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Abstract

An Ising model is a graph structure with random variables assigned to each vertex.
The correlations of these random variables are described by the edges in the graph. A
learning task on an Ising model is then the challenge of reconstructing the edges of the
underlying graph using samples collected from the random variables.

The main aim of this project was to understand and implement an algorithm proposed
by Surbhi Goel (2019) which recovers sets of vertices which are connected via one
intermediate vertex. To generate the required samples we explored the use of a rapidly
mixing Markov chain algorithm, which allows us to sample larger Ising models than
the experiments presented in Goel’s paper.

We reconstructed and expanded upon these experiments and were able to show the
logarithmic relationship between sample size and accuracy of the reconstruction pre-
dicted by Goel. As a major practical limitation we observed that to achieve reliable
structure recovery either the number of samples has to be very large or a parameter of
the algorithm has to be tuned with some further knowledge of the underlying structure.
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Chapter 1

Introduction

1.1 Overview

This project will address the structure learning problem on a graphical model. Structure
learning is the task of deducing the graph network from a set of measurements of some
graph property. In this project we are looking at Ising models, which are graphical
networks with binary random variables associated with their vertices. How these random
variables are correlated depends on the structure and parameters of the Ising model.
The learning problem is then the inverse challenge of recovering the underlying graph
from measurements of correlation between these random variables.

The project is based on the paper “Learning Restricted Boltzmann Machines with
Arbitrary External Fields” by Goel [/], which proposes and proves the correctness of
an algorithm to perform this learning task. Restricted Boltzmann machines are a type
of bipartite Ising model, in which some vertices are hidden from observation.

In this report we will first outline the characteristics of an Ising model and how to
generate samples from it. Next, we will discuss and explain the algorithm proposed
by Goel. Building on these theoretical insights we will show an implementation of the
Ising model, sampler and the algorithm and finally present experiments exploring the
applicability of Goel’s algorithm.

1.2 Motivation

Ising models were first proposed in a statistical physics context as a model for magnetic
phase transitions. Especially of interest were the pairwise influences between vertices
that can simulate a dramatic change in the macroscopic properties (e.g. the bulk
magnetisation of the material) once a certain strength of interactions is reached.
However, the idea of modelling a network of pairwise interactions and alignment effects
between a number of nodes has also made the model popular in many other domains. It
can be applied in economic contexts [27], medical research [[10], machine learning [9]
and many more.
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In particular, bipartite Ising models with hidden nodes have been studied in supervised
or unsupervised learning settings. For these applications the probability distribution of
the data is first encoded into the model, then the model can be used to generate samples
from this distribution (using a sampling algorithm)[6]].

The aim of this project is to understand an algorithm for structure learning of bipartite
Ising models and experimentally explore how Ising models can be simulated and
sampled.

1.3 Related Work

As stated above, bipartite Ising models with hidden nodes are popular models considered
in Machine Learning. However, the learning methods employed usually involve gradient
descent strategies, optimising the likelihood of certain graph parameters given the data
[14].

In contrast, this project considers an algorithm that recovers the structure of a graph
exactly (with some probability) by considering the correlations between the random
variables associated with vertices in the graph.

Goel’s algorithm is largely based on a more general approach to ferromagnetic Ising
models described in the paper “Efficiently learning Ising models on arbitrary graphs”
by Bresler [1]. Bresler uses a measure called the conditional influence between random
variables (a measure of how much the distribution of one random variable varies if
the other one is flipped) to gauge how connected two vertices are. Goel replaces this
quantity with the conditional covariance between random variables. Both algorithms
work in a similar way by considering a certain node u and constructing a proposed
set of neighbours (or in Goel’s case the set of nodes that share a common neighbour)
which consists of the nodes with the highest influence or covariance with node u. This
is done until the threshold (or lower bound) on the influence/covariance is reached.
Then, they go back through the proposed neighbourhood set and exclude all nodes that
turn out to have a smaller influence/covariance conditioned on the rest of the proposed
neighbourhood.

Bresler et al. also proposed a similar algorithm for ferromagnetic restricted Boltzmann
machines (where neighbouring vertices are only positively correlated) with non-negative
external fields, which again relies on an influence measure between the random variables
[2]]. The structure resembles the algorithm described above. However, it does not require
a pruning step (i.e. the second loop to remove vertices from the proposed neighbourhood
set). Goel’s algorithm in contrast allowed for the restricted Boltzmann machines to be
more general by including arbitrary external fields and some anti-ferromagnetic edges
(i.e. neighbouring vertices are negatively correlated).

Other works extend Bresler’s results to Markov random fields and improve upon the
sample complexity of the algorithm by generalising Bresler’s threshold criterion [13] or
proposing a different approach with an online learning algorithm [[17]].

These works are all bounded by a result due to Santhanam and Wainwright [25] proving
an information-theoretic lower bound on the number of samples required for structure
recovery in Markov random fields with a certain probability.
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1.4 Contribution

We summarise our main contributions to this project as this:
1. Theoretical contributions to support Goel’s presentation:

* Proof of Goel’s remark on the representability of locally consistent bipartite
Ising models as purely ferromagnetic models (Proposition [I])

* Derivation of the probability of a vertex spin being +1 conditioned on the
spin values of its neighbours (Proposition

* Proof of Goel’s remark that the conditioning set S can be assumed to be
empty for the proof of Goel’s Lemma [I| (Proposition [3)

» Justification of steps in Goel’s proof of Theorem ]|

2. Implementation and testing of an Ising model and Swendsen-Wang sampler
(described in section . T]).
Implemented as an IsingModel class (approx. 700 lines of Python code incl.
auxiliary functions) with functionality:

* Generation of Ising models with given parameters
* Visualisation of model

* Loading previously generated models from file

» Experiments with Gibbs sampler

* Swendsen-Wang sampler

3. Implementation of the learning algorithm (approx. 15 lines of code) and cal-
culation of the empirical conditional covariance (approx. 50 lines, see section

4.2)

4. Reconstruction of Goel’s experiments (Section and extension to larger graphs
as well as denser graphs (Section [5.3)), observing the logarithmic relationship
between the number of samples required and the number of observed vertices
(approx. 300 lines of code to set up, automate and analyse experiments)

5. Exploration and interpretation of the T threshold used in the algorithm (Section

B.LI



Chapter 2

The Ising Model

In this chapter we will present the probabilistic graphical model we are working with.
We will define the characteristics of the model and discuss how samples can be generated

from it.
2.1 The Model
2.1.1 lIdea

An Ising model is a graph G = (V,E) con-
sisting of a set of vertices (or nodes) V
and a set of weighted edges E. Each ver-
tex u is associated with a random variable
X,, which can take the value —1 or +1
(this is often also called the spin value of
the vertex). See figure [2.1|for an example.
The probability distribution over X,, de-
pends upon the distributions of each
neighbouring vertex of u and the weight
of the adjacent edge. So for example, X,
is more likely to be positive if its neigh-
bours are likely to be positive and the
edges between u and these neighbours
have large positive weights. If the weight
on any edge is negative, u is more likely to
take the opposite value to this neighbour.
If there is no edge between two nodes u
and v, then the probability of the outcome
of u will not directly depend on the value
of v. However, the random variables X,
and X, may still be correlated for example
via common neighbours.

x‘i
—l__
X, e _|_ xé
e > W
ool

Observation:

e=(+1 -L 1 -4 -4 +1)

Figure 2.1: Example Ising Model with one
observation of values from its distribution
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In a general Ising model, each vertex is also associated with an additional weight
(referred to as the external field, a term borrowed from the foundations of the Ising
model in statistical physics). These weights can again be positive or negative and shift
the node’s probability distribution towards the +1 or —1 outcome.

A sample drawn from an Ising model is one observed outcome of the random variable
over all nodes in the graph. So for example, a sample drawn from a graph with 6
vertices V = {vy,...,v6} could be [(x; = +1),(x2 = —1),(x3 =+1),(xa = —1), (x5 =

—1), (x¢ = +1)] (see figure 2.1).

Learning an Ising model refers to the structure learning process of reconstructing the
underlying graph from a set of samples. Specifically, the vertices (or at least some of
the vertices) in the graph and a fixed number of samples are given and the challenge is
to determine where the edges between these vertices must be.

This project considers a special type of model where the underlying graph is bipartite
and samples are only observed from one of the vertex sets. A bipartite graph is a
structure where the vertex set V' of the graph can be partitioned into two disjoint subsets
Vops and Vi, such that each edge connects vertices from opposite sets. A further
constraint of our learning problem is that only vertices from V,;; can be observed while
the other set, Vj,;, remains hidden (or sometimes called latent).

On the one hand, restricting the underlying graph to a bipartite structure makes reasoning
about the graph easier because additional properties about the structure are known (for
example, the neighbourhood of a node can only contain vertices from the other set).
On the other hand, the task is made harder by observing only one set of vertices because
less information is known about the probability distribution.

2.1.2 Definition
Now, some notationE] will be introduced and explained.
Definition 1 (Ising Model)

e Vops & Vi set of observed/latent nodes

o n=|Vyps| & m = |Vjul|: size of the vertex sets (indexed from 1 to n, m for
convenience)

e X & Y: random variables associated with the outcome of the entire observed
vertex set or the entire latent set

* X,, Y, or Xs, Ys: random variables for a specific vertex u or a set of vertices S

* Xg € {jzl}m: a particular outcome (i.e. an assignment of 1 values) for a set of
vertices S

* h € R": external field vector for the observed vertices where £; is the external
field on vertex i

* g € R™: external field vector for the latent vertices

! Adapted from Goel [[7] with additional useful symbols



Chapter 2. The Ising Model 6

« J € R™"™: matrix of edge weights (or interaction matrix) where J;; gives the
weight of the edge between the i’ observed and the j* latent node. If there is no
edge between the vertices, then J;; =0

We will use the notation [z] = { 1, 2,..., z} throughout.

This type of bipartite Ising models is often also called restricted Boltzmann machine
(RBM) because the probability of a certain outcome (X = x,Y =y) (i.e. the assignment

of 1 values to each vertex) is given by a simpliﬁedE]Boltzmann distribution:

1
pX=xY=y) = 7 exp ()_CTJx+hT£+gT2> 2.1

where Z is the so-called partition function, a sum over all possible value assignments to
all vertices in the graph:

Z= Y exp(xsy+hTx+gTy) 2.2)
xe{£1}"
ye{£1}”

Z serves as the normalisation constant for the probability distribution, where {£1}" is
the set of all possible x vectors and likewise {4-1}" for y. This already foreshadows a
problem for simulations since the number of terms in the sum grow exponentially with
the number of vertices in the model. This will be discussed further in section
Note furthermore that all properties of the model are encoded in this probability distribu-
tion. Therefore, if two Ising models have equivalent distributions then their underlying
models must be equivalent with respect to the learning algorithm. This will be very
useful when motivating simplifying assumptions about the model.

2.1.3 Ferro- and Anti-Ferromagnetism

An Ising model is said to be ferromagnetic if all edges have positive weight. This
means that edges between vertices only encourage alignment of the spin values. Anti-
ferromagnetic models, on the other hand, only have negative edge weights so they
encourage anti-alignment.

In the literature, many Ising models are restricted to be ferromagnetic because anti-
ferromagnetic models can have positive and negative correlations between vertices
which leads to cancellations of correlations [3]]. This means that neighbours are much
harder to detect by observing correlations.

Goel uses a model which is called locally consistent:

Definition 2 (Goel [7]) A bipartite Ising model with interaction matrix J is locally
consistent if for all hidden nodes indexed j € [m]:
{2 0 for all edges incident on node j (ferromagnetic w.r.t. node j)
ij

<0 for all edges incident on node j (anti-ferromagnetic w.r.t. node j)

*The full Boltzmann distribution p(X =x,Y =y) = %e’% with energy E = —(x"Jy+h'x+g"y)
[[15]] would include a temperature variable modifying the strength of all interactions. The Goel variant
can therefore be seen as a fixed temperature simplification
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Therefore, Goel’s model can have ferro- or anti-ferromagnetic edges, but each latent
vertex is restricted to have only positive or only negative outgoing edges.

With this restriction and the real-valued external fields Goel can essentially show that
this 1s equivalent to a purely ferromagnetic graph as we formalise in Proposition

Proposition 1 Consider a locally consistent bipartite Ising model with a set of latent
anti-ferromagnetic nodes K (i.e. the nodes which have only negative adjacent edges),
external fields h (observed) and g (latent) and the probability distribution p(X =
x,Y =y). Then there exists a purely ferromagnetic Ising model with distribution
X =xY= y) and external fields h and g’ where g;( = —g, V k € K such that:

p(X=xY=y)=p(X=xY=))

fork ¢ K
where y| = Yk ork ¢
—y forkekK

Proof. Consider an anti-ferromagnetic latent node k € K such that its adjacent edges
have negative weight. We analyse the probability distribution in terms of the marginal
on Y:

1
PX =xY =y) = exp (&le +hx+ 5T2> (2.3)
1
=Zop| ) xyyi— ) xilJuly+h x+ Y gvi+ g
i€[n] i€[n] JF#k
Jj€[m]/k

(2.4)

Now, consider mapping all assignments of values to the latent node k from Y, —
—Y,. This does not change the overall probability distribution because all possible
combinations of +Y} are present in the distribution. This also means that the partition
function Z does not change under this map leading to:

pX =xY =)
1
=—exp| Y widyyi— Y xilad (=0 +h x4+ Y g+ gi(—xe) (2.5)
i€[n] i€[n] JFk
Jj€[m]/k
1
= €Xp Y xidiyi+ Y xilulv+h'x+ Y gy + gk (2.6)
i€(n] i€n] JF#k
jelm &

—HX =5V =) )
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Notice that this is the distribution of an Ising model that is ferromagnetic in vertex k
only with the external field g turned negative. As Goel’s definition allows external
fields € R this means that it is also a valid Ising model under Goel’s definition.

Then, mapping ¥; — —Y} back:

p(X=xY=y)=p(X=xY=)) (2.8)

Note furthermore, that the described transformation only changes the edges adjacent
to hidden vertex k. Due to the bipartite structure of the graph no edge from k can be
connected to another anti-ferromagnetic node. Therefore, this argument can be applied
to all anti-ferromagnetic hidden nodes successively, giving a fully ferromagnetic Ising
model. 0

By proposition |I| no loss of generality occurs when considering ferromagnetic Ising
models with arbitrary external fields instead of locally consistent models. However, to
preserve full generality we have to allow for positive as well as negative external fields.
For the rest of the project we therefore assume our Ising model to be ferromagnetic
with arbitrary external fields.

2.2 Generating Samples via Markov Chain Monte Carlo
Methods

2.2.1 Motivation

There are two general approaches to creating samples from an Ising model. Either the
samples can be generated directly from the distribution or some algorithm approximat-
ing the distribution can be applied.

The model can be sampled directly from the probability distribution (equation [2.1))
by indexing all 2" outcomes (X = x,Y = y) and using a sampling algorithm that
generates results according to the distribution (e.g. by rejection sampling [26] or more
advanced methods [24]).

However, it becomes infeasible to compute the partition function (Eq. [2.2)) exactly for
models with n 4+ m ~ 15 [8]] which makes the probability distribution inaccessible. We
explored whether the partition function can be factorised as this is a common method in
statistical physics to handle large sums. This did not prove feasible though because the
exponent contains terms with x; elements, y; elements or both which prevented us from
factoring out common x; or y; factors.

Therefore, the distribution has to be approximated if larger Ising models are to be
modelled. For this, a Markov chain combined with a Monte Carlo approach can be
used. A Markov chain is a sequence of samples where a next sample @’ is chosen based
on the last sample a and a transition probability p(a — a’) [18]. The chain can be
initialised with a random starting state and should eventually reach a so-called mixed
state in which the frequencies of the samples generated should closely approximate the
theoretical distribution. Provided the transition probability is defined correctly a mixed
state should be reached in some finite time called the mixing or burn-in time.

A Monte Carlo algorithm then describes the steps required to setup and calculate ele-
ments in such a Markov chain.
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2.2.2 Gibbs Sampler

One of the most common algorithms for sampling an Ising model is a Gibbs sampler
(see GIBBSSAMPLER pseudo code on page [[T|adapted from [20]). This was the first
experimental sampler tried in this project. It starts with a random configuration on
all nodes and then randomly selects one vertex v to update. The updated value for v
will be set to £1 with a probability p(X, = £1| Xj(,)). This probability describes the
Boltzmann distribution [2.1| marginalised over all non-neighbours of v and conditioned
on the state of the neighbouring nodes. It is computationally feasible because the
conditioning on the neighbours allows all other vertex contributions to be factored out of
the partition function and the numerator, which simplifies the expression. Here we give
an expression for p(X, = 41| Xj(,)) and its derivation. We denote the neighbourhood
of a vertex v by N(v).

Proposition 2 In a bipartite Ising model, the probability for the spin X, of some
observed vertex v to be +1 given that its neighbouring spin values are Yy

B B ~exp(2(Ljene) Lriyithy))
PXy = +1 Yyp) = yy () = T+exp(2(Ljent) Jviyj+h))

) is:

Proof. Let x’ and I’ denote assignments and external fields to all visible nodes except
for node v and y’ and g’ assignments to vertices not in N(v). Let x and y denote the

assignment of sﬁins to all vertices in V,ps and V,,; composed of x, and x’ or YN ) and )_)’ .
P(Xv:+1’ YN(V)ZXN(V)): Z p(Xv:‘i_l,X/:E/aY/:X/‘ YN(V) :XN(V))
é/e{il}n71
XIE {il}mﬂN(v)\
(2.9)

Account for edges from v to all its neighbours N(v) with the sum (I) and all vertices
in V,ps \ {v} to any node in Vj,, with the sum (II). Note that by definition of the
neighbourhood, there cannot be any edges between v and Vi, \ N(v).

() (1)
. N Y A B T
exp Z Jvjyj+hy + Z xilijyith x' +g'y
JEN) ey
JjeEm
= (2.10)
x’e{gi}”‘1 Z-p(Mvw) :XN(V))

ye {£1}m=INO)|

exp (Zis Xy 1+ ETX)
=exp ( Z ijyj +hv> Z L @11

Ye{+1}! Z- Py = XN(V))
Xle {:‘:l}mf‘N(V)‘

JEN()
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Now rewrite p(¥Yy(,) = )_)N(V)) as:

1
P =dye) =7 L exp( )y XifiﬂﬂrhTHgTX)
xe{£1}" i€(n]
ye {1y INo J€lm]
1
=z Z exp Z vaijj+hvxv> ZCXP< Z xé]ijyj—i—h/T)_C/—f—gTX)
xe{t1} JEN() Xy i€ln]\v
Jj€[m]

And observe that the Z and some parts of the partition function cancel:
pXy = +1| X)) =

.
exp (Ljen( b+ ) L vepsnpt €xp (Ziew\vxwijyﬁi’ J_C’+§Tz>
ye {1} INo)| J€[m]

%vae{il} €Xp (ZjEN(v) xVJijj + hva) Z&l,X/ €xXp (Zie[n]\vx;‘]ijyj +h/T)_C/ + §T2>

Jj€lm]
(2.13)
_ exp (¥ jene) vy +hv) _ _€xp (2 (Xjene) hvjyj+hv)) 2.14)
Yoefe11exp (Yjeni xdijyj+hxy)  14exp (2(Xjen) bvjyj+hv))
O

Observe that the probability p(X, = —1| Yy(,) = XN(V)) =1-pX, =+1|Yyu) = XN(V))
and probabilities for the latent vertices can be calculated in a similar way exchanging
x<>yand h <> g.

The simplified dynamics therefore circumvent the problem of calculating the full
partition function. The single-vertex update is then repeated |V | times which updates
most vertices once. Then, the new configuration is stored as a sample in the output
list and the process is repeated for T iterations. Note that out of the list of samples
generated, the first 1 < Tiyixing Samples have to be discarded because they retain the
memory from the random initialisation. Furthermore, only every (Ty.,)"" sample (after
Tinixing) should be taken to avoid correlation between samples.

2.2.3 Swendsen-Wang Sampler

The naive Gibbs sampler does not in general exhibit rapid mixing (i.e. it does not
reach a mixed state in polynomial time w.r.t. the input size) [[16]]. This has two main
disadvantages.

Firstly, this means that the sampling algorithm would potentially have to run for a very
long time to produce good results.
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Algorithm 1: GIBBSSAMPLER(Graph G = (V,E), Iterations T)

For a general (not necessarily bipartite) Ising model, where f is the general
external field vector B
__exp2(Lien() MiXi(t)+1))

- 1exp(2(Lien(y) hiXi(t)+v))

2 X(t) : spin configuration (state of the Markov chain) at time ¢

3 X,(t) : spin associated with vertex v at time ¢

4 f,:external field in v

1p

5 X(t = 0) « random choice of an assignment from {1}V
6 fort=1uptoT do

7 | X))+ X(t—1)
8 forj=1upto|V|do
9 v <— uniform random choice from {1,...,|V|}
1 with probabilit
10 set X, (t) to * W% proba ??yp
—1 with probability 1 —p

11 return X

Secondly and more importantly, it can only be estimated after how many steps this
Markov chain will reach its mixed state because the true expected distribution is un-
known. However, with a non-rapidly mixing Markov chain this guess is more likely to
be wrong (i.e. much too low or much too high).

Therefore, it is better to use a theoretically rapid mixing sampler. One of these al-
gorithms is the so-called Swendsen-Wang sampler, which achieves faster mixing by
flipping whole clusters of spins at each step of the Markov chain.

The algorithm used in this project was adapted from [21] (see algorithm SWENDSEN-
WANGSAMPLER on page[12). We denote the Markov chain element at step ¢ by S(¢) to
distinguish it from the chain used in the Gibbs sampler.

The algorithm first constructs a set of monochrome edges M (see Fig. 2)).

Definition 3 (Monochrome edge) An edge (u,v) € E is monochrome before iteration t
if the two adjacent vertices have the same spin value i.e.

for (u,v) € E: S,(t—1)=S,(t — 1) = (u,v) is monochrome
where S;(¢) is the spin value associated with vertex i in step ¢ of the Markov chain

We define M = {(u,v) € E|S,(t — 1) = S,(t — 1) }. Then, edges are removed from set
M with probability p; = e~ >/» giving a set M’ (Fig. (3)). Note that this step is more
likely to remove edges with small weights while keeping edges with higher weights.
Afterwards, the graph G’ = (V,M’) with the original vertex set and the reduced edge set
is considered. The connected components in this residual graph are computed (Fig. [2.2]
(4)) and randomly assigned the same spin value (Fig. [2.2](5)), where the probability of
choosing spin +1 is given by

_ eXp(z(ZVEV(C)ﬂVObS hy + ZVEV(c)ﬂVla, gv))
1+exp(2(Lyev(c)nv,, v + Lvevie)w,, &v))

which only depends on the external fields in the component.

D2 (2.15)
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Algorithm 2: SWENDSENWANGSAMPLER(Ising Model 7, Iterations T)

1 V(c) : set of vertices in component ¢
5 _exp(2(Lvev(ony,,, vt Evevienvy, 8v))
P2 1+eXP(2(Zvev(c)mvo,,S hy+ ZveV(c)ﬂVlat gv))

S(t =0) < random choice of an assignment from {£1}
fort=1uptoTdo
M < set of edges between vertices with aligned spins in S(z — 1)
for edge E in M do

\ remove E = (u,v) from M with probability p; = e
C < set of connected components in G = (V, M)
for connected component c in C do

4

—2Juy

N-TE-HENEN - N N

+1 with probability p;
—1 with probability 1 — p;

set all spins in ¢ to {

1 S(t) < new spin configuration
12 return S

(j_) (2) :MonvoCHROME (3)

EDGE

_'_
(4) @ ComronenT (5)

Figure 2.2: Sketch of the Swendsen-Wang Algorithm Steps



Chapter 3

The Learning Algorithm

Goel presents a greedy algorithm which analyses the empirical covariances between
observed nodes in a given set of samples. It considers one particular node u at a time
and constructs a proposed two-hop neighbourhood set N (u).

Definition 4 (Two-hop Neighbourhood) The two-hop neighbourhood N»(u) of an
observed vertex u is the set of vertices that share a latent vertex with u:

No(u) ={v € Vops| 3k € Vigs.(u,k) € E and (v,k) € E}

In a second step, the algorithm prunes the proposed neighbourhood set so that only the
real neighbours should remain. Goel proves the algorithm’s correctness and a lower
bound on the number of samples required to reconstruct the neighbourhood with a given
probability.

In this chapter a lower bound on the covariance between two-hop neighbours will be
described, which is the key structural result in Goel’s paper. Then, the algorithm itself
will be explained and finally, the proof of correctness given by Goel will be examined.

3.1 Structural Result on Covariance

Goel establishes a lower bound on covariances between two-hop neighbours. This is
used as a stopping condition for the greedy inclusion of high covariance vertices into the
proposed neighbourhood set (i.e. nodes with a covariance smaller than this threshold
are very unlikely to be in the actual two-hop neighbourhood).

First, some notation for the structure of the model and the covariance will be introduced.
Consider the following bounds on the parameters of the Ising model:

13
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Definition 5 (Goel [7]) An RBM is said to be (o, A)-locally consistent if the following
conditions are satisfied:

1. the RBM is locally consistent (see def. [2))
2.V (i,j) € edges E. |J;j| > a

3. Vi€ n]. Xl + k| <A

4.V j€ml. X Mijl+gjl <M

Condition 1 is the local consistency requirement already discussed in section [2.1.3
Condition 2 requires a general lower bound on the influence of each edge. This ensures
that all edges are strong enough to be detected. Finally, condition 3 and 4 establish that
all fields incident on a node (that is, all edges incident and the external field of the node)
are bounded above by the constant A. This is used to bound the probability of vertex
outcomes in the proof of lemma

Furthermore, Goel defines the conditional covariance between two observed vertices u
and v conditioned on some set S of observed vertices S C V5 \ {u, v} as:

Cov(u,v | Xs=xg) =E[ XX, | Xs=x5] —E[ X, | Xs =x5] E[ X, | Xs =x5] (3.1)

The condition (X5 = xg) means that all vertices in S are assumed to have a fixed value
(—1 or +1) given by the elements of the vector xg. The expectation values are taken over
all possible values of X, and/or X, i.e. {(+,+); (+,—); (—,+);(—,—)} or {+;—}.
She also defines an average conditional covariance:

Cov®™8 (u,v | §) 1= Exs[ Cov(u,v | Xs = xg)] (3.2)

which takes a second expectation over all possible value assignments {j:I}‘S| to the
vertices in S. This allows Goel to state:

Lemma 1 (Goel [7]) Consider a fixed node u and any fixed subset of observed nodes
S C Vops \ {u} with configuration xg, then for all v € Na(u) \ S:

Cov(u,v | Xs = xg) > a®exp(—121) (3.3)

N (u): two-hop-neighbourhood of vertex u

For the proof of this lemma Goel first observes that the model can be treated as
ferromagnetic ( J;; > 0 V (i,j) € E as discussed in section and asserts that
without loss of generality, S = 0 can be assumed. This is sensible because conditioning
on Xg = xg fixes the nodes in S to a certain value. Then, the conditional distribution can
be represented by another Ising model with a vertex set Vébs = V,ps \ S and modified
external field vectors. Le. //, the external field on the observed vertices, contains fewer
elements and g/, the latent external field, absorbs the influence of the fixed vertices. We

justify this statement here:
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Proposition 3 Given an (a,A)-locally consistent Ising model on a graph G = (V,E)
with probability distribution p and a set S C V,,s with a fixed spin assignment xg, there
exists an (O, A)-locally consistent Ising model on a graph G' = (V' E') with probability
distribution p such that G' is a subgraph of G and

pX=xY =y| Xs=x5) = p(X' =xY =) (3.4)
forall X' € {£1}*" | the value assignments to vertices v ¢ S, andy € {£1}"

Proof. Consider the conditional probability:

p(X =x,Y =y| Xg = x)

exp (Zie i\ sXiyi+ X ses XsTsiyi+ (W) Y + h xg+ ng>
_ j€m] JElm] (3.5)
Z- p(Xs = x) '

Note that hgy_cs = C and x,J,; = cy; are constants for every s € Sand j € [m]. And again:

1
p(Xs =x5) = 7 exp| Y Xlpyi+ Y xdgyi+(0) X +hixg+gy
Je{x1} Bl i€ln] \ S s€S
ye (1} jelm) jéim

(3.6)

=ZpXs=x5)=exp(C) Y exp| Y xdiyi+ )X+ Y ciyi+gly

5’6{11}”*\5\ i€nl\'S s€S
ye {1} J€[m] J€[m]
(3.7)
=exp(C)-Z (3.8)

where Z can be recognised as the partition function of an Ising model with s = Vobs \ S
and external field g’ = (c +g) where the j™ element of ¢ is ¢; = Y egcy;
Therefore:

exp(C) / N, T
X=xY=y|Xg=x5) = ——>¢ Jijyi+(H) X+ (g +
P * X| s = %) exp(C)Z P ie%:\ sz o ®)'x (g 2 .
j€lm]

(3.9)

1
=zexp| Y xyi+ ) Y+ g+ y | (310
i€n]\S
J€lm]

= p(X'=x,Y =) (3.11)

Finally, check whether the Ising model described by eq. is (o, A)-locally consistent.
By def. of (o, A)-local consistency (Def. [2)):
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1. Local consistency is obeyed because the E’ is a subset of E and therefore no
edges are added or change sign

2. o bounds all elements of J’ from below as no new edges are added

3. The influence on the remaining observed nodes Vébs is the same as in V,;,; because
their adjacent edges and external fields do not change, so they are still bounded

above by A
4. previously V j € [m]. ¥; |Jij|+|gjl <A
For some j:
Z [ijl + |8l = Z 73| +Z sl +1gjl = Z ijl + g5 (3.12)
i€[n] i€[n]\S ses i€[n]\S
Therefore, Z ijl +lgil <A (3.13)
ie[n\s
Hence, p is also (o, A)-locally consistent. L]

Since the covariance bound only depends on the parameters o and A the same bound
proposed in lemma [ must hold for both Ising models.

For the proof of lemma [I] Goel establishes that the covariance between two-hop
neighbours can only be positive (following an argument proposed by Percus in [22]).
Then, she derives a lower bound on the covariance extending Percus’s method of
studying two identical copies of the Ising model together.

Note that the bound established in lemma I] turns out to be very small in experiments.
This leads to practical problems which will be discussed in the experimental section

(see Section[5.1.1).

3.2 The Structure Learning Algorithm

3.2.1 Setup

The algorithm LEARNRB MNBH (see page described by Goel takes a vertex u, a
threshold T and a set of M samples (where one sample is the assignment of spin values
to each vertex in V,, i.e. a vector x € {4-1}") as inputs and returns the exact two-hop
neighbourhood of u with a probability of 1 — .

The parameter 7 is set to the lower bound on the covariance between u and its two-hop
neighbours. T can be set to the lowest possible bound established in lemma |[I]or if some
additional information is available to some higher threshold which results in better
recovery for smaller sample sizes (see Section for a more detailed discussion).
The algorithm relies heavily on the covariance between vertices. However, as the
algorithm has only access to a finite number of samples from the Ising model spin
outputs, it can only estimate the covariance between vertices. Therefore, define an
empirical covariance estimate.

! Algorithm reproduced from [[7]] with some modifications
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Definition 6 (Empirical Conditional Covariance E[) The empirical conditional sample

covariance of a set of samples Z = {x(!)... x")} from an Ising model conditioned on a

set S with nodes u,v € V,, \ S is given by:
1 —_—

— Z Cov(u,v|Xs = xg) (3.14)

Covgye(u,v|S) = Z]
Xg€Zg

where Zg = {xg| x5 occurs in some sample PAONS Z} : set of distinct spin assignment
vectors to the vertices in S that occur in ZF]

Xs: set of random variables associated with the vertices in set S (as defined earlier)
#(c) = Yxez{c(x)}: number of samples for which condition ¢ holds and

#(Xu =Xy, Xy = Xy, Xg = ES)

60\\/(u,v|X5:)_cS): Z XXy

x,elx1} #(Xs = xg)
x,e{£l1}
- Z X #(Xu:xu’XS:)—CS) Z X #(Xv:xwXS:'XS) (315)
5,04} #(Xs = x5) L& #(Xs = xy)

3.2.2 Algorithm

Algorithm 3: LEARNRBMNBHD(Vertex u, Threshold T, Samples )_c(l)... g(M ))
1 5«0

2 while maxve[n]\su{u}{éa/avgibﬁw S)} >t do

3 i* < arg max,c ;)\ sufuy {CoVave (] )}

4 S+ Su{i*}

s for ve Sdo

6 | if Covayg(u,v| S\ {v}) <7 then

7

8

\ S+ S\ {v}
return S

Consider the steps of Goel’s algorithm.

First, an empty set S is initialised, which represents the proposed two-hop neighbour-
hood of vertex u. Next, the observed vertex v with the highest average sample covariance
is greedily chosen from the vertices not yet included in S (i.e. maxv{éo\vavg(u, v[S)}
where v € Vs \ (SU{u})) and added to S. This loop is executed until all remaining
vertices have a covariance with u lower than the threshold ©. Finally, each vertex in
the proposed neighbourhood S is examined again and removed if its covariance with u
conditioned on the rest of S turns out to be smaller than the threshold.

2Goel gives a definition but no equation for calculating the empirical conditional covariance, so this
specific definition was deduced from the usage in the algorithm

3Te. if all possible spin configurations for S occur in the samples Z then Zg = {:i:l}‘s . However, if
the set of samples is small, not all of these assignments might occur giving Zg C {1 }‘S‘.
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The intuition behind this algorithm is that the larger the covariance between nodes « and
v the more likely it is that v is in the two-hop neighbourhood of u because their spins
seem to align. The threshold 7 is associated with the lower bound on the covariance of
two-hop neighbours (lemmal|l)) and ensures therefore that all possible neighbourhood
vertices get included into S.

At first glance, the pruning step seems
to repeat the procedure of comparing co- 7
variances with 1. Note however, that the
conditioning set S now contains the full
two-hop neighbourhood of u.

Consider some vertex v € N>(u). By /7
lemmal(I} v will have a covariance with u

.. TFixed BY
greater than T regardless of the condition- .~ u
ing on the rest of S and hence remains in S. ov S

This means that N> («#) C S is maintained
throughout the pruning loop.

However, if v & Ny (u), then the covari-
ance of v with u conditioned S should
theoretically be zero (u is effectively
screened from the influence of v by all
the two-hop neighbours in S, see fig. [3.1). Therefore, v is removed from S. For a
rigorous argument the differences between the theoretical and empirical covariance
have to be taken into account. This will be considered in section[3.3.11

I

Figure 3.1: Example of vertex u, its neigh-
bourhood § and a non-neighbour v

3.2.3 Sample Size Bound

Goel shows an upper bound on the sample size:

Theorem 1 (Goel [7l]) The algorithm LEARNRBMNBHD returns the exact two-hop
neighbourhood of a vertex u with probability 1 — { if the number of given samples M is
bounded by:

1 2T*
o2
where T = 76Xp<—127u))2 (3.17)
5= %e—% (3.18)
r=8_ 8 (3.19)
T

(Lexp(—121))>

Note that the threshold 7 is set to % of the theoretical lower bound on neighbouring
node covariances (lemmal(T)). This allows the empirical covariances to differ by at most
5 from the theoretically expected value for the algorithm to still work. The required
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accuracy of the empirical covariance then leads to a lower bound on the number of
samples M required.

Furthermore, observe that T is a very small value for any reasonable choices of o and
A , which leads to huge lower bounds on the sample size. This is a problem for the
experimental evaluation of the algorithm (as will be discussed in[5.1.1).

d is a variable dependent on the structure of the graph specifically an upper bound on
the total weight of all vertices and external field incident upon any vertex.

Finally, 7* turns out to be an upper bound on the possible size of the neighbourhood set
S.

3.3 Proof of Correctness

The proof of theorem [I]as presented by Goel has three steps:

1. Show that for a certain sample size the empirical covariance estimates and the
theoretically expected covariance values are closer than a given difference

2. Show that the algorithm terminates in no more than 7 steps
3. Show that after the refining step S = N, (u)

We will now examine Goel’s proof, explain the steps and fill in the details.

3.3.1 Closeness of Covariance Estimates

Goel defines the event A describing the closeness of estimated and theoretical covari-
ance:

Definition 7 (Goel [7]]) Let A(¢,€) be the event such that for vertices u, v and a
conditioning set S with |S| < ¢

Cov' *(u,v|S) — Cov™(u,v|S)| < e (3.20)

This allows Goel to state:

Lemma 2 (Goel [7]) For a fixed ¢ (upper bound on the size of the conditioning set
S), € (precision) and C (1 - probability) with £,€,C > 0, if the number of samples M >
2

Q ((log(é) +/ log(n))#) then the probability of A occurring is: Pr(A({,€)) >
1-C

Goel gives the proof in her paper, providing the equations with little commentary. We
explain and justify the argument, sometimes inserting necessary intermediate steps:

Proof. Let m be the number of samples. Goel states that for any subset W C V,,; and
configuration xy, € {1}Vl

Pr(

I/D;(XW =xy)—Pr(Xw = )_CW>’ > y) < 2exp (—2yzm) (3.21)
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Where the difference y will be associated with € from definition |/|later on.
We identify this as the Hoeffding bound [19] see Appendix [B] where we observe that

E Pr(XW = Xw ] Z]E ]I{XW XW} ZPI’ XW —xW) (3 22)

= —Pr(XW =xw) = Pr(Xw = xy)
m

The Hoeffding bound is an upper bound on the probability that the empirical probability
estimate differs by more than vy from the real probability. However, Goel requires a
bound for the probability including not just one specific subset W and one assignment
vector xy,, but all possible subsets and all assignment vectors. Therefore, it is necessary
to consider how many subsets with |[W| < ¢+ 2 (¢: maximum size of S plus the vertices
u and v) and vector assignments xy, exist:

{+2 n
#({xw}) = k; (k> 2t (3.23)

(’,Z) for number of ways to pick k vertices out of n

2% for the number of +1 assignments to a vertex set of size k
Then, Goel roughly bounds this sum from above by observing:

42 {42
(k) <nF=#{xy}) < Y @2n) < Z (2n)2 = (0+2)(2n)"*? (3.24)
k=1 k=

(Where we supplied some of the in between steps)

Now, introduce a probability { as an upper bound on the probability of getting at least
one estimate ’737’ — Pr| > . This is equivalent to a lower bound on the probability 1 — {
for finding all ‘I/’; —Pr| <.

€ must be:

C> #({xy}) x 2exp (—2y"m) (3.25)

i.e. #({xy}) tries for an event with probability 2exp (—2y?m). Now, solving for m, we
satisfy inequality [3.25}

= 7% #(ixw}) > exp (—ZYzm) (3.26)

& log (§) —log (2 x #({ay })) = —2¥’m (3.27)

. ez EO D) g
log (%) +log (2(£+2)(2n)"*2)

o m> 0 (3.29)
log (%) +log (2(£+2))+ (£+2)log (2n)

& m> 272

(3.30)
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Based on this expression, Goel then establishes an upper bound on the covariance
difference €, which applies if |S| < ¢ and vy is chosen appropriately. The choice of 7y
substituted into [3.30] then gives the required bound on the sample size.

‘conan(u,vyS) — Cov™(u,|S) (3.31)

Expansion of the covariance definitions:

By [BGX0Xs = 25] — B [X,)Xs = x5] B [X,|Xs = x| (3.32)
~ By [E XX, X5 = x5] — E[XalXs = x5] E[X, /X5 = x4]]|

By definition of expectation and linearity of expectation:

Z xuxv{ﬁxs [ﬁ; (Xu = Xu, Xy :xv‘XS = ES)

Xy Xy==%1

—Pr (X, = xulXs = x5) Pr (X, = x,/Xs = x)|

_Exs [Pr(Xu = Xy, Xy :xleS :ES)

— Pr (X, = xulXs = xg) Pr (X, = x,|Xs = ;_cs)] }| (3.33)

The expectation over xg gets resolved and Pr(Xs = xg) gets absorbed into the condi-
tional probabilities:

Z xuxv{ [E(Xu = Xy, Xy = Xy, Xs :ES)

xu 7/\7\/ 7&8

—I/D\r(Xu = x4, Xs :,xs)l/u\r(Xv = x| X = 55)}

- |:P}"(Xu :mev :xV;XS :-ES)
— Pr(X, = x,,Xs = x5) Pr (X, = x,|Xs :J_CS)} }| (3.34)

Note that the sum has positive and negative elements (x,x, = £1), therefore it can only
get larger if the negative elements are turned positive:

< Z [ﬁ(Xu = Xy, Xy = Xy, Xg :ES) _ﬁ(xu = Xy, Xs :Xs)ﬁ(xv :xv|XS :)_CS):|

xmxvés
— [Pr(Xy = xu, Xy = X0, X5 = xg) — Pr(Xy = x4, Xs = xg) Pr (X, = x,|Xs = x5)] ‘

(3.35)

Recognise y > ﬁ(Xu = Xu, Xo = X, Xs = xg) — Pr (X, = x,, Xy = x,,Xs = )_cs)‘ where
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{u}U{v}US =W and therefore the condition |W| < |S| + 2 holds

=< 282y Z ‘Pr(Xu = xy,Xs = xg) Pr (X, = x,| X5 = x5)

Xu 7XV7£S
—I/D;(Xu = X, Xs :)_CS)I/D\r(XV = x| X5 = x5) (3.36)
Now bound the second term:

Pr(X, = xy,Xs = xg) Pr (X, = x,| X5 = x5)

_ﬁ;(Xu = Xy, Xs :)_Cs)ﬁ;(xv :xv‘XS :ﬁs)

=|Pr (X, = x,,Xs = xg) Pr (X, = x,|Xs = xg)

— Pr (X, = x4, Xs = x5) Pr (X, = x,|Xs = xg)

— Pr(X, = x,,Xs = x5)Pr(X, = x,|Xs = xg) (3.37)

X I/D\r(Xu = Xy, Xs = xg) — Pr(X, = x,, X5 = xg) (3.38)

-~ N J/

<y

remove multiplication by factors < 1 and by the definition of conditional probability:

Pr(X, =x,Xs=x5) Pr(X,=x,,Xs=xg)

<7+ —
Pr(Xs = xg) Pr(Xs = xs)

(3.39)

Add the terms P =5Xs=xs) o PrXo=xXs=xs) (which sum to zero) into the expres-
Pr(Xs=xg) Pr(Xs=x)

sion between the absolute value bars. Break up the absolute value expression which can
only increase its value (by the triangle inequality):

<y+ Pr(X, = x,Xs = x5) _ Pr(X, = x,,Xs = xg)
- Pr(Xs = x) Pr(Xs = x)
0
N Pr(}iv\: Xy, Xs = Xg) _Pr (X, = xy, X5 = xg) (3.40)
Pr(Xs = xg) Pr(Xs = xg)

-~

(1)
Consider the second (/) and third term (/1) separately. We define (1) and (1) as:

m:ﬁ@;m&zm_mqu&zm (3.41)
(II) = P}"(‘)ﬁ/\: Xv;XS :)_CS) _ Pr(XV :xv’XS :)—CS) (342)
Pr(Xs = xg) Pr(Xs =x)
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By the definition of v:

(1) < é (3.43)
Pr(Xs = xg)

Now, bound the denominator from above, which gives a lower bound on (I):

Pr(Xs = xg) = Pr(Xs = xg) £y > Pr(Xs = x5) —y > 81l —y (3.44)

where 6 = %e‘x and Bresler [1]] shows that this is a lower bound on the conditional
probability of any vertex having any spin. Therefore:

Y
<t
()= 551 (3.45)
Next consider (I1):
— — _ N
(II):Pr(XV Xy, X5 = Xg) I/Ji"(XS xg) P S L 1Y i
o PriXs=x9)  \ Pr(Xg=x) 8ISl —y -5
<1
(3.46)

Assume that % is small (this is reasonable to assume because the error on the proba-
bility should be small w.r.t. the lowest possible probability) and make a Taylor series

expansion:
I v (N e () Y v\ 1
(I < —1:1+—+<—> Z(— —l=—c|+|zc) —
1_% SIS ISl ) &\ 8IS SIS SIS 1_%
(3.47)
Putting it all together:
2
~ avg . avg |S|+2 Y e 1
Cov ~(u,v|S) —Cov (u,v|S)‘§2 (2'y+ S8 +8|S| +(65|) 1_%
(3.48)

Then, Goel chooses y < €2~ 8 to show that the dlfference between the empirical and
theoretical covariance is bounded above by €. First, let | 5 ="

2
Y Y Y 1 1 ) 1
2+ o + = +(—) :27+n—+n+<n — (3.49)
SIST—y " &Il SIS| 1_ﬁ] 1-1 1-m
B 1+n n
=2v+1 <1+—1 —n) = 2y+2—1 - (3.50)

bound 1, where we observe that 0 < &,2~¢ 815 < 1as ¢ > 0and ¢ > |S]

Y b s <1 1
n=gs = 2082 O 20 3-51)
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Therefore:
—_— 2
Cov™ (u,v[$) — Cov™*2(uv[$)| < 291+2 (ZH 195Y|s) (352
— 2lSI+2p~ fes 24+ _eolsl-t A [ g +— 2 5t-lsi (3.53)
20 1981S] =20 T 19 '
1 2
2 < 54
5 ( + 19) <e (3.54)

This proves that with probability Pr(A4(¢,€)) > 1—C for

log (z;) +1log(2(€+2))+ (£ +2)log(2n)

m> 3 (3.55)
1 log<§> +1log (2(£+2))+ (£ +2)log(2n)
> — - (3.56)
2 (e215) Y
22 1
€Q ( — (elog( ) +log (i))) (3.57)
0

Definition 8 Let the event A = A(T*,5) for T* = T%,the maximum size of set S and 3,
the maximum difference between empirical and expected covariances.

—ifMeQ ( 2 <T* log(n) + log (%) )) then A holds with probability 1 —

From the rest of the argument, Goel assumes that A holds.

3.3.2 Terminationin 7 < T* steps

First, Goel establishes lemma 3] a relationship between the average covariance and the
mutual information between two vertices conditioned on some set S from an information
theoretic argument. We leave the proof to Goel’s paper as it does not provide further
insight into the workings of the algorithm. For reference, we first give the definitions of
the required information theoretic functions:

Definition 9 (Entropy [4]) The entropy of a discrete random variable X with sample
space X is defined as:

— Y p(x)logp(x (3.58)

xeX
The entropy is essentially a measure of uncertainty in the probability distribution of X.
Definition 10 (Mutual Information [4]) The mutual information of two random vari-

ables X and Y with sample spaces X and 9 is defined by:

106Y) =}, plr.y)log e
yey

(3.59)
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The mutual information captures the decrease of uncertainty in one variable due
to knowledge of the other variable. Note that for H(X|Y), the conditional entropy:
I(X;Y)=H(X)—H(X|Y) as given in [4]

It can be seen from definition [J] that the entropy is always non-negative. Therefore,
I(X;Y)<H(X)

Definition 11 (Conditional Mutual Information [4]) The conditional mutual information
of two random variables X and Y given random variable Z is defined by:

p(x,y|z)
I(X:Y|Z) = y,7)log ——22 %) 3.60
(X;Y|2) x;(p(xyZ) ng(x|Z)P(y|Z) (3.60)
ez

Based on these definitions, consider Goel’s lemma:

Lemma 3 (Goel [7l]) For vertices u # v € Vs and a subset of vertices S C Vyps \ {u,v}:
V21 (X, Xy| Xs) < Cov®® (u,v|S) (3.61)

Lemma 4 For algorithm LEARNRBMNBHD the size of the proposed neighbourhood
set |S| is bounded above by T*

Proof. Goel considers a sequence of vertices ig,...,ir consecutively added to the
proposed neighbourhood set S and a set Sy = {ij,...,i¢}, the set of vertices added up to
some number ¢ where 1 </ <T.

For the j* vertex (where j € [T]) added to S, éa/avg(u, ij|Sj—1) > 7t (by line[2in the
algorithm).

Now, by contradiction, assume that 7 > 7. Recall that A := A(T*, 5) (Def. [7) is the
event that for |S| < T*:

—_— T
Cov' (u,i|S;1) — Cov™E(u,i;|S; 1)| < =

[\

Therefore, for all j < 7™+ 1, the difference between the empirical and the theoretic aver-

age covariance is smaller than 7, leading to the theoretical covariance Cov®® (u,i;|S; 1) >
T

2
The contradiction is constructed as follows:

1> H(X,) > I (X, Xs) (3.62)

This can be derived from the definition of entropy H (Def. [9)) and the mutual information
I (Def. [10). Note that in Goel’s paper she uses / (X, |Xs) instead of I (X,;; Xs). However,
it seems as though this might be a misprint or a shorthand because mutual information
is usually defined between two random variables as opposed to just one random variable
with a condition.

By the chain rule of mutual information [4]]:

1
I(X,:Xs) = 21 Xu: Xi,Xs,_,) ZE (Cov™8 (u,v|S))* >

[\

> 1 (Cov® (u,v[$))?
by Lemmal[3]
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Recall that 7% := 3
T

S 41 2 8 2
N (E) _ T Contradiction! (3.64)
2 \2 8
=T<T*
0

3.3.3 Termination with S = N, (u)

Lemma 5 After at most T™ iterations and pruning steps:
S=N(u)

Proof. Show that after at most T* iterations N>(u) C S and that after pruning only
N> = S remains.

Goel assumes by contradiction that N»(u) Z S. Then, there must be some vertex
v € Ny(u) and v ¢ S. By lemmal[l] Cov®® (u,v|S) > aexp (—12)) = 21

By A, Cov"* (u,v|S) > 21> 1.

This contradicts line [2] of the algorithm (i.e. the node would have been included before
termination of the algorithm)

= there isnov € N2(u) and v ¢ S = Contradiction!

= Nz(u) cs

Consider the set S after pruning and assume by contradiction that there exists a vertex
ve Sand v ¢ Ny(u). Goel notes that Cov®™® (u,v|S\ {v}) = 0 because conditioned on
a set S that contains the full neighbourhood of u, X, must be independent of X,, by
definition of the Ising model.

Again, by A,Cov"* (u,v|S) < 7 which means that v would have been pruned. This
contradicts the assumption.

=v¢Sandv N, = Contradiction!

Goel also remarks that by lemmall] if instead v € N, (u) then Cov®™2 (u,v|S\ {v}) > 21
and v will not be pruned from S.

= N(u) = § after the termination on the algorithm. O

This concludes the proof of correctness for the algorithm LEARNRBMNBHD under
assumption of M samples.
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Experimental Setup

The aim of the experiments is to explore how many samples M are required to reliably
reconstruct the two-hop neighbourhood of vertices in the graph. We also investigate
how structural parameters of the graph influence this number.

In this chapter we explain our Ising model simulation and the Swendsen-Wang sampler
as well as the implementation of Goel’s algorithm and the required auxiliary functions.
For this project, Python (Version 3.9) [23] was used as the programming language
because it provides fast, easy-to-use mathematical operations (e.g. via the NumPy
package [12]]) and data structures for graphs (e.g. thought the NetworkX package [11]),
while the performance seemed to be adequate for the problem.

4.1 Sample Generation

4.1.1 Ising Model

To represent an Ising model as described by Goel it is sufficient to store the interaction
matrix J "™ and the two external field vectors & and g as they encapsulate the whole
structure of the network. -

The model was implemented as a class which could either represent a stored Ising
model or generate a new graph at random. In general, there are several properties that
can be varied in this type of Ising model:

* the number of observed vertices » and hidden vertices m can be changed
giving a small or large network with vastly different performance (as previously
mentioned). n and m can also change with respect to one another, giving an
asymmetric network (w.r.t. exchange of the observed and hidden side)

* the degree of connectedness can change giving a denser or sparser network,
resulting in larger or smaller two-hop neighbourhoods. Note in particular that
a density over 0.5 (i.e. each observed node is connected to more than half of
the hidden nodes) would immediately result in each observed node being in
the two-hop neighbourhood of every other node. This occurs because any two
observed nodes u and v : [N(u)| > 3 and [N(v)| > 5 = [N(u)| +[N(v)| > m so
(by the pigeonhole principle) the neighbourhoods must overlap in some hidden

27
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node making them automatic neighbours. This also means that any networks with
a density higher than 0.5 are indistinguishable for the algorithm.

* the edges can be assigned at random, potentially generating many disconnected
components or in a regular pattern

* the edge weights can be assigned at random within a certain interval (of a size
to be determined) or with certain values. As remarked previously, we restricted
the edge weights to be positive (ferromagnetic)

* the external fields can be assigned at random or with certain values. How-
ever, here all external fields must be allowed to be positive or negative to preserve
the correspondence to a locally consistent model (see proposition

This presented the challenge of determining which parameters to vary in experiments.

4.1.2 Random Graph Library

Note that generating new graphs with randomised parameters makes the interpretation
of the algorithm harder as this introduces further uncertainty into the model. Therefore,
we created a data set of graphs specifying J,h and g for different combinations of
parameters which were then sampled with the sampling algorithm. However, from first
explorations it turned out that these random graph structures required huge numbers of
samples (something we will come back to in section which let us to adopt a more
structured graph model for further analysis.

4.1.3 Goel’s Experimental Setup

We decided to reproduce some of Goel’s experiments that
are presented in a second paper “Learning Ising and Potts
Models with Latent Variables” [8]]. In the paper’s Ising
Model section Goel reproduces the theoretical insights from
[7] and adds an experimental section.

We extend these experiments to larger as well as some
denser graphs.

Goel works on graphs with restricted specifications:

* numbers of vertices set to n = m < 15 as Goel uses
a direct sampling method. We extend this up to n =
m = 128 with an approximate sampler

. . OrSERVED LATENT
 degree of each vertex fixed to 2 in a regular zig-zag

pattern (see figure . I)). This is extended to degree 3 Figure 4.1: Example graph
in some experiments (see figure [F.2). structure used by Goel

» edge weights are all set to 1

* the external fields are assigned values +0.2 or 0.4
at random
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We used graphs withn =m € { 4, 8, 16, 32, 64, 128}.

Furthermore, we generated 5 sets (1 for experimentation
and 4 for data collection) of external fields for each con-

figuration and averaged our data over the last four graphs
to reduce the dependence of the randomly chosen external
fields.

In the setup of our experiments, we made a mistake and
assigned the random values to the external fields in a range
[- 0.2, 0.2] and [- 0.4, 0.4] as opposed to discrete values
40.2 or £0.4. This should make the difference between
the experiments for the first and the second setting less
pronounced as the first interval is a subset of the second.
However, as we will discuss in section [5.2.2] we do not Figure 4.2: Example graph
observe a large difference to Goel’s results. structure with degree 3

ORSERVED LAaTeENT

4.1.4 The Sampler

As described above, we used a Swendsen-Wang sampler (see algorithm SWENDSEN-
WANGSAMPLER on page[[2) to generate samples from the Ising models. The algorithm
itself is relatively simple to implement as can be seen from the pseudo code. One
challenging point was to calculate the connected components of the residual graph. For
this we used a function provided by the NetworkX package [[11]].

We used varying burn-in times (i.e. the number of steps at the beginning that are
discarded) and experimented with the number of iterations between recorded samples.
For debugging and testing purposes we used small graphs for which the probability
distribution can be calculated exactly and compared it with results from the sampler.
We tested the sampler with graphs of size up to n = m = 8 as our direct calculation
breaks down for n = m = 16. We then compared the expected and the observed proba-
bility distributions and concluded that the distributions seemed to match well.

Then, we went on to explore how the burn-in time affects the accuracy of the observed
distribution. From our observations we concluded that the number of samples used to
calculate the frequencies has a much stronger influence on the accuracy of the observed
distribution than the burn-in time. However, this is probably due to the very small size
of the networks and the rapid mixing of the Markov chain.

We also tried to derive an expression for the covariance in the bipartite Ising model in
order to check that the covariances in the samples for larger networks were accurate.
This however turned out to be infeasible because we did not manage to decouple the
distribution over one spin from the distribution of all other spins. Looking back at this
exploration now, it could also be interesting to consider the conditional covariances
again and explore whether they could be a measure of how well the Markov chain is
mixed.

In the end, we concluded that the sampler seemed to be debugged (i.e. working as it
should be) but we were not able to establish in general which burn-in times ensure a
mixed Markov chainl}]

"From personal communication with Mary Cryan et al. we gathered that the theoretical study of a
perfect sampler (i.e. a sampler with definite burn-in time) for the RBM model is still ongoing
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We decided to choose a presumably large enough value (approx. 1000 steps) and factor
in some uncertainty about the sample distribution in the analysis of the data.
Furthermore, we only take approximately every third sample in the chain to reduce
the likelihood of obtaining correlated samples (the step size between samples varies
slightly to avoid potential cycles in the chain). This step size was chosen because
the Swendsen-Wang sampler flips many spins at the same time which means that the
correlation between time steps should be relatively small (compared to a single-site
update algorithm such as the Gibbs sampler). Furthermore, it became computationally
infeasible to generate large numbers of samples with larger intervals.

4.2 Learning Algorithm

Again, the algorithm is simple to implement. However, it relies on the calculation of
the conditional covariance of vertices in the sample and a T value as an input. Here,
we will outline how we calculated the covariance and how we set up our automated
experiments varying sample sizes and vertex numbers:

4.2.1 Covariance Calculation

Rather than calculate the conditional covariance between specific vertices we calculate
the covariance matrix for all the observed nodes at once. We observed that this is
computationally cheap through NumPy array operations and to obtain the maximum of
these values the learning algorithm requires many of these covariances anyway. The
empirical covariance can be calculated from equation To generalise this to the
covariance matrix:

1. Sort the sample set Z = {)_c(l) LoxM )} by their spin values vector over S and create
a set of subsets so that each subset consists of the samples that have the same spin
value vector xg with respect to S.

2. For each of these subsets calculate the covariance matrix

3. Take the mean of all subset covariances weighted by the number of samples in
each subset (i.e. #(Xs = xg))

The so-calculated covariance matrix can then be used to find the vertex with the
maximum covariance with respect to vertex u.

4.2.2 Testing for fixed-structure Graphs

To reproduce Goel’s experiments we measured whether the algorithm recovers the
neighbourhood of all observed nodes in a given graph when given a certain number of
samples (See the pseudo code EXPERIMENT on page [31)).

For the zig-zag graphs (fig, and the degree-3 graphs (fig. it is easy to derive
the expected two-hop neighbourhood which is used to check the algorithm results:

* for zig-zag graphs:
Ny (i)={(i—1) modn, (i+1) modn}
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* for degree-3 graphs:
N (i)={(i—2) modn, (i—1) modn, (i+1) modn, (i+2) modn}
where i is the index of the input node.

Algorithm 4: EXPERIMENT(IsingModel, maxSampleSize, stepsSize)
G = (V,E) <+ graph of the IsingModel
for M up to maxSampleSize in steps of stepSize do
c=0
for i=1upto10do
generate M samples
flag < True
for vin V do
execute LEARNRBMNBHD on vertex v
if returned set is False then
| flag < False
if Flag is True then
‘ cc+1
13 store ¢/10
14 return List of ¢ fractions, one for each sample size

N-JN-CREEN - Y N R

— e
N = =

The EXPERIMENT is repeated 4 times for graphs with the same structure but different
random values assigned to the external fields. These measurements are then averaged to
reduce the influence of the randomly chosen external fields. Then, this setup is repeated
for graphs with n =m € {4,8,16,32,64, 128} nodes. The measurements are conducted
for |external fields| < 0.2 and < 0.4.
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Results and Discussion

5.1 First Explorations

We tried the algorithm on small graphs with
random edge assignments, choosing structures (. {1 q %
that show some connectedness. See for ex-

ample the graph in figure We calculated

o exp(—12A) ~ 10722 to be our T value. When NARSEY
using 10° samples the algorithm recovered the cor-
rect neighbourhood of a single node only in 7 out
of 20 runs. This seemed to be an unsatisfactory
result because the graph itself has only a sample
space of size 28 = 256 which seems small com-
pared to the number of samples used. After similar %
experiments with other small graphs we turned to Ny(x.)- & °
Goel’s experiments and noticed that she “tuned”
her T threshold. This led us to considering the role
of T in the experiments.

Figure 5.1: Example graph for ex-
periments

5.1.1 The Tt Parameter

The T parameter should be the lower bound on the theoretical conditional covariance
for neighbours of vertex v. However, observe that if 7T is set to the value suggested by
lemma |1 this is a very small value. For example, for an Ising model with a regular
structure as proposed by Goel and external fields € [—0.2,0.2] (see fig. :

o < 1: lower bound on the edge weights
A > 2.2 : upper bound on sum of adjacent edges and external field for any node

= t=oaexp(—120) < I x e 1222 x 310712 (5.1)

However, note that the algorithm requires the accuracy of the empirical covariance
estimates to be greater than 5 which in turn leads to a huge number of samples required
to obtain this accuracy.

32
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Therefore, the T value has to be increased to render experiments comutationally feasible.
Goel uses T = 0.2 and states that "The choice of parameters is arbitrary and we observed
similar performance up to tuning t”[I8], where the choice of parameters refers to the
experimental structure of the Ising model. We assume that by “tuning tT” she means
that T has to be adjusted manually so that the algorithm works well.

However, this tuning process requires knowledge of the underlying neighbourhood
structure and in our observations T turned out to be quite sensitive to the structure of the
network used.

Hence, the tuning has to be quite specific to the graph structure to be learned, posing
the question of how much additional knowledge about the graph has to be available to
make the algorithm successful in practice.

For our experiments this created the additional challenge of finding appropriate T
values. We tuned the T value by varying it against the number of samples and observing
what neighbourhoods the algorithm returned. We noted that, a consistently too small
neighbourhood suggested a too large T because it prevented some neighbours from
being added. On the other hand, a too large neighbourhood set suggests a too small
number of samples (or a too small T) as the accuracy was not sufficient to exclude
falsely included vertices. For the general random graph it turned out to be infeasible to
tune the 7 sufficiently, which led us to adopt the more structured graphs similar to the
ones proposed by Goel.

5.2 Reconstruction of Goel’s results

5.2.1 External Fields of magnitude < 0.2

10 ® - a 10
08 / 08
06 /
04 )

02 / P — 02
n=10
00{ W—a—of = =15 0.0 1

T T T T T T T T T T T T T T T T
2000 4000 6000 8000 10000 12000 14000 16000 2000 4000 6000 8000 10000 12000 14000 16000
number of samples number of samples

(a) external fields +0.2 (b) external fields +0.4

06

04

fraction of successful runs
fraction of successful runs

Figure 5.2: Goel’'s experimental data figures from [8]

We compare our generated results to Goel’s figures. Note that Goel presents data for ver-
tices of size n € {5, 10,15} while we chose to generate graphs withn € {4,8,16,32,128}
because this allows us to analyse what happens on doubling of 7.

In general, observe that the number of samples required to reconstruct a full graph
increases with the number of vertices in the graph, as expected.
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Figure 5.3: Fraction of full successful graph recoveries vs. number of samples used,
based on our experiments

Comparing the figures for n = 4 (fig. [5.3a) and n =5 (Goel’s data, fig. [5.2a), dark
blue line, the data’s general shape seems to be comparable. For n = 5, the fraction
of successful runs starts at 0.5 and reaches 1 at with 4 x 103 samples. For n =4, our
measurements begin with 2 x 10° samples with a success fraction of 0.95 increasing
to 1 on the next step (4 x 103 samples). The discrepancy at for the first measurements
can be explained by the slightly different size of the two networks, but overall both
measurements show reliable recovery for a similar number of samples.
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Similarly, for the orange line compare n = 8 with n = 10 (Goel) we observe a slightly
lower success fraction for n = 10 at the beginning of the measurements but both ap-
proach a success fraction of 1 for around 12 x 10° samples.

Finally, for the green lines our graphs where of size n = 16 while Goel presents data for
n = 15. Here, the shapes show similar behaviour at for smaller sample sizes while for
n = 15 a success fraction of 1 is reached for 12 x 10 samples while our measurements
approach 1 very gradually between 14 x 10 and 20 x 103. This is probably due to
random variations in the graphs and samples.

The shapes of Goel’s graphs and ours are generally similar showing a vaguely sigmoidal
shape, however more experiments would be needed to make any reliable statements
about the similarity of the shapes.

Overall, our experiments seem to agree with Goel’s data showing similar sample sizes
required to achieve a high success rate at predicting the two-hop neighbourhoods.
Now consider the data for larger number of vertices as well (yellow, light blue and
red lines). The number of samples required to recover graph structures of increasing
size seems to be increasing linearly while the number of observed vertices doubles
on each step. This is interesting because other measures of the Ising model (such as
for example the partition function) become much harder to compute as the number of
vertices increases. However, it agrees well with the relationship Goel gives in theorem
where M is proportional to the logarithm of n.

Furthermore, the number of samples is surprisingly small. Note for example that to
reliably recover the two-hop neighbourhood of a graph with n = m = 32 nodes it seems
to be sufficient to use approximately 2 x 10* while the whole sample space of the graph
is of size 232132 ~ 101°.

Speculating, why this might be the case, we note that the graphs used here are very
regular and have only very few edges which decreases the complexity of the problem.
Additionally, we see that most of the 10'” configurations will have very small probabili-
ties of actually occurring. This is because the Boltzmann weight favours configurations
with more aligned spins (see[2.1). However, there are far more configurations of with
disordered spin alignments than ordered ones which are assigned small probabilities
potentially making the effective sample space smaller.

5.2.2 Comparison to External Fields of magnitude < 0.4

The figures for external fields of magnitude < 0.4 both in Goel’s data (fig. [5.2b) and
our reconstruction (fig. [5.3b)) are very similar to the data for fields of magnitude < 0.2
particularly when looking at the points where a fraction of 1 is reached.

As pointed out earlier, we collected data with external fields in intervals [—0.2,0.2]
and [—0.4,0.4] which means in the experiments for 0.4 external fields of magnitude
< 0.2 can still occur. This makes the experiments less distinctive. However, we do not
observe a large difference in Goel’s results either.

The plots for the external fields < 0.4 can be described as slightly steeper than the plot
for < 0.2 seeing that and success fraction > 0.8 is reached already with approx 2 x 103
less samples than for in the < 0.2 case (e.g. n = 16 (green) — 10 x 103 samples vs.
12 x 10° samples).
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This is surprising because generally we would expect the algorithm to perform worse
with more variable external fields because they exert more influence on the spin con-
figurations compared to the constant influence of the edges with we want to detect.
However, to explore whether this observation is just an artifact from the limited number
of experiments we ran or potentially originates from the sampling method, it would be
necessary to conduct more experiments. These experiments could take more graphs
into account and also use even more extreme external field values to establish whether
the trend continues.

5.3 Degree 3 Exploration and Beyond
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Figure 5.4: Fraction of full successful graph recoveries vs. number of samples used on a
graph of degree 3 (T = 0.001)

We also experimented with graphs of degree three (structure shown in figure 4.2)). This
was done to see how the T value has to be tuned for a different structure. We first
observed that with T = 0.02 the returned two-hop neighbourhood sets were too small
(smaller than the expected four nodes). This probably occurs because with the inclusion
of every further node v, the observed covariance between the rest of the nodes and u is
reduced (due to the added conditioning on v). So with more nodes needed to be included
in the prospective neighbourhood set, T = 0.02 turns out to be a too high cut-off for
the covariance. After some tries we found T = 0.001 to work reasonably well for small
graphs (as can be seen in fig. [5.4). Again, we averaged our measurements over four
different external filed configurations randomly drawn from [—0.2,0.2].

However, note that now, even for a graph of size n = 8, far more samples are required
to achieve graph recoveries (e.g. approx. 7 x 10* samples for recovery in more than
8 cases vs. 8 x 10% previously). For n = 16 we needed to use even larger samples to
recover the structure of the graphs with some success. We ended our measurements
at 1.5 x 10° samples because the time to compute this number of samples became
prohibitively long.
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This experiment shows the link between smaller T values and the larger number of sam-
ples required to successfully recover two-hop neighbourhoods. This can be explained
by the accuracy requirement of the algorithm. It works well if the empirical covariance
is closer than % to the theoretical covariance because the T value is used as a threshold to
prune the prospective neighbourhood set. However, if the T value is smaller, the number
of samples has to be much larger to achieve this accuracy.

Finally, we also looked at some graphs with degree 4 extending the previously presented
regular structure to a two-hop neighbourhood of size 6. However, we could not find a ©
value which captured the structure of the graph within reasonable sample sizes.



Chapter 6

Conclusion

6.1 Summary

In this project we examined Surbhi Goel’s algorithm for learning the two-hop neigh-
bourhood of a vertex in a bipartite Ising model based on samples of spin values obtained
from one partition of the nodes. We explained how a bipartite Ising model works and
how samples from it can be generated using a Swendsen-Wang sampler. Then, we
stepped through the structural details of the learning algorithm and explained how Goel
proves its correctness.

In our experimental section we showed how we implemented an Ising model and ob-
tained samples from it. We conducted experiments to establish some confidence in the
correctness of the sampler.

For our experiments on the learning algorithm, we implemented Goel’s algorithm with
its auxiliary functions (e.g. the empirical covariance estimate) and tested it on different
graph structures. We analysed the algorithm more systematically by reconstructing
some of Goel’s own experiments. These experiments were then extended to larger
graphs which allowed us the observe the logarithmic relationship between the sample
size and the number of observed nodes n as predicted by Goel.

We established that the T threshold input to the algorithm is crucial to the applicability of
the algorithm. Setting the threshold to the lower bound on the covariance between two-
hop neighbours (as Goel does in her proof of correctness) results in a lower bound on the
sample size which was unattainable for our experiments. Smaller T values require more
samples as the T threshold is proportional to the accuracy of the estimated covariance
from the samples. Hence the practical T value has to be manually increased. However,
if the T value becomes too large it cuts off parts of the two-hop neighbourhoods of the
vertices. Therefore, the T value has to be adjusted to fit for a certain graph structure.
This entails that for a graph with unknown bipartite structure (up to the A and o bounds
on the interactions) the T value would have to be set to the theoretical lower bound
making the structure discovery only feasible under huge sample sizes. On the other
hand, the algorithm with tuned 7T can be successful if some additional information about
the structure is known and the structure is relatively regular.

38
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6.2 Future Work

We would also have liked to explore the characteristics of our sampler further, estab-
lishing how many samples are required to reach a mixed state. This could be done by
conducting more experiments measuring characteristics of the produced distributions.
Another avenue worth exploring could be more theoretical considerations as to when a
mixed state 1s reached.

On the theoretical side of the learning algorithm, it would be interesting to explore
other methods of predicting T values based on structural characteristics of the graph.
For example, one could consider fixed-degree graphs or otherwise characterise graphs
by the size of their two-hop neighbourhoods.

To widen the experimental understanding, the measurements could be extended by vary-
ing the weights on the edges in the graph, the external fields or the ratio of observed to
latent nodes. This could give evidence for the some of the other dependencies (namely
d and 7) of the sample size expression given by Goel.
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Appendix A

Experimental Data

This data was used to generate the graphs seen in the Results and Discussion Chapter.
n: refers to the number of observed nodes used (where n = m as described above)

ext: refers to the range of the absolute value of external fields

the left-most column shows the number of samples used

the tables contain data from four different external field vectors and the avg column
giving the average of the four
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Table A.1: degree 2 data, zig-zag structure

n=4, ext=0.2 1 2 |3 |4 |avg n=8, ext=0.2 1 2 |3 |4 |avg
2000 091 (091 |095 || 2000 0.1/0 [0.1]0.3]0.125
4000 1 1 1 1 1 4000 0.8/ 0505|0606
6000 1 1 1 1 1 6000 0.7/ 0.7} 0.8] 0.7| 0.725
8000 1 1 1 1 1 8000 1 1 1 [0.6|09
10000 1 1 1 1 1 10000 091 1 1 0975
12000 1 1 1 1 1 12000 1 1 1 1 1
14000 1 1 1 1 1 14000 1 1 1 1 1
16000 1 1 1 1 1 16000 1 1 1 1 1
18000 1 1 1 1 1 18000 1 1 1 1 1
20000 1 1 1 1 1 20000 1 1 1 1 1
22000 1 1 1 1 1 22000 1 1 1 1 1
24000 1 1 1 1 1 24000 1 1 1 1 1
26000 1 1 1 1 1 26000 1 1 1 1 1
n=16, ext=0.2 | 1 2 13 4 | avg n=32, ext=0.2 | 1 2 13 4 | avg
2000 O |0 [0 |O |O 2000 0O /0 [0 |0 [O
4000 O [0 [0 |0 |O 4000 0O /0 [0 |0 [O
6000 0.3] 0.2] 0.1] 0.3 0.225|| 6000 0O |0 [0 [0 |O
8000 0.6/ 0.7/ 0.5] 0.5| 0.575 8000 0O [0 [01]0 |0.025
10000 0.7] 0.5] 09| 0.8| 0.725 || 10000 0.4)04]0.2]0.3]|0.325
12000 0.9/ 0909|0909 12000 0.7/ 0.5 03] 03| 045
14000 1 1 091 |0.975]| 14000 1 109(09] 0.5 0.825
16000 1 1 |09]1 |0.975]| 16000 09109 0.8]0.9| 0875
18000 091 1 1 10.975] 18000 091 1 1 |0.975
20000 1 1 1 1 1 20000 1 1 1 1 1
22000 1 1 1 1 1 22000 1 1 1 1 1
24000 1 1 1 1 1 24000 1 1 1 1
26000 1 1 1 1 1 26000 1 1 1 1
n=64, ext.0.2 1 |2 |3 |4 |avg n=128,ext=0.2 |1 |2 |3 |4 | avg
2000 O [0 [0 |0 |O 2000 0O /0 [0 |0 [O
4000 O |0 [0 |O |O 4000 0O {0 |0 |0 |O
6000 0O |0 |0 [0 |O 6000 0 {0 [0 [0 |O
8000 0O |0 |0 |0 |O 8000 0O [0 [0 |0 |O
10000 0O [01]0 |0 |0.025| 10000 0O /0 [0 |0 [O
12000 0.1/ 0.1]0.2| 0.2| 0.15 || 12000 0O /0 [0 |0 [0
14000 0.3/ 05/05[0304 14000 0.1/0.1[0.1]0 |0.075
16000 04]05[09]0.20.5 16000 0.3/ 04]0.3]0.3]|0.325
18000 0.9/ 09]0.7] 09| 0.85 || 18000 0.6/ 0.5 0.7] 0.4] 0.55
20000 0907091 | 0.875| 20000 0.6/ 09]0.9] 0.9 0.825
22000 1 1 1 1 1 22000 1 1 109]0.8]0.925
24000 1 109709|1 |0.95 || 24000 1 1 1 109 0.975
26000 1 1 1 1 1 26000 1 1 1 1 1
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n=4, ext=0.4 1 2 |3 |4 |avg n=8, ext=0.4 1 2 |3 |4 |avg
2000 1 108[09|1 |0.925]| 2000 011010 [0.2]0.1
4000 1 1 1 0.9 0.975]| 4000 0.510.7]0.2|0.7]| 0.525
6000 1 1091 1 | 0.975]| 6000 09/1 [09]08| 09
8000 1 1 1 1 1 8000 08/09/1 |09(09
10000 1 1 1 1 1 10000 1 1 1 0.9 0975
12000 1 1 1 1 1 12000 1 1 1 1 1
14000 1 1 1 1 1 14000 1 1 1 1 1
16000 1 1 1 1 1 16000 1 1 1 1 1
18000 1 1 1 1 1 18000 1 1 1 1 1
20000 1 1 1 1 1 20000 1 1 1 1 1
22000 1 1 1 1 1 22000 1 1 1 1 1
24000 1 1 1 1 1 24000 1 1 1 1 1
26000 1 1 1 1 1 26000 1 1 1 1 1
n=16,ext=04 |1 [2 |3 |4 |avg n=32,ext=04 |1 [2 |3 |4 |avg
2000 O |0 [0 |O |O 2000 0O |0 |0 |0 |[O
4000 0.1/0 [0 |0 | 0.025]|| 4000 0O |0 [0 |0 |[O
6000 04| 05]0.1] 0.3 0.325|| 6000 0O /0 [0 |0 |[O
8000 0.8] 0.6] 0.6| 0.3| 0.575|| 8000 0O |0 [0 |0.2]0.05
10000 1 1097081 |0.925| 10000 0.3/04]03]0.2(0.3
12000 1 1 [0.8|08]| 09 12000 09]0.7/09|0.7| 0.8
14000 1 1 1 1 1 14000 091 1 |0.8|0.925
16000 1 1 1 1 1 16000 1 1 [09]0.9)|0.95
18000 1 1 1 1 1 18000 1 1 1 109]0.975
20000 1 1 1 1 1 20000 091 [09]1 |095
22000 1 1 1 1 1 22000 1 1 1 1 1
24000 1 1 1 1 1 24000 1 1 1 1 1
26000 1 1 1 1 1 26000 1 1 1 1 1
n=64, ext=0.4 | 1 2 13 4 | avg n=128, ext=0.4 | 1 2 13 4 | avg
2000 O |0 [0 |O |O 2000 0O /0 [0 |0 [0
4000 O |0 [0 |O |O 4000 0O |0 [0 |0 [O
6000 O |0 [0 |O |O 6000 0O /0 [0 |0 [O
8000 O |0 [0 |O |O 8000 0O /0 [0 |0 [O
10000 O |0 [0 |O |O 10000 0O /0 [0 |0 [O
12000 0.1/ 0.1] 0.1 0.3| 0.15 || 12000 0O |0 [0 |0 |[O
14000 0.6/ 0.2] 0.4/ 0.7| 0.475|| 14000 0.1/0 [0 |0 |0.025
16000 0.7/ 1 09| 0.8]0.85 || 16000 05/07[02]02 04
18000 1 108]09|1 |0.925| 18000 0.8/ 0.6]04] 04| 0.55
20000 1 107]1 1 | 0.925] 20000 09,0908 0.6/(0.8
22000 1 1 (091 |0975] 22000 09109109|09| 0.9
24000 1 1 (091 | 0975] 24000 1 10909090925
26000 091 1 1 | 0.975]| 26000 1 1 1 1 1
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Table A.2: degree 3 data

n=8, tau = 0.001 1 2 |3 |4 |avg
5000 O [0 [0 |O |O
10000 03] 02]0.2]0.2]0.225
15000 0.4]0.7]0.6|0.6| 0575
20000 0.310.5(0.3]|04] 0.375
25000 0407105 0.8] 0.6
30000 1 [05]0.7]0.7]0.725
35000 09061 1 | 0.875
40000 1 1 1 1090975
n=16, tau=0.001 1 2 |3 |4 |avg
40000 O [0 [0 |O |O
45000 020 [0 |0 |0.05
50000 0O [0 [0 |O |O
55000 0O [0 [0 |O |O
60000 0.1/0.1/0 |0 |0.05
65000 0.1/0.2(0.1|0.1] 0.125
70000 0.1/04(03/0 |02
75000 02101102 03]02
80000 0.5/04|02] 03] 0.35
85000 0.210.3]10.3|02]0.25
90000 04]105(10.8]|03]0.5
95000 0.2104|04)0.3]| 0.325
100000 0.610.2]04]|02]0.35
105000 0.4]0.6/05|09]| 0.6
110000 04105(03/04] 04
115000 0.6 04|0.5]| 03] 045
120000 0.5/ 0.6]/0.6| 09] 0.65
125000 0.7/ 0.8 04| 0.6] 0.625
130000 0.6/ 0804 0.7]| 0.625
135000 0.810.8]0.7| 07| 0.75
140000 0.8/ 0.9|0.7| 06| 0.75
145000 0.7/ 0.9 0.9 0.8] 0.825
150000 0.8/09|0.8]|0.7]0.8
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Appendix B

Hoeffding Bound

Theorem 2 (Hoeffding Bound [19]) Let D = {X[1],...,X[M]} be a sequence of M
independent Bernoulli trials with probability of success p. Let Ty = AL,I Y . X[m]. Then

Pp(Tp > pte) < e M (B.1)
Pp(Tp < p—g) <o M (B.2)

Applied to the problem in inequality 3.21}
M: number of samples

X[i]: a Bernulli trial with positive outcome if (X = xy,) in sample i (here the notation
clashes, X|i] belongs to theorem [2 while Xy refers to the sample of spin assignments to
the vertices in set W)

Tp: the empirically estimated probability of (Xw = x,) occuring i.e. f’;(XW = Xy )
p: the theoretical probability of (Xw = xy,) occuring i.e. Pr(Xw = xy)

€: the difference y

The Probability of (Tp > p+¢€) or (Tp < p—¢€):

2

Pr(|Tp— p| >¢€) < 2e 2M¢ (B.3)
Note that Goel uses a bound where (|Tp — p| > €) which is a slightly stronger statement.

However, this seems to be just another formulation of the Hoeffding bound (see for
example [3]).
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