula-GP
models represent estimates produced using the ’integrated’ and ’estimated’ methods,
respectively. Note that MINE[X] represents a MINE model with X number of hidden units.

Figure 4.10 shows that the extended Copula-GP provides a near-perfect estimate of
conditional entropy, while the original Copula-GP and BI-KSG underestimate the
value. Nevertheless, MINE100 outperformed both Copula-GP models in terms of
mutual information estimation, despite using copula models with the perfect parametric
fit. We also found that similarly to Kudryashova et al. [22], the ’integrated’ method
underestimates mutual information, while the ’estimated’ method overestimates it.
Unlike [22], however, our experiments did not show a consistent underestimation of
the ’integrated’ method. Instead, Figure 4.10 suggests that, at higher dimensions,
the estimates provided by the ’integrated’ method in the extended Copula-GP will
eventually surpass the true mutual information.
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Discussion

In this chapter, we examine the findings obtained from the experiments conducted in
Chapter 4 to answer the research questions introduced in Chapter 1. We also discuss
any limitations of our work and compare with previous work.

5.1 Research Questions

R1: To what extent does the Ali-Mikhail-Haq copula contribute to the expressive
power of the Copula-GP model?

In section 4.2.1, we assessed our implementation of the AMH copula and investigated
the dependence pattern exhibited by this family. We found that our AMH model was
successful in inferring the latent function used to parameterise the copula from which
synthetic data was generated. Crucially, we observed that while the copula mixture
from the original framework could reconstruct the dependence pattern of the AMH
copula, it required a combination of three copula families to achieve this.

This copula mixture, comprising the Clayton, Gaussian, and Independence copulas,
combined to capture the full range of dependence structures present in the AMH copula.
Each family served a unique purpose in the mixture: the Gaussian copula addressed the
”central dependence,” the Clayton copula covered the lower tail dependence, and the
Independence copula handled weak dependence or independence. Perhaps surprisingly,
the combination of copula families even allowed the mixture model to provide a closer fit
in terms R2 than the AMH copula itself. However, as the difference between the two R2

scores was minimal, further analysis is needed to determine whether this improvement
is statistically significant.

In terms of model selection, we discovered that the AMH copula model yielded a
significantly lower WAIC than the copula mixture. This finding suggests that, when
presented with similar data, the model selection algorithm in Copula-GP will favour the
AMH copula over the copula mixture model. This preference is important not only for
model parsimony but also for model scalability, as the AMH copula is parameterised
by only one GP, whereas the mixture model requires five (two for copula parameters
and three for copula concentrations). Since Copula-GP makes use of scalable kernel
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interpolation KISS-GP [40], the additional GP required by the copula mixture is not
detrimental to training time. However, the increased model complexity of the mixture
model may make it more challenging to interpret the underlying dependence structure.
Hence, we argue that the unique dependence structure of the AMH copula is a valuable
addition to the Copula-GP framework.

R2: To what extent does the Joe copula contribute to the expressive power of the
Copula-GP model?

Next, we examined the Joe copula within the context of the Copula-GP. Our results
indicated that while the Joe copula model was mostly capable of inferring the general
trend of the latent parameter function, these estimates became largely unreliable at high
values of the copula parameter. This, in turn, led to minor discrepancies between the
empirical and the estimated conditional copulas, affecting both the R2 scores and WAIC
negatively. While we found that other heavy-tailed copula families with unbounded
parameter domains (Clayton and Gumbel) also suffered from similar behaviour for
highly correlated samples, these families, especially Clayton, proved to be more reliable
in discerning large parameter values. This allowed the rotated variant of the Clayton
model to achieve comparable results with the Joe copula, despite not being the perfect
fit.

The comparable performance between the Joe copula and the rotated Clayton copula
suggests that the Joe copula might not provide a substantial advantage over existing
copula families within the Copula-GP framework. The ability of the rotated Clayton
copula to model the dependence pattern of the Joe copula makes the inclusion of the
Joe copula less essential. Nevertheless, as significant efforts have already been made to
implement the Joe copula, we propose that it should be included in Copula-GP as an
individual model, separate from the model selection algorithm as not to unnecessarily
increase its search space. Moreover, it is important to acknowledge that this conclusion
is drawn from the specific scenario we examined. In situations where the Joe copula
displays a more distinct or complex dependence structure, incorporating it into the
framework could yield additional benefits.

R3: To what extent does the Student’s t copula contribute to the expressive power
of the Copula-GP model?

Lastly, we also examined the Student’s t copula with two parameters, ρ and ν. Our
objective was to verify Copula-GP’s ability to simultaneously infer multiple GP param-
eters using only a single copula. To achieve this, we conducted three experiments, one
designed to highlight the strengths of the t-copula, one to reveal its limitations, and
one to test it on a high-dimensional dataset. We also assessed the extent to which the
t-copula’s dependence structure could be reconstructed using copula mixtures from the
current iteration of Copula-GP.

In the first experiment, our results showed that the t-copula model within the extended
Copula-GP framework was successful in accurately inferring the ground truth parame-
ters for both ρ and ν. This outcome underscores the potential of our proposed architec-
ture to accommodate copula models with multiple parameters and complex dependence
structures. Regarding the WAIC and R2 scores, our t-copula model outperformed the
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optimal copula mixture, which comprised Gaussian and Gumbel180°copulas.

In the second experiment, we identified potential limitations of the t-copula, focusing on
its challenges in accurately inferring high values of the degrees of freedom parameter (ν).
We discovered that our copula model generated highly uncertain estimates, particularly
as the degrees of freedom increased. However, we contend that this is not due to a
poorly implemented model but rather the increasing difficulty of performing inference
when the dependencies are only encoded in the tails. We support this argument with the
observation that our copula model did not produce confident yet incorrect estimates but
rather uncertain estimates, which, despite their inaccuracy, captured the true underlying
function within two standard deviations of the mean. This also further emphasises
the advantage of employing a Bayesian approach like Gaussian Processes within the
context of Copula-GP.

In the final experiment, our aim was to apply the modified architecture proposed in
Section 3.0.5 to construct a C-vine consisting of multiple parameters. For this purpose,
we used the t-copula for mutual information estimation on a dataset generated from the
multivariate t-distribution. We found that the vine model provided near-perfect estimates
for conditional entropy, outperforming both BI-KSG and the previous Copula-GP model.
However, for mutual information, we were unable to achieve results as favourable as
MINE100 despite having the perfect model fit. As the degrees of freedom for the
multivariate t-distribution in this dataset increased exponentially with a maximum
value of e5 ≈ 148, we hypothesise that our inconsistent results may be due to the issue
previously identified in Section 4.9, specifically, the inability to produce confident
and accurate estimates when the degrees of freedom are large. This is particularly
noteworthy since both experiments were conducted with similar sample sizes.

Despite these limitations, we believe that the Student’s t is a valuable addition to the
framework as it serves as an excellent starting point for incorporating multi-parameter
copulas to Copula-GP.

5.2 Comparison with Alternative Methods

The most notable contribution of this project is the expansion of the Copula-GP frame-
work, which is now able to accommodate copulas with an arbitrary number of pa-
rameters. Although Gaussian process copula models using multiple parameters have
previously been proposed in work by Hernandez et al. [13], the methodologies behind
Copula-GP and that of Hernandez et al. differ in several aspects.

First and foremost, the method proposed in [13] is limited to bivariate data for copulas
with multiple parameters. In contrast, our experiments in Section - have demon-
strated that multivariate C-vine copulas in Copula-GP can be constructed from the
two-parameter t-copula to accurately model dependencies of much higher dimension-
ality. As a result, the extended Copula-GP framework can use copulas with multiple
parameters to model data with multiple dimensions, providing a superior modelling
ability compared to that of Hernandez et al.

Secondly, the extended Copula-GP model is designed such that multiple parameter
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copulas in Copula-GP may be used as individual models or as part of copula mixtures.
This is qualitatively different from [13], where the multi-parameter copulas are limited
to being used as individual copula models. This proves to be a significant improvement,
as previous work by Kudryashova et al. [?] has shown that linear copula mixtures
considerably outperform single-element methods in terms of log-likelihood. Moreover,
the model selection algorithm in Copula-GP ensures that multi-parameter copulas are
used only when required, as they generally yield higher WAIC than single elements
unless all parameters contribute significantly to the final model.

Lastly, both [13] and our work uses the Student’s t copula as the exemplar multi-
parameter copula. However, our t-copula model is fully implemented in PyTorch,
allowing for GPU-accelerated computing that effectively reduces the training time by
several factors.

5.3 Future work

Validation on real data: Since the primary objective of this project was to add new
copula families to Copula-GP, our evaluation mainly focused on determining the extent
to which our models contributed to the framework’s expressive power. To facilitate
evaluation, we, therefore, opted to consider only synthetic data so that we could com-
pare the extended Copula-GP against the original Copula-GP in a controlled setting.
Nonetheless, since Copula-GP was originally developed to analyse dependencies within
neuronal populations, our examination of each copula without testing on actual neuronal
data could be deemed incomplete. As a result, a significant limitation of this work
is that we relied exclusively on artificial data. Although the AMH copula has been
applied to analyse neuronal data [17], the use of Joe copula and Student’s t copula in
such settings is less prevalent. It would, therefore, be valuable to explore whether these
copula families can provide meaningful insights for analysing neural data.

Incorporating asymmetric copulas. While this project has focused on the Student’s
t copula as a starting point for extending the Copula-GP framework, there exists
an abundance of other multi-parameter copulas. One class of copulas which are of
particular interests are asymmetric copulas, which provide a richer set of dependence
structures as they exhibit asymmetry along the main diagonal of the unit square. With
the modified architecture proposed in Section 3.0.5, incorporating asymmetric copulas
within the Copula-GP framework would not require extensive work. This is particularly
true since asymmetric copulas can be constructed from Archimedean copulas such as
Joe and Clayton [24], which are already included in the framework.

Providing confidence estimates. Our evaluation of the new copula families showed
that the WAIC and R2 scores of the added copula families often differed minimally
from those of the copula mixture in the original framework. As the model selection
algorithm of Copula-GP is computationally expensive, we opted to run most of our
experiments only once, which prevented us from reporting any confidence intervals.
We acknowledge this as a major limitation to our work, especially since Copula-GP
uses the Adam optimiser for SVI, which are two inherently stochastic methods that may
converge to different solutions each time.



Chapter 6

Conclusions

In this thesis, we have investigated the integration of additional copula families to
improve the expressive power of the Copula-GP framework (Kudryashova et al.) [22].
We focused on implementing three new parametric copula families: the Ali-Mikhail-Haq
copula, the Joe copula, and the Student’s t copula.

A series of experiments were conducted to evaluate the benefits of incorporating each
copula family into the Copula-GP model. We assessed their contributions by examining
their ability in providing novel dependence structures across different synthetic datasets.
Our experiments indicated that the AMH copula has a unique dependence pattern that
can be effectively captured only by combining multiple existing copula families within
the framework. This suggests that the inclusion of the AMH copula contributes posi-
tively to the overall expressivity of Copula-GP. Conversely, the Joe copula’s dependence
patterns were accurately reproduced by other copula families, particularly the rotated
Clayton copula, rendering the addition of the Joe copula less essential.

The Student’s t copula emerged as a valuable addition to the Copula-GP model, given its
two-parameter structure. Despite some limitations in handling high degrees of freedom,
the incorporation of the t-copula underscores the potential for Copula-GP to work with
multi-parameter copulas. In our proposed architecture, these copulas can function
as standalone models or as part of copula mixtures. Furthermore, we assessed the
capability of our models to construct high-dimensional C-vines from multi-parameter
copulas and found that the t-copula performed favourably against other state-of-the-art
mutual information estimators.

In conclusion, the novelty of this project lies in the extension of the Copula-GP frame-
work to accommodate multi-parameter copulas, representing a significant step towards
making Copula-GP a more versatile tool for neural dependence modelling. Our findings
demonstrate that the inclusion of additional copula families, particularly those with
multiple parameters, has the potential to greatly improve the expressive power of the
Copula-GP framework. The inclusion of the Ali-Mikhail-Haq and Student’s t copulas
provides substantial benefits, while the contribution of the Joe copula appears less
crucial.
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Appendix A

Runtime Experiments

A.1 Newton-Raphson’s Method or Halley’s Method?

In Section 3.0.3.2, we considered two options for numerically approximating the inverse
Joe conditional copula, one using the Newton-Raphson method and another using the
Halley’s method. To test the performance of both methods, we generated 106 samples
and transformed them with the Joe conditional copula. Then, we checked whether the
inverse function could correctly invert all samples given a distance tolerance of 10−5.
The results are presented in Table A.1.

Table A.1: Runtime and convergence statistics for Newton and Halley’s methods in the
PPCF experiment.

Halley’s Method Newton’s Method
Iterations Runtime (s) Outcome Runtime (s) Outcome

9 0.612 Fail 0.478 Fail
10 0.621 Success 0.548 Fail
11 0.755 Success 0.618 Success
12 0.755 Success 0.626 Success
13 0.800 Success 0.600 Success
14 0.939 Success 0.642 Success

As shown in Table A.1, the fastest method was Newton’s Method. Although Halley’s
method required fewer iterations, the additional computational costs of computing the
second derivative offset its faster convergence. Therefore, we decided to implement the
inverse Joe conditional copula using the Newton-Raphson’s method.
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Code Implementation

B.1 Implementing the Student’s t distribution CDF and
PPF

B.1.1 Regularised Incomplete Beta Integral (Beta CDF)
1 import torch
2 import pdb
3 ’’’
4 Implementation of the incomplete beta function and its inverse. For

computing the CDF and ICDF of the student’s t-distribution.
5 ’’’
6 def betaln(a, b):
7 return torch.lgamma(a) + torch.lgamma(b) - torch.lgamma(a + b)
8

9 def betainc(a, b, x):
10 device = x.device
11 a = a.clone()
12 b = b.clone()
13 x = x.clone()
14

15 # edge cases
16 nan_mask = (a < 0.0) | (b < 0.0)
17 zero_mask = x < 0.0
18 one_mask = x > 1.0
19

20 inversion_mask = x > (a + 1.0) / (a + b + 2.0)
21 a[inversion_mask], b[inversion_mask] = b[inversion_mask], a[

inversion_mask]
22 x[inversion_mask] = 1.0 - x[inversion_mask]
23

24

25 front = torch.exp(torch.log(x) * a + torch.log(1.0 - x) * b -
betaln(a, b)) / a

26

27 # constants
28 EPSILON = 1e-30
29 THRESH = 1e-5
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30 MAX_ITER = 10
31

32 f = torch.ones_like(a)
33 c = torch.ones_like(a)
34 d = torch.zeros_like(a)
35

36 # iterate until convergence
37 for i in range(MAX_ITER):
38 m = i // 2
39

40 numerator = torch.where(torch.tensor([i == 0], dtype=torch.
bool).to(device),

41 torch.ones_like(a),
42 torch.where(torch.tensor([i % 2 == 0], dtype

=torch.bool).to(a.device),
43 (m * (b - m) * x) / ((a + 2.0 *

m - 1.0) * (a + 2.0 * m)),
44 -((a + m) * (a + b + m) * x) /

((a + 2.0 * m) * (a + 2.0 * m
+ 1))))

45

46

47 d = 1.0 + numerator * d
48 d = torch.where(torch.abs(d) < EPSILON , torch.tensor(EPSILON

).to(a.device), d)
49 d = 1.0 / d
50

51 c = 1.0 + numerator / c
52 c = torch.where(torch.abs(c) < EPSILON , torch.tensor(EPSILON

).to(a.device), c)
53

54 cd = c * d
55 f *= cd
56

57 if torch.all(torch.abs(1.0 - cd) < THRESH):
58 break
59

60 result = torch.where(inversion_mask , 1 - front * (f - 1.0),
front * (f - 1.0))

61

62 # put any out of range values to their respective values
63 result[nan_mask] = float(’nan’)
64 result[zero_mask] = 0.0
65 result[one_mask] = 1.0
66

67 return result

Listing B.1: Python code which implements the regularised incomplete beta integral for
the computation of the beta CDF.

B.1.2 Student’s t CDF and PPF
1 import torch
2 from . import beta_distribution as beta
3 import pdb
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4 import torch.distributions.studentT as studentT
5 import torch.distributions.normal as normal
6

7 def t_cdf(x, df):
8 x = x.unsqueeze(0)
9 aa = torch.ones_like(x) * 0.5

10 df = df.expand_as(x)
11 beta_val = beta.betainc(aa, df/2, (x*x)/(df + x*x))
12 vals = torch.where(x < 0, 0.5 * (1 - beta_val), 0.5 * (1 +

beta_val))
13 return vals.squeeze()
14

15

16 def t_deriv(x, df):
17 val = studentT.StudentT(df).log_prob(x)
18 return torch.exp(val)
19

20 def t_ppf(p, df, max_iter=4, tol=1e-5):
21 p = p.clone()
22 # use the normal ppf as an initial guess
23 x = normal.Normal(torch.zeros(1, device=p.device), torch.ones(1,

device=p.device)).icdf(p)
24 for _ in range(max_iter):
25 # evaluate the function (CDF) and its derivative (PDF) at

the current guess
26 f = t_cdf(x, df) - p
27 f_prime = t_deriv(x,df)
28

29 # set x_new to positive or negative infinity when f_prime is
zero

30 x_new = torch.where(
31 (x == float(’inf’)) | (x == float(’-inf’)),
32 x,
33 x - f / f_prime
34 )
35

36 # check for convergence
37 if torch.all(torch.abs(x_new - x) < tol):
38 break
39

40 x = x_new
41 return x

Listing B.2: Python code which implements the Student’s t distribution CDF and PPF
using the regularised incomplete beta integral.


