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Abstract

The recently discovered spectral method for computing short paths on graphs is on
average, remarkably accurate. We provide the first step towards showing that there is
no upper bound on the ratio between the maximum length of a path returned by the
spectral method and a shortest path. We derive a closed form expression for the ratio
that governs whether the spectral method returns an arbitrarily long path on Lollipop
graphs or not. We also generalise the spectral method to weighted graphs and propose

a variant which, experimentally, suffers less from returning arbitrarily long paths.
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Chapter 1
Introduction

The task of finding shortest paths through graphs has been studied extensively. The
shortest path problem and the all pairs shortest path problem ask for a shortest path
between a single pair of vertices and every pair of vertices respectively.

We have efficient algorithms for both, under conditions such as the graph being
simple, positively weighted, or even weighted using natural numbers. For example,
a shortest path between two vertices on a simple graph can be found with breadth
first search in O(|E| + |V|) time while the shortest path between every pair of vertices
on a directed graph with natural numbers for weights can be found in O(|V||E| +
[V|?loglog |V]) time [3].

Steinerberger recently proposed the spectral method [14] for finding short paths
which is radically different to previous approaches. Given a target vertex i Steiner-
berger’s method computes a real, non-negative eigenvector ¢ which can be traversed in
a strictly decreasing fashion from any starting vertex to the target vertex. This eigen-
vector ¢ corresponds to the smallest eigenvalue of the Laplacian matrix where the ith
row and column are removed, in effect, pinning ¢; to zero.

Despite not always returning a shortest path, Steinerberger’s method performs ex-
ceedingly well on average. Steinerberger [14] suggests that the effectiveness of his
method may be due to a discrete analogue of the so called “Hot Spots” conjecture
which asks, for a simple connected domain Q C R?, whether the first nontrivial eigen-
function of the Laplacian operator with Neumann boundary conditions has its extrema
on the boundary [[1]]. The motivation behind Steinerberger’s method was to study the
“Hot Spots” conjecture; results on Steinerberger’s spectral method may have continu-
ous analogues which may progress our understanding of the conjecture.

There are other PDE methods that can be used to compute shortest paths such as
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the Eikonal equation [2,/10], the Schrodinger equation [4] and the Biharmonic equation
[6]. From the perspective of spectral graph theory, Steinerberger’s method is of greatest
interest as it is the first time the Laplacian matrix has been used to compute short paths.
The objectives of this thesis are to address the following open questions Steinerberger

posed about his method:
1. Are there effective variations on the underlying method?

2. Are there planar graphs such that, for some pair of vertices u # v, the path pro-
duced by Steinerberger’s method is c-times as long as the shortest path for any

c>1?

We propose a variant which experimentally outperforms Steinerberger’s method on
certain classes of random graphs and characterise the conditions under which Steiner-
berger’s method returns an arbitrarily longer path than the shortest path on Lollipop

graphs.

1.1 Steinerberger’s spectral method

The key idea behind Steinerberger’s method is that it produces a vector that assigns
nonnegative values to the vertices of a graph whose only zero is at a chosen target
vertex. By starting at any other vertex and repeatedly moving to the neighbouring
vertex with minimum value, one will arrive at the target vertex.

Given a graph G = (V, E) with |V| = n vertices, the Laplacian matrix L € R"*" of
G is defined as L := D — A where D is the degree matrix of G and A is the adjacency
matrix of G. The pinned Laplacian matrix, expressed by L;, is defined as the matrix
formed by deleting the ith row and column from L.

Steinerberger’s spectral method [14] has two stages. In the first (Algorithm [I)),
a target vertex i is supplied and ¢ is computed. In the second stage (Algorithm [2)),
a starting vertex j is supplied and ¢ is traversed from j to i, producing a “short” path

from j to i. In practice, the paths returned by Steinerberger’s method are not symmetric
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so the method can be repeated to find the path from i to j which may be shorter.

Algorithm 1: Steinerberger’s spectral method: preprocessing stage
input : Unweighted graph G, associated Laplacian L and target vertex i.

1 Construct L; by deleting the ith row and ith column of L.

2 Compute the eigenvector ¢ € R"~! associated with the smallest eigenvalue of
L; whose entries are positive.

3 Insert zero into the ith entry of 0.

output: ¢

Algorithm 2: Steinerberger’s spectral method: path construction stage
input : ¢ and starting vertex j.

1 Letxg=]

2 while x; # i do

3 X1 := argminQ,
VX

4 end

output: Path j=x0 > x; — - = x, =1

1.2 Lollipop graphs and the governing ratio

We observe that Steinerberger’s method performs poorly by experimentally adding
edges to randomly generated trees, for which Steinerberger proved his method always
returns the shortest path [[14]]. Viewing the Lollipop graph as a tree with an extra edge
tells us that the performance of Steinerberger’s method can be extremely sensitive to
the addition of a single edge. This motivates our study of the Lollipop graph.

We define the Lollipop graph L(n,m) as the graph formed by coalescing a cycle
of n vertices with a pedant vertex of a path of m vertices. We index vertices values in
¢ according to Figure [I.1] Our main result gives the conditions under which Steiner-
berger’s method performs badly on L(n,m). Under these conditions, the ratio of the
length of the path returned by Steinerberger’s method to the length of the true shortest
path is a function of n and so can be made arbitrarily large.

Suppose the target vertex is vertex 1 and the starting vertex is vertex n — 1. Then
the shortest path from vertex n — 1 to 1 is the path n — 1 — n — 1 which has length 2.
For a given n, say 100, if m is large enough, say 100, we observe in our experiments
that Steinerberger’s method returns the pathn—1—n—2 — --- — 2 — 1 which has

length n — 2.
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Steinerberger proved that for every @
vertex v other than the target vertex, there / I .
exists some neighbour u for which ¢, >
0, [14]. Therefore, if ¢, > ¢,—1 or @

equivalently ¢,/0,—; > 1 then Steiner-
berger’s method is forced to return the
pathn—1—-n—2—-.- -2 —1 be-
cause the only vertex adjacent to vertex
n — 1 whose value could possibly be less . @
than ¢,_; is vertex n — 2. Once Steiner-
berger’s method steps to vertex n — 2 \ @ /
there is no going back to vertex n — 1 as
0,1 1s strictly greater than ¢,_». |
By relating the magnitude of ¢, and @
0,—1 to the eigenvalues of certain mi- |

nor matrices of L;, we combine previous

results on the eigenvalues and determi-

nants of tridiagonal matrices to achieve
our main result in Theorem [I} a charac-
terisation of ¢,,/¢,—1 in terms of n, m and

the smallest eigenvalue of L. Even when
On/On—1 is strictly less than 1 Steiner-
berger’s method may still fail because
. _ _ Figure 1.1: The Lollipop graph L(n,m).
it could feasibly still be the case that _
0 0> 0 Starting vertex n — 1 is marked green and
1> > 0p—2.
" " " target vertex 1 is marked red.
Theorem 1. Let A be the smallest eigenvalue of the pinned Laplacian Ly corresponding
to the Lollipop graph L(n,m). Then the governing ratio is characterised by

0,2 I sin((n—1)8) (1=1)cos(0— (m—1)8) — cos(9 — (m—2)6) )

On-1>  V4—Asin((n—2)8) ((1 ~\)cos(y —m8) — cos(y — (m— 1)9))

Y

where tan0 = }g(f‘t;k), tan() = — 22 4nd tany = —“‘\/%7‘.

Ny

The proof of Theorem [I]is based on the following three technical lemmas which
will be proved in Chapter 2.2}
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Lemma 1. Let A be the smallest eigenvalue of the pinned Laplacian L corresponding

to the Lollipop graph L(n,m). Then

0,2 IT}Z 2+2c0s(’—]>—7»1'[21_12+2c0s< ) A
¢n—12:H 2+2cos< ) A,Hm+12+2COS(( ) Y

Lemma 2. Let A be the smallest eigenvalue of the pinned Laplacian L corresponding

to the Lollipop graph L(n,m). Then

ITj= 12+2cos <]_1> —A _sin((n—1)8)
I3 2+ 2cos <1—2> _y sin((n—2)8)

_ VAN
where tan® = Y= ——.

Lemma 3. Let A be the smallest eigenvalue of the pinned Laplacian Ly corresponding

to the Lollipop graph L(n,m). Then

[T, 2+2cos (22’331) A ((1 ~A)cos(d— (m—1)8) — cos(¢ — (m—z)e))

) s 2+2c0s(2(];1+]%) A VA-R ((1—k)cos(\y—me)—cos(\u—(m—1)9))

)

AA—n _ —~
where tan® = % tan(p) = \/% and tan\y = VAL

The proof of Theorem [I]is then straightforward.

§.z>

Proof of Theorem([l] Using the technical lemmas we have that

0, _H 2—1—2005( ) lHkaZ—l—Zcos(zﬁfﬁl)—l

On1?® H’};fZ—i—Zcos <’—2) AT 2+ 2cos (22(k :i) —A

sin((n—1)8) 1 ((1=2)cos(0 — (m—1)8) — cos(0— (m —2)8))
~sin((1=2)0) VA= (1) cos(y — m8) —cos(y  (m—1)6))

]

While it appears Steinerberger’s method may not be particularly fast given it re-
quires the computation of an eigenvector, there is a great deal of work on near-linear-
time Laplacian solvers [[12}[13] which may allow Steinerberger’s method to be compet-
itive at the all pairs shortest path problem. Additionally, the core step of Steinerberger’s
method, the computation of an eigenvector, is differentiable [15]. This potentially al-

lows for the integration of shortest paths into gradient based optimisation methods.
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Our contributions are the characterisation in Theorem |1 the generalization of Steiner-
berger’s method to weighted graphs, the variant of Steinerberger’s method we propose
and an example where Steinerberger’s method returns a path 49999 times longer than
it should be. The remainder of the thesis is organised as follows:

In Chapter 2.1 we generalise Steinerberger’s method from simple graphs to posi-
tively weighted graphs. In Chapter [2.2] we prove Lemmas [T} 2] and [3] In Chapter 3.1]
we propose a variant of Steinerberger’s method and in Chapter [3.2] we compare both
methods on the Erd6s—Rényi model where we vary sparsity. As we vary sparisity, we
examine the effect this has on the accuracy of Steinerberger’s method, the average and
maximum overstep as well as the symmetry of the algorithms and additionally com-
pare the effect of coalescing lollipop graphs onto the Erd6s—Rényi graphs in Chapter
We finally use Theorem [I]to show that Steinerberger’s method is forced to return
a path far longer than a shortest path in Chapter (3.4



Chapter 2
Theoretical Study

In this chapter we present our theoretical studies of Steinerberger’s method as follows:

In Chapter [2.1| we generalise the spectral method to positively weighted graphs,
proving it will always return a path between any starting and target vertices. We follow
Steinerberger’s proof [14] almost exactly, making only superficial changes to accom-
modate weighted graphs. In Chapter 2.1.T we show how the proofs for both weighted
and unweighted graphs can be dramatically simplified using a corollary of the Per-
ron-Frobenius Theorem and in Chapter 2.2] we prove Lemmas [T} [2 and [3] making use
of a number of lemmas concerning Tridiagonal matrices. Since we do not change the
method, we simple need to prove it will always return a path between the starting and

target vertices when the input graph is undirected and positively weighted.

2.1 Generalising Steinerberger’s method to positively

weighted graphs

There is a natural generalisation of Steinerberger’s method to undirected positively
weighted graphs (ignoring self-loops as no shortest path would take one). We do not
even need to modify the preprocessing stage ((Algorithm [1)] or the path construction
stage (algorithm We merely use the weighted version of the adjacency
and diagonal matrices. For a positively weighted, undirected graph G = (V, E,w) with
no self-loops, let w,, be the weight of the edge (u,v) € E and d, =}, Wy be the
degree of vertex u. Then A,, = wy, if u ~ v and A,,, = 0 otherwise. Likewise D, = d,,
if u =v and D, = 0 otherwise. Hence the weighted Laplcian matrix L,, =d, if u = v,

—wyy 1f u ~ v and O otherwise.
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Theorem 2. Steinerberger’s method terminates and always returns a path from the
starting vertex to the target vertex on positively weighted, undirected graphs with no

self-loops.

Proof. This proof makes only superficial changes to Steinerberger’s proof [14] to ac-
commodate weighted graphs. Let G = (V,E,w) be an undirected positively weighted
graph with no self-loops and let vertex i be the target vertex. There are three steps

which we show to obtain the result:

1. Showing ¢, the eigenvector corresponding to the smallest eigenvalue of L;, does

not change sign and can therefore be made positive.

2. If the path construction stage finds itself at vertex v with ¢,, # 0, then there is a
neighbour w of v with ¢, < ¢,,.

3. ¢ =0if and only if v = 1.

Together these steps guarantee that, regardless of the starting vertex, the algorithm will
return a path whose vertices form a strictly decreasing sequence in ¢; which terminates
at vertex i because there are finitely many vertices.

Before tackling these steps, we show the following minimisation problems are

equivalent and their solutions always exist:

. T . T . fTLif
argmin  f'Lf= argmin f L;f =argmin—rzF"- =
FERM,£i=0,1T f=1 fERLT =1 ernt JUF

J/
~\~ N

(%) ()

0. (2.1)

J

The first equality follows because of the constraint f f = 1. The equivalence follows

because

fTLf: quzdu -2 Z Wy fufy

u~vy

=Y 22 Y wafufo+ (fdi~ 2L wifify)

u£i uu,;;é/i i~y
= Zfb%du -2 Z Wuvfufv"‘O
u#i u~y,
uVF£I

=f'Lf,

where f’ is the vector f where the ith component has been deleted. Therefore the first

two expressions are equal when 0 is inserted in the ith position of the solution to the
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second expression. As the intersection of the constraints f; = 0 and f! f = 1 is closed
and bounded and f7Lf is continuous, the Weierstrass extreme value theorem [8] tells
us a solution to (2.1I)) always exists.

Moving on to Step 1, we are free to assume removing vertex i does not discon-
nect the graph. If it did, then the graph consists of two or more subgraphs connected

only via vertex i. As such, ¢ can be constructed by considering each partition and i

independently. Factoring f'7L; f/, the top of the Raleigh quotient f;TL}J,[ . with

STLf = fTLf =Y fidi=2Y fufowu

u~vy

:2ijwuv_22fufkuv

u~vy u~y

= Z Wuyy (fuz —2fufy +fv2)

u~y

= Z Wuv(fu _fv>27 (2.2)

u~v
tells us the smallest eigenvalue of L;, A, is non-negative as the final sum is a positively
weighted sum of squares. If we assume A is in fact zero then by considering equation
(2.2), f, must equal f, for all u ~ v. As we are assuming G is connected this means f
must be constant. This contradicts the constraints that f; = 0 and f7 f = 1. Hence A
must be positive.

We proceed to show that the sign of ¢ doesn’t change, except possibly either side
of vertices with value zero. We do this by constructing another solution to (*) given a
solution f which we know exists. We then argue about the sign of the entries in each
solution.

Suppose f is a solution to (x) and define another solution g where g, = |f,|. Then
g satisfies the constraints g; = |fi| =0 and g’ g = fT f = 1 and

gTLg = Z Wi (u _gv)2 = Z W (| ful — |fv|)2

u~y u~vy

< Zwuv(fu _fv)z = fTLf-

u~y
The inequality holds because (|a| — |b|)? = a® —2|a||b| +b? < a* —2ab+b* = (a—b)?
for real numbers a and b and all weights are strictly positive. Since f is a minimiser, g

must also be a minimiser and for all u ~ v,

[f () =f W) = f @) = F W), (2.3)

otherwise f7Lf would be strictly larger than g’ Lg. This tells us that vertices must

share the same sign except possibly either side of vertices with value zero.
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We now show that assuming f changes sign leads to a contradiction, completing
Step 1 and also giving us Step 3 for free.

Suppose f (and therefore g) does in fact change sign. As we assume the graph
remains connected after removing vertex i, there exists at least one vertex where f
and thus g vanishes. This occurs because, as removing vertex i doesn’t disconnect
the graph, all the vertices in the graph are in the same connected component after the
removal of vertex i and so must share the same sign if there are no vertices with value
zero.

Therefore, by connectedness, there exists vertex £ # i such that g(¢) = 0 and ¢ has
at least one neighbour where g does not vanish - there may be a set of vertices where g
vanishes that are only adjacent to other vertices where g vanishes but by connectedness,
among the vertices where g vanishes, there is a vertex ¢ where g vanishes and ¢ has at
least one neighbour where g does not vanish.

To get the contradiction we examine the terms that vertex ¢ contributes towards
g’ Lg where the vertices adjacent to ¢ are relabelled as vy,vs,...,v, where m is the
number of vertices adjacent to £. The terms involving ¢ which contribute to g’ Lg

are Ep:= Y, wy,0(gy, — g¢)*. Differentiating with respect to g, we have that % =

Z’[nzl Wy £8v,

p , which is a

—2Y " wye(8y, — &r). At the stationary point this implies g, =

. . . . 2
minimum by the second derivative test, % =2dy > 0.
L

22":1 Wy t8v;
m

By replacing g, with , the weighted average of the neighbouring values of
g, g7 Lg would decrease while g’ ¢ would increase. This is a contradiction because this
implies there is a better solution to (x) than g (which we’ve assumed is a minimiser)
where we make this replacement and scale the solution so that g’ g = 1. This completes
step 1 and also completed Step 3 as we’ve shown that the solution to (*) cannot be zero
anywhere except vertex i.

To show Step 2 holds, consider any vertex v # i and assume the path construction
algorithm finds itself at vertex v. By Step 1 we can assume f has non-negative entries
since we know the sign is constant. Considering the vth row of L;f = Af where A > 0
is the smallest eigenvalue of L;,

0 <Afy=[Lifly =dufy = Y wirfu = dvfo— ¥ Wafis
P o
where the last equality follows because f; = 0. Hence, it holds that f,d, > Y, Wi fus
which implies f, Y, ., Wuy > Yo Wiy ming., f;, and so f, > miny., f,. Therefore,

there always exists a vertex adjacent to v whose value in f is smaller than f,, complet-
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ing Step 2 and hence the overall proof. [

2.1.1 Simplifying the proof that Steinerberger’s method terminates

and returns valid paths

Proving Step 1 and Step 3 in the proof of Theorem[2]is somewhat tedious. By appealing

to the following lemma we can significantly simplify these steps.

Lemma 4 (Perron-Frobenius theorem for Laplacians [11]). Let M be a matrix with
non-positive off-diagonal entries, such that the graph of the non-zero off-diagonal
entries is connected. Let A{(M) be the smallest eigenvalue of M and let v be the
corresponding eigenvector. Then vi may be taken to be strictly positive and Ay has

multiplicity 1.

In the proof of Theorem 2] we are free to assume the graph remains connected
once vertex i is removed. Therefore by Lemma ] we have that ¢ can be made strictly
positive and furthermore is unique (up to multiplication by —1). Combined with our
argument showing the smallest eigenvalue has to be positive, Step 1 and Step 3 hold.

This argument works for the proofs concerning weighted and unweighted graphs.

2.2 Proofs of the technical lemmas

To prove the three technical lemmas given in the introduction we will consider certain
minor matrices of the pinned Laplacian L; corresponding the Lollipop graph L(n,m)

where vertex 1 is pinned to zero, i.e.,

2 -1 0 0
-1 2 -1 0 0
0 -1 0
0 ~1 0
0 -1 2 -1 0 0
Li={fo . 0o 0 -1 3 -1 0 0
0 0 0 -1 2 -1 0 0

0 -1
“.o-1 0
0 -1 2 -1
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Since the first row and column have been deleted from the Laplacian of L(n,m), the 3
occurs in the (n — 1)th row and column of L, corresponding to vertex n in the original
graph. This corresponds to the Laplacian matrix of a path with two self-loops. To make
indexing easier we can reindex the vertices to start at 1 instead of 2. If ¢; is the value
of vertex j in ¢ then let u; = ¢; 1. Figure[2.T| visualises the reindexing on the vertices
of the path with self-loops corresponding to L;. We will use this indexing from now
on unless said otherwise. Using this reindexing, the ratio we are trying to find a closed

form for is ¢, /Op—1 = up—1/tty—2.

' '

Figure 2.1: Path with self loops corresponding to L1, indexed by ¢ (i) and with u; = ¢; 1
(ii).

2.2.1 Proof of Lemma(

There are few lemmas we can use to probe the entries in the eigenvectors of a matrix.
To prove Lemmal(I|we will use the identity from the following lemma. It relates the en-
tries in the eigenvectors of a matrix to the eigenvalues of itself and its minor matrices.
This lets us convert u,_1 /u,—», an expression involving the entries of an eigenvector,
into one involving only eigenvalues. Since u,_1 and u,_, are entries in smallest eigen-
vector of Ly, the denominator of the identity will be the same and therefore cancel out

when we compute the ratio of the two.
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Lemma 5 (Eigenvectors from Eigenvalues [3]). Let M be an n X n positive definite
matrix with eigenvalues M (M) < A (M), ..., < A,(M). Denote v; j as the value of the
Jth component of the eigenvector v; which is associated to Aj(M). Additionally, define
M as the jth minor matrix of M, the matrix formed by deleting the jth row and column
of M. It holds for all 1 < i, j < n that

()~ he(y)
" ) ) =

ki

Vi,j

We will also use Lemmas [ and[7] which give the eigenvalues of certain Tridiagonal
matrices. These will arise due to the presence of minor matrices in the numerator of
the identity in Lemma[5] A Tridiagonal matrix is a matrix whose only nonzero entries
are along the main diagonal, subdiagonal and superdiagonal. If these diagonals are
constant then the matrix is said to be Toeplitz. We will denote the Tridiagonal Toeplitz
matrix of size n x n with subdiagonal terms a, main diagonal terms b and superdiagonal
terms ¢ as Ty,(a,b,c). We also define the type I perturbed Tridiagonal Toeplitz matrix

to be the matrix of the form

Tn(a,b,c,(x, B) = a
C
a b—P

nxn

This type of matrix will arise when we consider the (n — 2)th minor matrix of L;.

Lemma 6 (Eigenvalues of T;,(a,b,c), [16]). The eigenvalues of T,(a,b,c) are given by
kT
M =b+2y/accos——, k=1,2,...,n. (2.5)
n+1
Lemma 7 (Eigenvalues of 7,,(a,b,c,a,B), [16]). Whena=c=—1,b=2, o =0 and
B =1, then the eigenvalues of T,(a,b,c, o, B) are given by

2km
=2+4+2cos—— =1,...,n. 2.
Ak + C082n+1’ k=1,...,n (2.6)

Whena=c=—1,b=2, o= —1 and B = 1, the eigenvalues of T,(a,b,c,a.,B) are
given by

2%—1
kk:2—|—2005(2—)n, k=1,....n. @2.7)
n
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We can now begin the proof of Lemma

Proof of Lemma(l} We start with an application of Lemma(5] To ease notation we will
set L1 = M so the minor matrix notation used in lemma3|is clear. Using the reindexing

u; = ¢j+-1 we have

n+m—2
‘ kgl (xxk(Mnl))‘
T (A2 (1)) ntm=2
1<k<n, A= he(M—
|¢n|2 _|Mn—l|2_ *E . k=1 ( k( 1))‘
n— 2 Up— 2 w2 N e
‘(I) 1| | 2| kgl (7\.—7»/<(Mn2))‘ I (x—kk(Mn—Z))‘
I A—A(M) k=1
1<k<n,
k#1
n+m 2
)k kk n— 1)‘
- n+m 2 .
’7& }bk n— 2)‘

By the Cauchy Interlacing theorem, we have A < A (M,,_1) and A < Ag(M,_,) for
k=1,...,n+m—2. Since u can be assumed to have nonnegative entries and cannot
vanish at u,_1 or u,_, because they are not the target vertex, these inequalities are in

fact strict (otherwise at least one term in the numerator products above would vanish).

Therefore,
n+m—2 ( ) 7\'
k(My—1
2w _ |tp—1]? _ k=l " 2.8)
Or_  Up_y  |unof* rim=2 ' '
k(Mp—2) — A

Considering the entries of the pinned Laplacian L, we have

A O cC 0
Mn—l = and Mn_z = y (2.9)
0 B 0 D

where A = T,_»(—1,2,—1), B=T,(-1,2,—1,0,1), C =T,3(—1,2,—1) and D =
Tp1(—1,2,—1,—1,1). By Lemma [6| and Lemma [7] the eigenvalues of A are Ay =
2+2cos ( ) fork=1,2,...,n—2, the eigenvalues of B are Ay =2+ 2cos (2ilkf1>

for k = 1,...,m, the eigenvalues of C are A; = 2+ZCos( ) for j=1,...,n—3

and the eigenvalues of D are A; = 2 + 2cos <(22(] 1))> for j=1,...,m+1. As the

eigenvalues of a block diagonal matrix are the union of the eigenvalues of each block,
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the eigenvalues of M,,_; and M,,_, are

nk_n1>|k:1,2,...,n—2}
U{2+2c0s <2§lkj_tl>’ k= 1,...,m},

6(My_2) = {2+2c0s< ]n2>‘j: 1,...,n—3}

6(M,—) = {2+2cos <

n J—
2j—1)n
U{2+200su‘j: I,...,m+ 1}.
2(m+1)
The claim follows by plugging these eigenvalues into equation (2.8)). [l

2.2.2 Proof of Lemma2

To prove Lemma we use the property that the determinant of a matrix, written det(A),
is the product of its eigenvalues, the fact that the determinant of A — All equals the
product of the eigenvalues of A shifted by A and the determinant of 7, (a,b,c) which is

given in Lemma [}

Lemma 8 (Determinant of Tridiagonal Toeplitz matrices, [7]).

n+1

<b+\/b24ac>n+1 (bf b274ac>
- - b+ 4
det(T,(a,b,c)) = N b7 F dac
n
(”H‘l)(%) ) b* = 4ac

Proof of Lemma 2| The product in the numerator of the LHS of the claim is exactly
the product of the eigenvalues of A — Al and therefore is the determinant of A — Al
This is because if Av = uv then (A — cl)v = (u— c)v and the product of the eigenvalues
is the determinant. Likewise, the product in the denominator of the LHS of the claim
is the determinant of C — AlL

Applying Lemma 8] we have that

_H?j2+2005 (%) —A _ det(A—AlI)  det(T,2(—1,2—2,—1))

LHS = : _ _
H'};?Z +2cos (%) _y  det(C—AI) det(T,—3(—1,2—A,—1))
_ e
== =
ry P
where r, = m and r_ = wa\/m.
Applying De Moivere’s Theorem, since [r| = [r_| = 1, we have that r{ =/ =

cos (k@) +isin(k@) = cos(k@) — isin(kB) and r* = cos(k@) 4 isin(k®) where tan® =
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—w. Hence, it holds that

Pt =1 2isin((n—1)8) _ sin((n—1)6)
P22 2isin(n—2)8)  sin((n—2)8)’

completing the proof. 0

2.2.3 Proof of Lemma

We remark that the proof of Lemma [2] uses the closed form for the determinant of a
Tridiagonal Toeplitz matrix which is widely known. If we want to follow the same
procedure to prove Lemma (3| we will need the determinant of B — Al and D — AlL
While the eigenvalues of some perturbed Tridiagonal are widely known [16], their
determinants are not. Thankfully they are not that difficult to derive. However, the
determinant of B — Al and D — Al are a bit more tricky and are more verbose. We

derive these determinants by solving a pair of recurrences.

2.2.3.1 Deriving the determinants of B— Al and D — Al

The determinant of Tridigonal matrix A, with diagonal terms by,...,b,, subdiagonal
terms ayp,...,a,—1 and superdiaognal terms cy,...,c,—1 satisfies the following recur-
rence,

fn = bnfnfl — ap—1Cn—1Jfn—2, (2.10)

where f, is the determinant of A,. This is easily verified by considering the Laplace
expansion of the determinant of A, along the last row. The initial conditions, f; and
f> are the determinants of the principle 1 x 1 and 2 x 2 matrices, by and b1by —ajcy
respectively.

For a Toeplitz matrix 7,(a, b, c), recurrence reduces to f,, = bf,—1 —acf,—».
The matrices B and D are not quite Toeplitz but are the type I perturbed Tridiagonal
Toeplitz matrices 7,,(—1,2,—1,0,1) and T,,4;(—1,2,—1,—1,1), respectively. In the
case of 7,,(—1,2,—1,0, 1), while the recurrence in is not a linear homogeneous

recurrence with constant coefficients, we can reduce it to
Sn = 8n—1—8n—2,
8n = 2gnfl — 8n—2,

where n > 3, g1 = 2, g = 3 and g, is an auxiliary linear homogeneous recurrence

with constant coefficients. Once we have found g,, finding f, is trivial. The initial



Chapter 2. Theoretical Study 17

conditions g; = 2 and g, = 3 are the determinants of the leading (1 x 1) and (2 x 2)
sub matrices of 7,,(—1,2,—1,0,1).
Likewise for 7,,(—1,2,—1,—1,1) we can reduce (2.10) to

fn=8n—1—8n—2, (2.11)
8n = 28}1—1 — 8n-2, (2.12)

where n > 3, g1 =3,g> =5, and g, is a linear homogeneous recurrence with constant
coefficients. Since the auxiliary recurrence and the initial conditions are so simple
we can see (and prove by induction) that g, is the sequence 2,3,4,5,6,7,8,... and
so fn =1 for T,,(—1,2,—1,0,1). Likewise, g, follows 3,5,7,9,... and so f, =2 for
T,(—1,2,—1,—1,1).

The recurrences that the determinants of 7,,(—1,2 —A,—1,0,1) and 7,(—1,2 —
A,—1,—1,1) follow are more complicated because the coefficients of g, in (2.11]
and become (1 —A) and (2 — A), respectively. Therefore they share the same

recurrence and auxiliary recurrence,

Jo=(1=R)gn-1—8gn2,
gn=(2=A)gn—1—gn—2, (2.13)
but differ in initial conditions; gy =2—Aand g, = (2—A)?>—1for T;,(—1,2—A,—1,0,1)
and g =3—Aandgr=3—-A)2—A)—1for T,(—1,2—A,—1,—1,1).
We proceed by solving with each pair of initial conditions using the usual

method for solving linear homogeneous recurrences with constant coefficients [9].
The characteristic equation of (2.13)) is 7% + (A — 2)r + 1 = 0 which has roots

2= A—iy/AM4A—D) 2= AFiyA4-D)
N 2 N 2 ’

the same roots used in Lemma [2] Therefore the general solution of (2.13)) is of the

i and r_

form g, = ar’} 4 Pr”. Solving for o and P using the initial conditions g; =2 — A and

g =(2-1)2%—1, we find o = % + 1 and B =@. This is verified with
g1 =ory +Pro
2-Ni 1 A-2)i 1
= (et o )t (e 2 )
( N —N) 2>r+ (2 a—N) 2>r
(A —2)i redre (A=2)i 22
= (r—r)+ = AMd—N)+ =
AT A SR 7 y i G L
A2

2+2
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and

g =arl +prt

_ =2 rs it
T2 /RGN 2ot
(A—2)i (2-2)2—A(4—)

[i(z—x) x(4—x)} +

T2 /MG —N) 4
_(2=M? 22 -AE )
) 4
_ )2 _ 2
3 x)4x(4 A) _4x lf}”+12:x2—4x+3=(2—x)2—1.

i

For the initial conditions gy =3 —Aand go = (3—A)(2—L) — 1 we get ot = 5 +i 2‘\‘/_}1
and B = . This is verified with

gr=ory +pr_= (l+iﬂ)r++ (l I 4_}b)’”

2 2VA 2 2V
re4r- iva—»A 2—N iV4-—A,,
= + —r_)= — A4 —A
2 2\/7_\, (7‘+ 7‘) D) 2\/7_\. (l ( ))
2—A 4-—A
==ty =3k
and
o2 2 (L VAM 5 T VAL
82—0"’++B’L—(2‘H Vil >r++(2 i Vi >r,

A4 WA=, ,
= 5 + Wil (r+—r7)
(2-A)2—A4—-N) iVé-A/ |
Z g (—1(2—7\.) x(4—x))
2= =A(4-21) (2-NE-1)
4 + 2
407 —20A+20
: -

A —50+5=03-M2-1) -1

This lets us give the determinant of B— Al = T,,(—1,2—A,—1,0,1) and D — Al =
Tn+1(—1,2,—1,—1,1) in the following lemma.

Lemma 9 (Determinant of B— Al and D — All). Let A be the smallest eigenvalue of L.
Then,

det(B—1A)

_ (%+ %)&-2((1 My — 1) v (2(};(_—%+ %)r’f_2<(l M — 1),
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and
det(D —1IA)
= (3 +S )t (0w =)+ (3 (- ar-1),

Proof of Lemma[9, Under the initial conditions g =2 —A and g, = (2—A1)? — 1 we
have

det(B—1IA) = fiu = (1 = A)gm—1 — gm—2

= (1= |y | = o2 B

= o2 (1=M)ry = 1) + B2 (1= 1)~ 1)

— )i i A—2)i e
_ (%—l—%)q 2((1—%)@—1)%—(%—4—%)1’_ (a-nr-—1).

Under the initial conditions g; =3 —A and go = (3—A)(2—A) — 1 we have
det(D—1TA) = finr1 = (1 —=A)gm — gm-1
= (1=2) o2+~ ary 4|
= ! ((1 Wy — 1) R (( M — 1)

_ (%H 2“\;{)& 1((1 Ay — 1) + (% —i;—g‘)rﬁ—l ((1 M- 1).

]

Using lemma [9) we can now prove Lemma 3]

Proof of Lemma[3} Using the same argument at the start of the proof of Lemma 2] we
have

Hkm_12—|—2czos(

H”H'l 2+ 2cos Sont ))

LHS =

) A det(B—T0)
m_5  det(D—TA)

B (2\(/2%"'%)’# ((1 —Mry — 1) + (2 (7;:(?:‘7&) —l—%)r’f*z((l —Nr_ — 1>
- (3+P 28 ) et (= —1) + (3=

N —

i 2%)/11—1((1 M — 1)

Applying De Moivere’s theorem on r and r_ we have

X
LHS = —
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where
:(2 (ixg)%)(COS((m_z)e)_isin((m_z)e)) ((1 A)(cos(8) — isin(e))—l)
+<2 (7;(—42_)ix)+%>(COS((m—z)e)+isin((m—2)6)> ((1 A)(cos(0 )+isin(6))—1>
and

Y :<% +i 24\/%7“) <cos((m— 1)6) —isin((m — 1)9)) ((1 A)(cos(0) —isin(0)) — 1)

+<% — 124—\/?) <cos((m— 1)0) +isin((m — 1)9)> ((1 A)(cos(8) +isin(B)) — 1)

Now notice that % is in the form

abc +abc abc+abc  2Re(abc)  Re(abc)

db'c+db'c  dbc+db'c 2Re(db'c) Re(db'c)’

where
(. 2=N)i 1\ _im—2) —i0
abc—(m+§>e ((1—7\.)6 —1)
(. @2=Ni 1 o\ —i(m=1)8 __—i(m—2)8
~(; A M4—M+2)((1 Ae e ).
and
b (L VASAMN e (-0
dbc—<2+z ST >e ((1 Ne 1).
Converting to polar form we can write ( (2};:”)'-}‘) + l) = 7»(2 vy ¢'® where tan(¢) =
%and( —I—lvz\/» ) = f eV where tany = V\f . Since
1 . :
— —i((m=2)0=9) (1 _ 1)~ _
Re(abc) Re( Yot ((1 Ne 1))
~ Re -4 i(m-1p-0) _ ;e—i«m—zm—@)
A4 —A) A4 —1)
- Mi_k) ((1 ) cos(0 — (m— 1)8) — cos(¢ — (m 2)6))
and

Re(db'c) = Re (%ei“ml)ew) ((1-ne® 1))

((1 —A)cos(y —m8) — cos(y — (m— 1)9)),

Sl
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we have

x(lzm) <(1 —A)cos(¢ — (m —1)8) —cos(¢ — (m — 2)9))
L (1= 1) cos(y —m8) —cos(y — (m—1)6))

1 ((1—7»>cos(¢—(m—1)9)—cos(¢_(m_2)e))
iy ((1_x)cos(xp—me)_COS(W_(m_l)e)> ,

which completes the proof. ]



Chapter 3
Experiments

In this chapter we propose a variation of Steinerberger’s method and compare both
against each other on the Erd6s—Rényi model. Our experiments show our variant
fares significantly better than Steinerberger’s method in the presence of Lollipops. The
Chapter is organised as follows:

In Chapter [3.1) we motivate and propose our variant. In Chapter [3.2] we show,
using the Erd6s—Rényi model, that when a graph is comparatively sparser, our variant
is more accurate whereas when the graph is denser, Steinerberger’s method is slightly
more accurate. In Chapter[3.3|we show, by attaching a Lollipop to the graphs studied in
Chapter[3.2] Steinerberger’s method performs much worse than our variant. In Chapter
3.4 we give an explicit example of Steinerberger’s method failing badly on a Lollipop
graph, returning a path of length 99998 when the shortest path has length 2.

3.1 Our variant of Steinerberger’s method

To motivate our variant we return to the minimisation problem that Steinerberger’s
method solves. The key idea is that instead of pinning the target vertex to zero and
traversing the output of the preprocessing stage down to zero, we instead pin the target
vertex sufficiently high and traverse the output of the preprocessing stage up towards
the target vertex’s value.

In computing ¢, the preprocessing stage of Steinerberger’s method solves the fol-

lowing:

argmin ||L; f|[2
fER”71

22
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subjectto || f|| = 1. Steinerberger proved that from any starting vertex, there is a strictly
decreasing path in ¢ to vertex i. We hypothesize that Steinerberger’s method fails on
the Lollipop graph L(n,m) with target vertex 1 and starting vertex n — 1 because, as the
stick is made longer, more of the L, norm of f must be allocated to the stick, forcing
the value of ¢ at the neck of the Lollipop to be higher. Once it is forced high enough the
algorithm has to take the long way around the head of the Lollipop when the starting
vertex is vertex n — 1.

One natural variant to this approach, where the path construction stage traverses
¢ in a strictly decreasing fashion to zero, is to construct a vector ¥ such that the path
construction stage traverses Y in a strictly increasing fashion to the target vertex which
is pinned at some maximum value.

To achieve this behaviour we consider the following problem:
v = argmin||L,f — b|| 3.1)
fER

. 1 1

subjectto ||f|| =1, b= ﬁxi, and f; = ik

where y; is the indicator vector, vertex i is the target vertex and L} is the Laplacian
matrix where the ith row is zero everywhere except [Li].. where it is 1. We do this to
force the target vertex to have the value 7 in ¥ so no other vertex can possibly have a

2
value in  larger than it. This is because, under the constraints, we have

= [lvll= [+ L v=
J#i

and therefore % = Z;?;ll W?. This shows that even if only one other vertex has a non-

1 n—1
5T Zl y;  (reordering the vertices)
j=

zero value, that vertex could only ever have the same value as the target vertex in V.
To find y, we used a modified version of the jacobi algorithm where at each step,

the values of the vertices which are not the target vertex are renormalised to enforce

(1), gl

llf]l=1 (Algorithm. Foreach v #1, \pé is normalised with y,, — NG because

+1912 _ +12 _ +12 1 n‘l’/ l
[y = Z" —Yv =) 5 +3

J#i J#t
1 1

I ARE e
22]#! v i 22

and therefore |[y"*1|| = 1.
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Algorithm 3: Our variant: preprocessing stage
input : Unweighted graph G and target vertex i.

b
V2

2 while v has not converged do

1 Y <

3 z=0

4 forv#£ido

5 wvez";—:"’”
6 27+
7 end

8 for v#£ido

9 \ Wy f;ﬁ
10 end
11 end

output: Y

Algorithm 4: Our variant: path construction stage
input : y and starting vertex j.

1 Letxo=j

2 while x; # i do

3 Xt i= argmax\y,
VX

4 end

output: Path j=xg > x| — - = x,, =i

This ensures that y will stick to the surface of the hypersphere ||f|| = 1 where
fi= % While we don’t give a proof as to why this algorithm corresponds to solving
(3.1) or why W corresponds to a vector which a path construction stage can strictly
ascend towards i, this does at least show the algorithm produces a feasible solution

assuming  converges. Algorithm 4] gives the corresponding path construction stage.

3.2 Comparing Steinerberger’s method and our variant

To investigate how well these methods perform for varying levels of sparseness we
perform experiments on the Erd6s—Rényi graphs G(n, p) for different p. Since the al-
gorithm will perform perfectly when there are no edges or when the graph is complete,
we chose to vary p around the critical point ¢ = 1“7” above which it is widely known

that graphs sampled from G(n, p) are probably connected as n becomes large.
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As G(n, p) can produce graphs which contain isolated vertices and multiple com-
ponents, the algorithms were modified to handle the case when there is no path from
the starting vertex to the target vertex. We remark that this means the algorithms do
less work when p is far from c¢. To compensate for this we ignore pairs of vertices
which were not path connected. We choose n = 128 and perform 48 trials for 40

evenly spaced probabilities from 0.15¢ to 2.15¢ where ¢ = 1“1;%8 is the critical point for

probable connectedness.
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Figure 3.1: Comparison of Steinerberger’s method and our variant on G(n, p)
The results are given in Figure 3.1} Shaded regions indicate 95% confidence intervals.
For each metric we also record results for the algorithm that returns the shortest path

out of Steinerberger’s method and our variants’ returned paths, the best of both. Accu-
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racy measures the mean of the proportion of pairs of vertices for which the algorithms
returned an actual shortest path. Average overstep measures the mean of the difference
between the length of the path returned by the algorithms and the length of a shortest
path, over all pairs of vertices (ignoring pairs for which no path existed). Maximum
overstep measures the maximum of this difference. Since Steinerberger’s method and
our variant are not symmetric, in the case where the length of the path returned from u
to v differs from the one from v to u, we used the shorter one for our metrics. Symmetry

conflicts measures the average proportion of pairs of vertices where this occurred.

version
— ssp

3.3 Stick coalesced Lollipops

100 T
i

t | 5

¥ 1

H 1

i i —— best of both

i 6 i -~ connectedness threshold
98 ! i

i

96

©
2

accuracy (%)
max_overstep

©
N

90

88

| heat seeking variant
| —— best of both
-~ connectedness threshold

Accuracy Maximum overstep

0.200 version version
— ssp — ssp
heat seeking variant heat seeking variant

—— best of both —— best of both
0.175 ~=- connectedness threshold ~=- connectedness threshold

0.150

0.125

0.100

average overstep
conflicts

0.075

0.050

0.000

Average overstep symmetry conflicts
Figure 3.2: Comparison of Steinerberger's method and our variant on G(n, p)
when L(8,16) is coalesced to the largest component though it’s tail.
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To further investigate our hypothesis that Steinerberger’s method fails on Lollipops
with long enough sticks because more of the L, norm needs to be allocated to the
stick we repeat the experiments in Chapter [3.2] where in each graph, the tail of the
lollipop L(8,16) was coalesced onto the largest connected component in each sample
from G(128, p). The hypothesis is that this should increase the maximum number of

oversteps observed for Steinerberger’s method.

3.4 Spectral method failure on a large Lollipop

Experimentally, we have verified that Steinerberger’s method takes the long way around
the head of the lollipop L(100000,99997) when the starting vertex and target vertex are
either side of the neck (indices 1 and 99999). The eigenvalue A corresponding to ¢ was
computed to be 2.4674762233445945 x 10~ 1°. Substituting this value, m and n into the
expression in Theoremusing a computer we calculated q% =1.0115910452580201.
Therefore Steinerberger’s method returns the path of length 99998 around the head of
the lollipop and so Steinerberger’s method can return a path at least 49999 longer than
a shortest path. The exact numbers have to be treated with caution as numerical er-
rors will have occurred in both the computation of A and the terms in Theorem |1, For

example, the terms n and 0 can differ by many orders of magnitude.
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Conclusion

In this thesis we sought to tackle the following open questions: “Are there effective
variations of Steinerberger’s method?” and “Are there planar graphs such that, for
some pair of vertices u # v, the path produced by Steinerberger’s method is c-times as
long as the shortest path for any ¢ > 1?”.

The main contribution of this thesis is the closed form for the ratio ¢¢f1 in Theorem

[T} which if greater than or equal to 1, guarantees Steinerberger’s method returns a path
"2;2 times longer than a shortest path. While this doesn’t answer the second question
definitively, it gives future work a good starting point. We took our approach to proving
Theorem [I]because while we know very little about ¢ and A, we know the determinants
of Tridiagonal Toeplitz matrices and type I perturbed Tridiagonal Toeplitz matrices.
While the identity in Theorem [I] contains angles 6, ¢ and W it is possible to write the

k k
expression in terms of A, m and n explicitly by using the identities cos(n6) = —”;F*

Aot
2i

Future work will seek to derive an expression for A in terms of n and m only. This

and sin(n@) = (by De Moivre) however this is rather complicated.
should finally allow us to choose n and m such that the length of the path returned by
Steinerberger’s method is arbitrarily larger than a shortest path, answering the second
open question. Without knowing A, we have not been able to find a way of showing
this.

Curiously, we have observed experiments for n and m in the hundreds that indicate

the lower bound on m for Steinerberger’s method to fail is around m = n — 3 which

On
(]),1, 1

rect path and qﬁ)—fl < 1. Ignoring numerical errors these experiments also indicate that

in turn corresponds to

= 1. Below this, Steinerberger’s method will take the cor-

28
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sin((n—1)6 .
Z;ﬁggj—_zgeg may in fact equal

1 ((1=2)cos(@— (m—1)8) —cos(o— (m—2)8))
4-2 ((1 —\)cos(y — m8) — cos(y — (m — 1)9))

as they are remarkably close together even for n and m in the thousands. If this is

indeed the case then it may be possible to solve this equality to obtain an expression

for A and then check it is (or is not) in fact the smallest eigenvalue of L. Considering

the expressions we found for ¢,k and ¢, 1k where k = 1<11:I< (Ai(Li) — k(L)) in the
KN,

ki
proof of Lemma |1} another potential method for finding A would be to first find an

expression for ¢,,41k and then substitute the expressions for ¢,k, ¢,,—1k and ¢, 1k into
the (n— 1)th row of the equation L;0k = Adk which is 30,k — 0,1k — O, 1k = AO,k. Tt
may be possible to solve this to get A explicitly. We did try reasoning about the entries
of ¢ using induction (Appendix) but did not find a way to bound the ratio q)i)—fl above
or equal to 1.

The experiments we performed in section and show clearly that Steiner-
berger’s method and our variant suffer as graphs become sparser and then quickly
perform better as vertices become almost completely disconnected. Comparing Fig-
ures |3.1| and we can see that coalescing a Lollipop onto the largest component
had a dramatic effect on Steinerberger’s method, forcing it to always make mistakes
and reducing the amount of symmetry it’s returned paths exhibited. The maximum
overstep of Steinerberger’s method never drops below 4 when the Lollipop L(8, 16) is
coalesced. This corresponds to the fact that the length of the path around the head of
L(8,16) is 4 longer than the shortest path across the neck. While our variant seems to
perform better most of the time, Steinerberger’s method still outperforms it in certain
circumstances. The “best of both” algorithm that always returns the shortest path out
of Steinerberger’s method and our variant outperforms both methods on every metric,
often significantly better. This again indicates that there are situations where Steiner-
berger’s method and our variant outperform each other. However, in the presence of
Lollipops our variant is clearly more effective.

Using our characterisation of q)i)—f] in terms of n,m and A we are able to show in
Chapter that Steinerberger’s method can produce paths 49999 times longer than
they should be, which is at least 10 thousand times greater than the worst example
found in [14]. Despite this, we think that Steinerberger’s method is still worth studying.

As we have shown with our variant, it is possible to address some of the more glaring
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issues with Steinerberger’s method. It is not beyond the realms of possibility that we
will find a variant which always returns shortest paths. After all, the information to
find shortest paths between every pair of vertices is encoded in the eigenvectors and
eigenvalues of the Laplacian. From the eigenvectors and eigenvalues of the Laplacian
matrix (and even the pinned Laplacian matrix) we can recover the adjacency matrix
on which we can run any conventional shortest path algorithm of our choice. The
real question may be how much of the spectrum of the Laplacian matrix, pinned or

otherwise, do we need to use.
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Chapter 5

Appendix

- ¢

Lemma 10 (Lollipop induction results on 0). @
Suppose ¢ is the vector returned by algorithm
where the input is the unweighted graph L(n,m)

and the target vertex is vertex 1. Then
i) 0; > %q)iﬂforalll <i<n, ‘ @
ii) ¢ > ko forall2<i< j<n, \ /
iii) Op > = 0ns1, Q‘O
V) Ons > T Ons i1 forall 0< j<m, @
V) Opim—1 > W¢n+m, |

vi) Opyi> ((Jr—;ll11¢n+]f0ra110<z<]<m

.. 1
Viii) Opim <
9618 +192n7 —48n° —240n%+6n*4+-120n3 —12n% —24n+6
6419420818 +112n7 —280n° —172n>+197n* +43n3 —65n2+13n

when m = 2n and n > 2.

Figure 5.1: The lollipop graph L(n,m)
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Proof. Steinerberger showed that for all v # i we have:

Lo u

¢y > a4

AS ¢] = 0, thlS lmphes (I)z > %, (l)i > quq)er[ for 1 < i <n and q)n > ¢n71‘§¢n+1 fOI'
n<i<n-+m.
We prove i) by induction. Suppose i) holds for any 1 <i < n— 1. Then,

¢l+¢l+2 (I)H-Z
2 _ ¢’+ T
= (2- —.)¢i+1 > Git2,

2l—l—|—1

= (f)q)zﬂ > 042,
i+1

= —.¢i+1 > 042,

Giy1 >

= 011 > ?q)l-f—z

and therefore, as ¢p > ¢23, i) holds by induction. ii) follows from repeated application
of i),

i—-1 i j-2
i i+l -1

o; > 0y

1
— q>,~>’,—1¢j forall2<i< j<n.
]_

Using i), we can substitute ¢, 1 > ¢n into ¢, > w , yielding

0y > ¢n1J3r¢n+1’

= o> 05[]+ 0
- [1_3(;1—1)}"’" ¢n+1’
— _(2)__ 1()’1 2> b,
— 20> b

n—1
e ¢n>m¢n+la

and so iii) holds.
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We prove iv) by induction. Suppose iv) holds for 0 < j < m — 1. Then,

(j+ l)n_l + ¢n+j+2
2<(j+2)n—1> 2

j+1n—1
%)¢n+j+l > Ontji2,
2jn+4n—2—jn—n+1
Gr2m—1 Ontjr1 > Ontjr2,

J+3)n—1
EJJrT(PnﬂH > Opyji2,
(j+2)n—1
W¢n+]+2:

Pt jr1 >

— (2—

= Ontjt1 >

and therefore, as iii) holds, iv) holds by induction. By applying iv) in the case j =m— 1

we obtain v). vi) follows from repeated application of iv),

(i+)n—1(G{+2)n—1 (jin—1 .
(=1 (+3n—1""(j+ Dn_10m7
(H—l)n—lq) ‘
(j+Dn—1""

¢n+i >

= Onti > forall 0 <i< j<m.

By ii) we have ¢ > - 1¢n By vi) we have ¢, > Ml;)}14¢”+m' Hence ¢, > m%m
and so vii) holds.

To show viii), we exploit the constraint f7 f = 1:

n+m

n—1 m—1
I=f1f=2 0= 0+ Y OnejtOnem
i=2 i=2 =0
n—1 5 m—1 ) 5
e 1—<Z¢i + Zq)n—i—j) :¢n+m'
i=2 j=0
Focusing on the bracketed terms on the left, when n > 2 we have:

N
Z¢,+z¢nﬂ>z Lo T ()

o2t —7n+6 m((2m2—|—3m+l)n —6(m+1)n+6)
= O 6(n—1) ¢”+m( 6(mn+n—1)? )

’ n—1 220> —Tn+6  m((2m?>+3m+1)n> —6(m+1)n+6)
>¢”+m<[(m—|—1)n—l} 6(n—1) * 6(mn+n—1)2 )’

where we use ii), vi) and standard results about the sum of natural numbers and squares

to get the first inequality. To get the second inequality we use another application of

vi) with i = 0 and j = m. The condition n > 2 is required so that 2n” 6 7’36 is positive.
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Simplifying, we have:

n—1 m—1
Z 07 + Z ¢r2;+j
i=2 =0
20m? + 4P m+2n° 4 2n*m> + Tn*m®* 4+ 9n*m3 — 4n*m? — 21n*m — 13n*
—10m3m* = 28n3m> — 13n3m? + 36n3m + 330> + 20n%m3
+33n2m? — 19n2m — 41n% — 18nm? — 6nm +25n+6m —6
6(n(m—+1)—1)*(nm+n—1)* .

> (I)%—O—m
Substituting m = 2n and simplifying we have:
n—1 ) m—1 5
Z ¢i + Z ¢n+ J
i=2 j=0

64n° + 11218 — 80n” —232n° + 68n° + 191n* — 771> — 5312 +37n—6
9618 + 192n7 — 48n° — 24015 + 6n* 4+ 12013 — 1202 —24n+6 '

2
> q)n—i-m

. _ 64n°+112n8—80n" —232n0+681n° +191n* — 7713 —53n24+37n—6
Letting Q(n) = g0 s 0 7 2o 5 20m ton L 1200 1307 3an 6

1— ¢721+mQ(n) > q)rzt-i-m?

= ¢%+m(1+Q(n)) < 17
1

1+ 0Q(n)

2
g q)n—l—m <

1

- 64n94+208n8+112n7 —280n°—172n5+197n*+43n3 —65n2+13n
96n8+192n7 —48n® —240n° +6n*+120n3 — 1202 —24n+6

~96n® +192n7 — 48n8 — 240n° + 6n* 4 120n° — 12n° —24n+6
~ 64n° 420818 4 11217 — 28010 — 172n5 + 197n* + 4313 — 6512+ 131

Taking the square roots gives viii). [
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