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Abstract
Graph clustering is a much-studied and important topic in computer science with

widespread applications. Spectral clustering techniques have been a popular and ef-

fective method to cluster undirected graphs. However, performance of spectral tech-

niques for directed graphs (digraphs) has been lacking. Issues that arise are (i) the

broken symmetry of the adjacency matrix, (ii) the lack of a good objective function

to measure clustering quality. Furthermore, the runtime of spectral clustering in gen-

eral is dominated by the number of edges. Recently, a new digraph spectral clustering

method based on Hermitian adjacency matrices has been proposed. This thesis anal-

yses this new method theoretically and experimentally. Theoretically, we show that

the cluster structure of a digraph with 3 clusters is encoded by the first eigenvector of

the Hermitian Laplacian, from which we prove that spectral clustering provably works

well. We further propose a distributed sparsification algorithm that reduces the num-

ber of edges – and thus decreases runtime – while maintaining the cluster structure.

Experimentally, we use the UN Comtrade Database for the first time in the spectral

clustering literature to show that the Hermitian method outperforms previous meth-

ods for spectral clustering of digraphs on our proposed objective functions. We also

observe that the Hermitian method captures higher-order patterns in the cluster out-

put. Finally, we test our distributed sparsification algorithm, and confirm that it indeed

preserves cluster structure.
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Chapter 1

Introduction

Clustering is the task of grouping similar objects together, and it is a much-studied and

important topic in computer science. When the items to be clustered can be represented

in a graph, we refer to it as graph clustering. Graph clustering (community detection)

has become an important tool in machine learning and theoretical computer science

to analyse large datasets, and has widespread applications in computer vision, social

science, and network analysis and protein discovery [22, 36].

A simple and effective method to perform graph clustering is spectral clustering.

Here, the graph is encoded into a k dimensional eigenspace, after which a k-means

algorithm is applied to divide the graph into k clusters [43, 57]. Most work on spectral

clustering has focused on undirected graphs. However, many datasets are better repre-

sented as directed graphs (digraphs), such as trading or flow networks. This makes it

desirable to study spectral clustering of digraphs.

There are two main issues when applying spectral clustering on digraphs. Firstly,

spectral clustering requires a symmetric adjacency matrix as input to the algorithm,

and this is not the case for the standard adjacency matrix of a digraph. Secondly,

the function to measure the quality of spectral clustering output for undirected graphs

is based on edge densities [34, 52]. These objective functions ignore patterns that

emerge from digraphs due to their directional nature (e.g. cycles, attractor or repelling

clusters). Furthermore, the runtime of spectral clustering in general is dominated by

the number of edges in a graph. This makes the algorithm slow for graphs with a large

number of vertices and high connectivity.

This thesis studies the digraph clustering based on the Hermitian matrix represen-

tation of an input graph, which is initiated by Cucuringu et al. [15]. The thesis is

organised as follows: In Chapter 2, we introduce basic concepts of graphs, matrices
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Chapter 1. Introduction 2

and spectral graph theory that we use throughout the thesis. In Chapter 3, we analyse

the eigen-structure of the Hermitian Laplacian matrix of a digraph. More specifically,

we show that the Hermitian graph matrix encodes the structure of digraphs with k = 3

clusters, and we prove that spectral clustering obtains a good clustering result. In ad-

dition, we present and analyse a distributed sparsification algorithm for digraphs that

preserves the input graph’s cluster structure. In Chapter 4, we experimentally evaluate

the performance of our algorithms on the UN Comtrade Database [42]. To the best of

our knowledge, this is the first time that this database is studied in the clustering liter-

ature. We propose objective functions to measure the quality of clustering, and show

that the Hermitian matrix method is able to extract the most meaningful clusters from

the data. We finish Chapter 4 with experiments to show that our distributed sparsifica-

tion algorithm works in practice and preserves the cluster structure. Due to page limit,

all the omitted proofs and additional details can be found in the appendix.



Chapter 2

Background

This chapter serves as a brief introduction to review the basic concepts and definitions

about graphs and matrices needed for the rest of the thesis. The chapter is organised as

follows: in Section 2.1 we introduce some of the basic concepts of graphs, matrices,

and their relation. In Section 2.2 we introduce the spectral clustering algorithm. In

Section 2.3 we review related work on spectral clustering of digraphs and we review

theoretical guarantees on the spectral clustering of undirected graphs.

2.1 Graphs and Matrices

A graph is a set of vertices that are connected by edges. We denote a digraph as a tuple

G = (V, E), where V is the set of vertices, and E ⊂ V × V is the set of edges that

belong to the graph. We let n = |V| denote the number of vertices and m = |E| denote

the number of edges. A directed edge e ∈ E is denoted by an ordered tuple e = (u,v)

meaning the edge has a starting point (tail) u ∈ V and an end point (head) v ∈ V.

Since we work with real-world data in this thesis, where graphs will represent relations

between objects, we will use weighted graphs G = (V, E,w), where w : V×V→R>0

is a function expressing the weights of edges. In this thesis we will mostly work with

digraphs, meaning that (u,v) ∈ E implies (v,u) /∈ E.

Given two disjoint sets of vertices S⊂ V and T ⊂ V, we define the cut value from

S to T as

w(S, T), ∑
x∈S,y∈T

w(x,y).

Note that in digraphs it does not always hold that w(S, T) 6= w(T,S). We define the

Net Flow (NF) between two clusters S and T as NF(S, T) , w(S, T)− w(T,S). If

3



Chapter 2. Background 4

S and T are not disjoint, i.e. S ∩ T 6= ∅, we define their symmetric difference as

S4 T , (S \ T) ∪ (T \ S).

A matrix A ∈Rm×n is an array with m rows and n columns. Taking the transpose

Aᵀ of a matrix is equivalent to swapping the rows and columns of a matrix, i.e., for an

element in the matrix Aij = Aᵀ
ji. If Aᵀ = A, we call a matrix symmetric. If it holds

that for a matrix A ∈Rn×n, a vector v ∈Rn \ {0} and a scalar λ ∈R that Av = λv,

then we say that v is an eigenvector of matrix A with corresponding eigenvalue λ. If

A ∈ Cm×n is complex-valued, we let A† denote the conjugate transpose. If A† = A,

we say that a matrix is Hermitian. We also note that the eigenvalues and eigenvectors of

A ∈ Cm×n are in the complex plane, i.e., v ∈ C \ {0} and λ ∈ C such that Av = λv.

For a given complex Hermitian matrix A ∈ Cn×n, and non-zero vector x ∈ Cn, the

Rayleigh quotient R(A, x) is defined as

R(A, x),
x† Ax
x†x

.

Sometimes we write R(A, x) as R(x) when it is clear from the context which matrix

we use for the Rayleigh quotient. An nth root of unity is a complex number ωn ∈ C

satisfying the equation (ωn)n = 1, where n is a positive integer. Here we also drop the

subscript n of ω when it is clear which root of unity we are using.

To encode a digraph G = (V, E,w) into a matrix, we define the standard adjacency

matrix M ∈ Rn×n as Muv = 1 if there is an edge (u,v), and 0 otherwise. Note that

in digraphs the adjacency matrix is not symmetric. We define the Hermitian adjacency

matrix A ∈Rn×n of a digraph G as

Auv ,


i · w(u,v) if (u,v) ∈ E

−i · w(v,u) if (v,u) ∈ E

0 otherwise,

(2.1)

where i is the imaginary number. We define the outer degree dout
u of a vertex u ∈ V as

dout
u = ∑(u,v) w(u,v), and the inner degree din

u we define as din
u = ∑(v,u) w(v,u). We

denote the total degree du as du = dout
u + din

u . We define the volume vol(S) of a set of

vertices S to be vol(S), ∑u∈S du.

Since graphs can contain vertices with high degrees, normalised matrices are used

instead of the adjacency matrix. For normalisation it is customary to work with the

Laplacian matrix of a graph. Let the degree matrix D be the diagonal matrix such

that Duu = du, and Duv = 0 for u 6= v, and we define the Laplacian [54] LG of a
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graph G = (V, E), with adjacency matrix A (which can be real or complex-valued)

and degree matrix D as

LG , D− A.

Sometimes we drop the subscript G if it is clear from the context. We then define

the normalised Laplacian as LG = D−
1
2 LGD−

1
2 = I − D−

1
2 AD−

1
2 . The Laplacian

matrix is often used in spectral graph theory instead of the adjacency matrix, because

the Laplacian is seen as more intuitive from a linear algebraic perspective [54].

Another form of normalising the adjacency matrix is using the random walk matrix,

which is defined by

Arw , D−1A.

This matrix is widely studied in the literature [54], and is used as a transition matrix

to encode a random walk on a graph, that starts in a specific vertex and randomly

selects an edge to “walk” across to an adjacent vertex. We will use this matrix in our

experiments chapter. For brevity, we refer to [13] for what graph properties can be

derived from the algebraic properties of the Laplacian and random walk matrices.

For the rest of the thesis, we let λ1, . . . ,λn be the eigenvalues of L in increasing

order with corresponding eigenvectors f1, . . . , fn, and if we are referring to the eigen-

values λ1, . . . ,λn of the random walk matrix they will be in decreasing order. This is

because the spectral clustering algorithm either uses the bottom k or top k eigenvectors

of the Laplacian or random walk matrix respectively.

2.2 Spectral Clustering

For this section we assume that we use the normalised Laplacian instead of the random

walk matrix. Using the normalised Laplacian, we can define spectral clustering as

follows: (i) After encoding a graph G into its normalised Laplacian matrix LG, we

compute the bottom k eigenvectors f1, ..., fk of LG. Then, we map every vertex u ∈ V

to a point F(u) in Rk according to

F(u) =
1√
du
· ( f1(u), ..., fk(u))ᵀ, (2.2)

where du is the total degree of vertex u. (ii) we run k-means clustering on all the

embedded points F(u), and group the vertices into k clusters according to the k-means

output [46]. See Figure 2.1 for illustration.
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Embed every u into Rk:

F(u) =
(

f1(u), . . . , fk(u)
)

R3

Apply a k-means algorithm Partition V(G) into k clusters

Figure 2.1: The three steps of spectral clustering for undirected graphs: (1) the algo-

rithm embeds every vertex u of G to a point in Rk based on the bottom k eigenvectors

of LG; (2) a k-means algorithm is applied to group the embedded points into k clusters;

(3) the algorithm returns the partition from k-means as its output. Figure taken from

[59].

Given a set of X⊂Rd points, in k-means clustering, the objective is to find a set of

k centers c1, · · · ck that minimise the distance between each point x ∈ X and the cluster

ci it is assigned to. For any k-way partition of X into X1, . . . Xk, where ∀i 6=jXi ∩Xj = ∅

and ∪k
i=1Xi = X, we define the objective function as

COST(X1, · · · , Xk), min
c1,...,ck

k

∑
i=1

∑
x∈Xi

‖x− ci‖2, (2.3)

which is being minimised in k-means clustering [46, 59].

2.3 Related Work

Spectral Clustering of Directed Graphs Not much work has been done on spectral

clustering of digraphs. The most naive way to perform spectral clustering on digraphs

with adjacency matrix M would be to turn the digraph into an undirected graph by

Mᵀ+ M. Cucuringu et al. [15] performed spectral clustering using this transformation

on the US-Migration Dataset [11], which contains the migration data of the United

States from county to county. The resulting clusters from the naive experiment are

closely aligned with state borders. While the clustering result is easily interpretable,

it is unsatisfactory; it is unsurprising that people tend to move within a state. This

example highlights that there are two things that need to be adjusted compared to

the undirected case. Firstly, the clustering metrics based on edge densities, such as

the conductance and normalised cut value [34, 52], do not uncover the meaningful



Chapter 2. Background 7

patterns that emerge from digraphs [15]. Secondly, the real-valued adjacency matrix

of a digraph is no longer symmetric. Therefore, the eigenvalues of the matrix are not

necessarily real-valued, and it becomes unclear how to sort the eigenvectors. Since the

first point is closely linked to the choice of objective functions with respect to specific

datasets, we will defer to the experiments chapter for a more in-depth discussion. For

the next chapter, the following notion of clustering in digraphs, with Net Flow NF

as objective function, suffices: The edge direction imbalance within a cluster is lower

than its edge direction imbalance with other clusters. More formally, the absolute value

of the Net Flow NF within a cluster S is lower than the absolute of the NF between

S and other clusters. We now address the second point, and look at different proposed

methods to symmetrise the standard adjacency matrix to discuss it a bit.

Existing spectral methods for digraph clustering use the eigenvectors and eigenval-

ues of transformed forms of the standard adjacency matrix M, such as MᵀM, MMᵀ

or a combination of both MᵀM + MMᵀ. These have been applied in the context of

bibliographic coupling and co-citation strength [37, 50, 51]. Experiments performed

on the Wikipedia dataset and Cora dataset showed that MᵀM + MMᵀ performs better

clustering than naive symmetrisation of the digraph [51]. Although these transfor-

mations symmetrise the adjacency matrix, they use expensive matrix multiplications,

which time-computationally cost O (nω) where ω = 2.3737 [14].

This thesis focuses on a new matrix representation proposed by Cucuringu et al.,

which uses a complex-valued Hermitian matrix representation of digraphs for spectral

clustering [15]. The eigenvalues of a Hermitian matrix are real-valued, and thus can be

used to sort the eigenvectors in spectral clustering. However, since each eigenvector is

in Cn ∼= R2×n, instead of using k real-valued eigenvectors to partition the graph into k

clusters, one can use k/2 complex-valued eigenvectors, since that keeps the rank equal

to k. If k is odd, [15] recommend taking the floor of k/2 (e.g for k = 3 use f1 ∈ Cn).

All methods (MᵀM, MMᵀ, MᵀM + MMᵀ and Hermitian A method) encode

different properties of the graph. However, we will leave the discussion of these dif-

ferences to the end of Chapter 4. This allows us to place the discussion in the context

of experimental results, and makes the comparison more clear.

Theoretical Guarantees of Spectral Clustering on Undirected Graphs Before

theoretically analysing the Hermitian Laplacian method proposed by [15] for spectral

clustering of digraphs, we first review some existing theoretical results for undirected

graphs. This is because our analysis will aim to generalise some of these result to
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digraphs.

Although undirected graph clustering procedures have seen widespread use over

the past few decades, it is only recently that the relationship between the eigenvalues

of the graph Laplacian, and the k-way expansion coefficient ρ(k) has been established

[34, 35, 46], where informally ρ(k) is a measure for the optimal clustering result. In

particular, Lee et al. [34] proved the higher-order Cheeger inequality, which upper and

lower bounds ρ(k) using λk(LG). This means that the optimal clustering is low if and

only if λk is small. Furthermore, a large gap between ρ(k) and λk+1 guarantees the

existence of a k-way partition which has a better clustering result than a (k + 1)-way

partition. This result leads to the use of the stronger assumption that a gap between λk

and λk+1 ensures a good k-way clustering [61]. This assumption is well-grounded in

experimental work. The number of clusters in a graph has been shown to be estimated

well by large differences between adjacent eigenvalues [22, 57]. In spectral clustering,

this gap assumption between λk and λk+1 is typically used by setting k to the first

index at which a large enough eigengap occurs.

To analyse the performance of spectral algorithms, random graphs are used to show

performance guarantees. Randomly generated graphs exhibit the nice property that

the ground-truth clustering is known, from which the number of correctly classified

vertices can be deduced. An example of such a random graph model is the Stochastic

Block Model [1]. SBMs generate graphs with k clusters, with parameters p and q. The

parameter p determines the probability that there is an edge between to vertices within

clusters. The parameter q determines the probability that there is an edge between

vertices from different clusters. It is known that spectral clustering algorithms give

correct clustering results for ranges of values p and q [40, 49, 58]. Although SBMs

are useful for theoretical analyses, they do not always adequately capture all graph

structures.

Peng et al. [46] study the performance of spectral clustering on graphs that are not

captured by SBMS by making a slightly weaker gap assumption. They assume a large

gap between ρ(k) and λk+1. They show that given a large enough gap, the partition

produced by spectral clustering is a good approximation of the optimal partitioning of

the graph. Their gap assumption is a structural one, and does not depend on edges

being chosen independently, like in the SBM. Thus, they give a stronger result that

captures a larger general family of graphs with a multi-cluster structure.

The proposed Hermitian adjacency method for digraph spectral clustering by Cu-

curingu et al. [15] provides an analysis of the algorithm performance based on a gen-
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eralisation of SBMs to Directed Stochastic Block Models (DSBM), where there are

extra parameters that determine edge orientations between and within clusters. They

provide an untight upper bound for the number of misclassified vertices in a DSBM

with three clusters, and a cyclic orientation of the edge imbalance structure.

This thesis analyses the Hermitian adjacency method with a structural assumption,

as was done in [46] for undirected graphs, rather than an input model for random graphs

(DSBM). We show for k = 3 clusters with a cyclic orientation of the edge imbalance

structure, that the output generated by a spectral clustering algorithm is close to the

optimal clustering. Moreover, [46] assumes that each cluster has the same number of

vertices, while our result generalises to clusters of different sizes. This thesis provides

the first rigorous structural analysis of spectral clustering on Hermitian Laplacians of

its kind.



Chapter 3

Algorithms

This chapter is organised organised as follows: in Section 3.1 we present our Structure

Theorem for digraphs. This theorem is essential for analysing why spectral clustering

performs well, and forms the basis in the design and analysis of our sparsification

algorithm. In Section 3.2 we show that spectral clustering using Hermitian Laplacians

performs well by proving several properties about the spectral embedding of “well-

clustered” digraphs. In Section 3.3 we present a distributed algorithm for sparsifying

digraphs that maintains the overall cluster structure of a digraph. In Section 3.4 we

further discuss the gap between λ1 and λ2, and some limitations to our results.

Throughout the analysis of the algorithm we assume that the digraph being clus-

tered has k = 3 clusters and we embed the vertices to points in R2 based on the bottom

eigenvector of the Hermitian Laplacian matrix according to (2.2). We refer to the three

clusters as S, T, R or S1,S2,S3, respectively. We note that partitioning a digraph into

three clusters such that the net flow NF(S, T) = w(S, T)−w(T,S) between the three

clustered is maximised is NP-hard, and computing such quantity within a constant

factor is NP-hard as well [23].

3.1 Structure Theorem

This section presents the main structural result of this thesis, which will be used in all

subsequent analyses. We first give an informal discussion on our structure theorem.

We introduce a parameter ξ which measures how well the graph is clustered. Given

the first eigenvector f1 ∈Cn of L, and a suitably defined indicator vector hG ∈Cn that

encodes a cluster-structure of a graph, we show that f1 and hG are closely related if

the gap ξ is large, i.e., the cluster structure of the graph is encoded well by the first

10
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eigenvector. This suggests we can use the first eigenvector f1 for k-means clustering,

which we will show in the next section.

Before stating and proving the theorem of this section, we define quantities that

allow us to study the relationship between the net flow NF between three clusters S, T

and R, and the eigenvectors of the digraphs normalised Laplacian matrix, for the case

that there are k = 3 clusters. We define an indicator vector χG(u) by

χG(u),


ω if u ∈ S

ω3 if u ∈ T

ω2 if u ∈ R,

where ω is the third root of unity. We further define the normalised indicator vector of

χG as hG, i.e.,

hG ,
D1/2χG∥∥D1/2

∥∥ . (3.1)

To prove the structure theorem, we make use of the following key lemma, which relates

the first eigenvalue λ1 of the normalised Laplacian LG to the NF between S, T and R.

This proof is a new contribution by this thesis, and can be found in Appendix A.1.

Lemma 3.1. Given a weighted digraph G = (V, E,w) with normalised Hermitian

Laplacian LG ∈ Cn×n and three non-empty disjoint clusters S, T, R⊂ V, it holds that

λ1 6R(hG) = 1−
√

3 ·CF(G)

vol(V)
,

where the cyclic flow CF(G) is defined by

CF(G), NF(S, T) + NF(T, R) + NF(R,S).

Following this lemma, we apply the techinque similar to Peng et al. [46] and define

the quantity ξ as

ξ = max
Si⊂V

∀i 6=jSi∩Sj=∅
∀i 6=jSi∪Sj 6=V

λ2

1−
√

3·CF(G)
vol(V)

= max
Si⊂V

∀i 6=jSi∩Sj=∅
∀i 6=jSi∪Sj 6=V

λ2

R(hG)
6

λ2

λ1
. (3.2)

It might not be immediately clear that the gap ξ for the directed case (based on the

difference between λ2 and cyclic flow CF) is equivalent to the gap Υ for the undirected

case (based on the difference between λ3 and ρ(4) for k = 3 clusters). Indeed, it is

true that in the undirected case the clustering objective is to minimise the conductance
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ρ(4), while in the directed case the objective is to maximise CF between clusters.

However, because of our key Lemma 3.1, it suffices to minimise the quantity 1 −
(
√

3 · CF(G))/vol(V), which thus makes the gaps ξ and Υ essentially equivalent.

Now we formalise our Structure Theorem as follows:

Theorem 3.2 (The Structure Theorem). Let ξ be defined as in (3.2), and let hG be

defined as in (3.1). Then the following statements hold:

1. There is a coefficient α1 ∈ C: f̃1 = α1 f1, such that
∥∥∥hG − f̃1

∥∥∥2
6 1/ξ.

2. There is a coefficient β1 ∈ C: h̃G = β1hG, such that
∥∥∥ f1 − h̃G

∥∥∥2
6 1/(ξ − 1).

Our theorem states that when ξ is large, we would expect that the span of the first

eigenvector f1 would be similar to that of the indicator vector hG, in the sense that

(i) hG can be expressed using f1, and (ii) f1 can be expressed using hG. We remark

that our assumption that the ratio between λ1 and λ2 is large if they are clustered is

experimentally verified and will be discussed in Section 3.4

For brevity and due to the page limit, we have omitted the proof of the Structure

Theorem to Appendix A.2. We sketch the proof here as follows: We write hG as a

linear combination of the eigenvectors f1, . . . , fn. We can also write the Rayleigh quo-

tient as a sum of weighted eigenvalues, based on the projection of hG. By rearranging

terms, and choosing β1 cleverly, we get the desired statements.

3.2 Analysis of Spectral Clustering

In this section we analyse the performance of spectral clustering on the spectral em-

bedding of the Hermitian Laplacian of a digraph with k = 3 clusters. We start our

analysis by using our Structure Theorem to show that points from the same cluster will

be close to each other in the spectral embedding, but far from points in other clusters.

This allows us to prove that given a suitable lower bound of the gap ξ, k-means clus-

tering on this subspace provides a good approximation of the optimal result. The main

result of this section is summarised as follows:

Theorem 3.3. Let G be a digraph satisfying the condition that ξ = Ω(k), where ξ is

as defined in (3.2), and k = 3. Let F : V[G]→ C be the embedding defined in (2.2).

Let A1, A2, A3 be a 3-way partition by any k-means algorithm running in R2 ∼= C that

achieves an approximation ratio APT, and let S1,S2,S3 be the optimal partitioning.

Then it holds for any 1 6 i 6 3 that vol(Ai4 Si) = O (APT/(ξ − 1)) · vol(Si).
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We note that this theorem is similar to Theorem 1.2 of [46]. Although the overall

structure of our proof is similar, several non-trivial adjustments are made to translate

this proof from the undirected to directed case.

Analysis of spectral embedding First we investigate the spectral embedding of a

digraph G = (V, E,w) with three clusters. If we plot the projection of a digraph with

three clusters onto its first eigenvector, we see that the points are separable (Figure 3.1),

suggesting that k-means clustering will perform well. To prove these facts illustrated

in Figure 3.1, we will show two nice properties of the spectral embedding in particular:

(i) embedded points from the same cluster are concentrated around their center ci ∈C,

and (ii) embedded points from different clusters in G are far away from each other.

These properties ensure that a k-means algorithm will produce a good clustering of the

embedding.

0.002 0.001 0.000 0.001 0.002 0.003 0.004
0.004

0.002

0.000

0.002

0.004 Cluster S
Cluster T
Cluster R

Figure 3.1: Embedding of a cyclic flow digraph G with three clusters S, T, R onto the

f1 of LG, where each cluster contains 100 vertices. The graph structure is illustrated

on the left (taken from [33]), the embedding is illustrated on the right. Each point in

the right illustration is a single vertex. For any edge, the probability that it exists is 0.8,

and hence the digraph is not fully connected. For edges within the same cluster their

orientation is chosen uniformly at random. The probability that there is a directed edge

between vertices from S to T, T to R and R to S is 0.8.

Let us we define points p(1), p(2) and p(3) ∈ C by

p(1) ,
ω√

vol(S)
· β1, p(2) ,

ω3√
vol(T)

· β1, p(3) ,
ω2√

vol(R)
· β1,

where ω is the third root of unity and β1 is the parameter defined in statement 2 of The-

orem 3.2. Even though these three points might not be the optimal centers, they suffice
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for our analysis. The following lemma bounds the distance between the embedded

vertices F(u) to their corresponding points p(i):

Lemma 3.4. It holds that

3

∑
i=1

∑
u∈Si

du

∥∥∥F(u)− p(i)
∥∥∥2

6
1

ξ − 1
.

Proof. We use ω(i) to denote which exponent of the third root of unity is used per

cluster, i.e., ω(1) = ω, ω(2) = ω3 and ω(3) = ω2. Recall that we have by definition

h̃G(u) = β1hG(u) = ω(i) ·

√
du

vol(Si)
β1.

Therefore, we have that

3

∑
i=1

∑
u∈Si

du

∥∥∥F(u)− p(i)
∥∥∥2

=
3

∑
i=1

∑
u∈Si

du

∥∥∥∥∥ 1√
du

f1(u)−
ω(i)√
vol(Si)

β1

∥∥∥∥∥
2

=
3

∑
i=1

∑
u∈Si

∥∥∥∥∥ f1(u)−ω(i) ·

√
du

vol(Si)
β1

∥∥∥∥∥
2

=
3

∑
i=1

∑
u∈Si

∥∥∥ f1(u)− h̃G(u)
∥∥∥2

=
∥∥∥ f1 − h̃G

∥∥∥2
6

1
ξ − 1

,

where the last inequality follows by the second part of Theorem 3.2.

The lemma above shows that, assuming that the value of ξ is large, the distance

between the embedded vertices and their corresponding p(i)s are small. Next, notice

that the norm of each p(i) is∥∥∥p(i)
∥∥∥2

=
1

vol(Si)

∥∥∥ω(i)β1

∥∥∥2
=
‖β1‖2

vol(Si)
, (3.3)

which implies that large clusters are closer to the origin and smaller clusters are further

away from the origin. Finally, we show that the distance between each p(i) is lower

bounded by the inverse square root of the smaller volume of each pair, i.e.,∥∥∥p(i) − p(j)
∥∥∥2

>
1

min
{

vol(Si),vol(Sj)
} (3.4)

We use a geometric argument to justify the inequality. Notice that all the p(i)s are a 2π
3

rotation away from each other in C. This means that the points 0, p(i) and p(j) form
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an obtuse triangle. Let’s denote the distance between p(i) and p(j) as c, the distance

between 0 and p(i) as a, and the distance between 0 and p(j) as b. For the obtuse

triangle, it holds that a2 + b2 < c2. Clearly it also holds that a < c, where we can

assume without loss of generality (wlog) that a > b. Hence we can lower bound the

distance between p(i) and p(j) by the longest distance from the origin of either p(i)

or p(j). We complete the inequality by observing that ‖β1‖2 = 1/(‖α1‖2)> 1, since

‖α1‖2 6 1, where we know that β1 = 1/α1 from the proof of Theorem 3.2.

Approximation guarantees of spectral clustering on digraphs Now we are ready

to show why spectral clustering works on digraphs for k = 3. Following the analysis

in [46], we map every vertex u ∈ V to du points in C using the embedding defined

in (2.2). Using this, we can bound the overlap between clusters that are returned by a

k-means algorithm. First, we define the optimal clustering cost ∆ for k = 3 as

∆ , min
partitionS1,S2,S3

COST(S1,S2,S3),

where we defined COST in (2.3). We can immediately derive an upper bound on ∆.

For technical reasons each point is counted du times, and this gives us that

∆ 6
3

∑
i=1

∑
u∈Si

du

∥∥∥F(u)− p(i)
∥∥∥2

6
1

ξ − 1
, (3.5)

where the last inequality follows by Lemma 3.4. Let APT denote the approximation

ratio of a k-means algorithm that outputs partition A1, A2, A3. From equation (3.5) we

have that COST(A1, A2, A3)6 (APT)/(ξ − 1).

This upper bound on the cost of the optimal clustering is good enough to prove

that the output A1, A2, A3 is close to the optimal clustering S1,S2,S3. More formally,

we show that under a well-chosen permutation σ : {1,2,3} → {1,2,3} the symmetric

difference between Ai and Sσ(i) is small, where we recall that the symmetric difference

between sets X and Y is defined as X4Y , (X \Y)∪ (Y \X). We will prove this by

using the following contradiction: if it is always possible to pick a set Ai with a high

symmetric difference to its corresponding Sσ(i), we show that the value of COST will

be high, which contradicts the upper bound of COST(A1, A2, A3) 6 APT/(ξ − 1).

To prove Theorem 3.3, we first state a technical lemma which will we will prove later

(this lemma is similar to Lemma 4.5 in [46]).

Lemma 3.5. Let A1, A2, A3 be a three way partition of V. Suppose that for every

permutation of the indices σ : {1,2,3} → {1,2,3}, there exists i such that vol(Ai 4
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Sσ(i)) > 2 · ε · vol(Sσ(i)) for ε > 16 · c/(ξ − 1), where c > 1 is a constant, then

COST(A1, A2, A3)> c/(ξ − 1).

Proof of Theorem 3.3. Let A1, A2, A3 be a three way partition that achieves an approx-

imation ratio APT, and we let

ε =
32 ·APT
(ξ − 1)

.

We show that there exists a permutation σ of the indices such that

vol(Ai4 Sσ(i))6 ε · vol(Sσ(i)) 1 6 i 6 3.

Assume by contradiction that for all permutations σ there is an i ∈ {1,2,3} such that

vol(Ai4 Sσ(i)) > ε · vol(Sσ(i)).

This implies by Lemma 3.5 , where we set c = APT that

COST(A1, A2, A3)> APT/(ξ − 1),

which contradicts the upper bound of COST(A1, A2, A3)6 (APT)/(ξ − 1), and thus

we prove the theorem.

Now it remains to prove Lemma 3.5. Suppose by contradiction there is an optimal

cluster Sj which is different from every found cluster A`. Then there must be a cluster

cluster Ai with significant overlap between two different optimal clusters Sj and Sj′ .

However, we showed in the previous paragraph that any two clusters are far away

from each other, i.e., (3.4). This means COST(A1, A2, A3) will be high, leading to a

contradiction. We will use Lemma 4.6 from [46], (omitted to Appendix A.3).

Proof of Lemma 3.5. We consider the case when part 1 of Lemma A.1 holds:

vol(Ai ∩ Si1)> εi min{vol(Si1 ,vol(Si2))}

vol(Ai ∩ Si2)> εi min{vol(Si1 ,vol(Si2))}

for some ε > 0 and ∑i=1 εi > ε. Let ci be the center of Ai. We assume wlog that∥∥∥ci − p(i1)
∥∥∥ > ∥∥∥ci − p(i2)

∥∥∥, which implies
∥∥∥ci − p(i1)

∥∥∥ > ∥∥∥p(i1) − p(i2)
∥∥∥/2. How-

ever, points in Bi = Ai ∩ Si1 are far away from ci, see Figure 3.2 for illustration. By

only looking at the contribution of points in the Bi’s, we can lower bound the value

of COST(A1, A2, A3). Recall from Lemma 3.4 that the sum of squared-distances be-

tween points in Bi and p(i1) is at most 1/(ξ − 1) , while the distance between p(i1)

and p(i2) is large. Hence, we have

COST(A1, A2, A3) =
3

∑
i=1

∑
u∈Ai

du‖F(u)− ci‖2 >
3

∑
i=1

∑
u∈Bi

du‖F(u)− ci‖2.



Chapter 3. Algorithms 17

Ai
Si1 Si2

u
Bi

ci

p(i1) p(i2)

Figure 3.2: The fact that
∥∥∥p(i1) − ci

∥∥∥ > ∥∥∥p(i2) − ci

∥∥∥ can be used to lower bound the

value of COST function by only looking at the contribution of points u ∈ Bi = Si1 ∩ Ai

for all i = 1,2,3. Figure taken from [46].

Recall the inequality a2 + b2 > (a− b)2/2. Applying this inequality, we have that

COST(A1, A2, A3)>
3

∑
i=1

∑
u∈Bi

du


∥∥∥p(i1) − ci

∥∥∥2

2
−
∥∥∥F(u)− p(i1)

∥∥∥2


>

3

∑
i=1

∑
u∈Bi

du

∥∥∥p(i1) − ci

∥∥∥2

2
−

3

∑
i=1

∑
u∈Bi

du

∥∥∥F(u)− p(i1)
∥∥∥2

>
3

∑
i=1

∑
u∈Bi

du

∥∥∥p(i1) − ci

∥∥∥2

2
− 1

ξ − 1
(3.6)

>
3

∑
i=1

∑
u∈Bi

du

∥∥∥p(i1) − p(i2)
∥∥∥2

8
− 1

ξ − 1

>
3

∑
i=1

vol(Bi)

8min
{

vol(Si1),vol(Si2)
} − 1

ξ − 1

>
3

∑
i=1

εi min
{

vol(Si1),vol(Si2)
}

8min
{

vol(Si1),vol(Si2)
} − 1

ξ − 1

>
3

∑
i=1

εi

8
− 1

ξ − 1
>

ε

8
− 1

ξ − 1
>

c
ξ − 1

,

where 3.6 holds because of Theorem 3.2, and the last inequality holds because of the

assumption that ε > 16 · c/(ξ − 1) and c > 1.

Now suppose that the second part of Lemma A.1 holds. We can repeat the proof

from above by setting for any j 6= i, Bj = Ai ∩ Sj, Sj1 = S` and Sj2 = Sj.
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3.3 Distributed Algorithm

Since the runtime of spectral clustering is dominated by the number of edges in the

graph, we propose a distributed sparsification algorithm, where edge sampling is only

based on the inner and outer degree of vertices. In particular, we introduce an algorithm

that satisfies the following theorem:

Theorem 3.6. There exists an algorithm that, given a digraph G = (V, E,w) with

k clusters as input, with probability greater than 0.99, computes a sparsifier H =

(V, F ⊂ E, w̃) with |F| = O((1/λ2) · n logn) edges such that the following holds:

1. For any S, T⊂V satisfying NF(S, T)2 =Ω(w(S, T)), it holds that NFH(S, T) =

Θ(NFG(S, T)).

2. ξH = Ω(ξG),

where ξ is defined in (3.2). Moreover, this algorithm can be implemented in O(1)

rounds in the distributed setting, and the total information exchanged among all ver-

tices is O((1/λ2) · n logn) words.

We discuss the NF(S, T)2 = Ω(w(S, T) assumption here in statement 1 of The-

orem 3.6. The assumption does not hold for clusters where w(S, T) ' w(T,S), and

w(S, T) > 0 and w(T,S) > 0 because then NF(S, T) ' 0. We note, however, that it

is not essential to guarantee the preservation of NF between these clusters, because

we are interested in preserving the maximum net flow between clusters. Hence, we

consider this a weak assumption.

We also note that our algorithm is similar to the distributed sparsification algorithm

proposed by Sun and Zanetti [55] for undirected graphs. Although our algorithm is

similar, our analysis for statement 1 of Theorem 3.6 in particular is novel.

Algorithm Description The algorithm to sparsify digraphs works as follows: Every

vertex u in the graph checks each of its outgoing edges e = (u,v) and incoming edges

e = (v,u), and samples each outgoing edge with probability

pu(v), min
{

w(u,v) · α · logn
λ2 · dout

u
,1
}

,

and each incoming edge with probability

pv(u), min
{

w(v,u) · α · logn
λ2 · din

u
,1
}

.
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for a constant α ∈R>0 which is determined experimentally and where dout
u is the outer

degree of vertex u, and din
v is the inner degree of vertex v. As the algorithm goes

through each vertex, it maintains all the sampled edges in a set F. Once all the edges

have been checked, the algorithm returns a new weighted graph GH = (V, F,wH),

where each sampled edge has a new weight

wH(u,v) =


w(u,v)
pu(v)

if edge e = (u,v) is sampled

0 otherwise.

We note that we can write down the probability pe for any edge e = (u,v) to be

sampled as

pe = pu(v) + pv(u)− pu(v)pv(u).

Algorithm Analysis Now we analyse the algorithm and prove Theorem 3.6. Specifi-

cally, we will prove the following facts: (1) we show that the number of sampled edges

is indeed upperbounded by O((1/λ2) · n logn); (2) we show that the Net Flow NF

between any pair of clusters S and T is preserved as long as NF(S, T) = Ω(w(S, T)).

(3) We prove that the top n − 1 eigenspace of LG is preserved in LH, meaning that

ξH = Ω(ξG). Proving these three properties suffices to show that the algorithm de-

scribed above satisfies the requirements in Theorem 3.6.

Proof of Theorem 3.6. We first analyse the size of F. Since

∑
u∈V

∑
e=(u,v)

w(u,v) · α logn
dout

u · λ2
= O

(
n logn

λ2

)
,

and

∑
u∈V

∑
e=(v,u)

w(v,u) · α logn
din

v · λ2
= O

(
n logn

λ2

)
,

it holds by Markov inequality that the number of edges e = (u,v) and e = (v,u) with

pu(v) > 1 and pv(u) > 1 is O((1/λ2) · n logn). Without loss of generality, we as-

sume that these edges are in F, and in the remaining part of the proof we assume it

holds for any edge e = (u,v) that

w(u,v) · α · logn
dout

u · λ2
< 1, w(v,u) · α · logn

din
u · λ2

< 1.

Then, the expected number of edges in H equals to

∑
e=(u,v)

pe 6 ∑
e=(u,v)

pu(v) + pv(u) =
α · logn

λ2
∑

e=(u,v)

(
w(u,v)

dout
u

+
w(v,u)

din
v

)
= O

(
n logn

λ2

)
,
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and thus by Markov’s inequality we have that with constant probability the number

of sampled edges |F| = O ((1/λ2) · n logn). This implies that the total information

exchanged among all vertices is lowerbounded |F| = O ((1/λ2) · n logn). The O(1)

rounds needed for the algorithm is simply by the algorithm description.

Preserving Net Flow Next we show that the algorithm preserves the net flow NF

between two disjoint sets of vertices S and T in the sparsified graph H up to a constant

factor with high probability. Let S⊂V and T⊂V be two arbitrary non-empty disjoint

subsets of vertices. For any two vertices u and v, such that u ∈ S and v ∈ T, we define

random variable Ye as

Ye =

(wu(v)− wv(u))/pe with probability pe

0 otherwise,

where Ye =
wu(v)

pe
with probability pe if there is an edge e = (u,v), and Ye =−wv(u)

pe
if

there is an edge (v,u). We also define ZST ,∑u∈S,v∈T Ye =NFH(S, T) =wH(S, T)−
wH(T,S) such that

E[ZST] = ∑
u∈S
v∈T

E[Ye] = ∑
u∈S
v∈T

pe ·
(

w(u,v)
pe

− w(v,u)
pe

)
= NF(S, T).

If we look at the second moment, we get

RST = ∑
u∈S
v∈T

E[Y2
e ] = ∑

u∈S
v∈T

pe ·
(

w(u,v)
pe

− w(v,u)
pe

)2

= ∑
u∈S
v∈T

pe ·
(
(w(u,v))2

(pe)2 +
(w(v,u))2

(pe)2 − 2 · w(u,v)w(v,u)
(pe)2

)

= ∑
u∈S
v∈T

pe ·
(
(w(u,v))2

(pe)2 +
(w(v,u))2

(pe)2

)
= ∑

u∈S
v∈T

(w(u,v))2 + (w(v,u))2

pe
,

where the fourth line holds because either one of w(u,v) and w(v,u) is zero, so their

product is always zero. Notice that pe > pu(v) and pe > pv(u). By considering that

the sum consists of two parts, where one part sums over the directed edges from S to
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T, and the other one the directed edges from T to S, we get that

RST = ∑
u∈S
v∈T

(w(u,v))2 + (w(v,u))2

pe
6 ∑

e=(u,v)
u∈S
v∈T

(w(u,v))2

pu(v)
+ ∑

e=(v,u)
u∈S
v∈T

(w(v,u))2

pv(u)

= ∑
e=(u,v)

u∈S
v∈T

(w(u,v))2dout
u

w(u,v) · α · logn
+ ∑

e=(v,u)
u∈S
v∈T

(w(v,u))2din
u

w(v,u) · α · logn

=
1

α · logn

 ∑
e=(u,v)

u∈S
v∈T

w(u,v)dout
u + ∑

e=(v,u)
u∈S
v∈T

w(v,u)din
u


6

∆S

α · logn
(w(S, T) + w(T,S)),

where ∆S is the maximum in or out degree of all the vertices in S. Also notice that for

any edge we get that

0 6

∣∣∣∣w(u,v)− w(v,u)
pe

∣∣∣∣ = ∣∣∣∣ w(u,v)dout
u

w(u,v) · α · logn

∣∣∣∣6 ∆S

α · logn

if there is an edge (u,v), and

0 6

∣∣∣∣w(u,v)− w(v,u)
pe

∣∣∣∣ = ∣∣∣∣ −w(v,u)din
u

w(v,u) · α · logn

∣∣∣∣6 ∆S

α · logn

if there is an edge (v,u). Now we can apply Bernstein’s Inequality (Lemma A.2)

to show that with high probability we preserve the edge differences between sets of

vertices in the sparsified graph. We set the parameters of Bernstein’s inequality such

that M = ∆S/(α · logn), Xi = Ye, X = ZST and R = RST, and t = NF(S, T) and we

get

P

[
|NFH(S, T)−NF(S, T)|> 1

2
NF(S, T)

]
= P

[
|ZST −E[ZST]|>

1
2

E[ZST]

]

62exp

− 1
8 · (NF(S, T))2

∆S
α·logn

(
(w(S, T) + w(T,S)) + 1

6NF(S, T)
)


62exp
(
−α · logn

8∆S
· (NF(S, T))2

w(S, T) + w(T,S) + w(S, T)− w(T,S)

)
=2exp

(
−α · logn

16∆S
· (NF(S, T))2

w(S, T)

)
= o

(
1
n

)
,

where the last equality follows from the assumption that NF(S, T)2 = Ω(w(S, T))

Thus we have shown that NFH(S, T) = Θ(NFG(S, T)). We note that the total flow
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between clusters, w(S, T) + w(T,S), is preserved with high probability in an almost

equivalent proof, but we can guarantee preservation for all cases without any extra

assumption. This means we preserve the normalised cut value as well.

Preserving Top (n− 1) Eigenspace Given a directed graph G = (V, E), we define

the incidence matrix B ∈ Cm×n. The rows of B are indexed by the edges of G, and the

columns of G are indexed by the vertices of G. For any edge e ∈ E, and any vertex

v ∈ V, we let

Be,v ,


1+i√

2
if v is e’s head

1−i√
2

if v is e’s tail

0 otherwise.

(3.7)

We also define a diagonal weight matrix W ∈Rm×m for the edges, where We,e = w(e).

Lemma 3.7. Given a directed graph G = (V, E), where the Laplacian L is constructed

using the Hermitian adjacency matrix, it holds that L = B†WB, where B is defined in

(3.7) and W is the diagonal weight matrix of edges.

We refer to Appendix A.6 for the proof of this lemma.

Observe that showing that ξH = Ω(ξG) is equivalent to showing that the top n− 1

eigenspace of LG is preserved in LH. Using our new Lemma 3.7, we can use a near

identical proof to that of Sun and Zanetti, who prove the preservation of the top (n− k)

eigenspace for undirected graphs using a similar sparsification algorithm [55]. The

difference in our proof compared to theirs is the use of complex eigenvectors instead

of real ones. We omit our proof from the main text. However, for completeness we

have included it in Appendix A.5 This completes the proof of Theorem 3.6.

3.4 Further Discussion

In this section we show experimentally that the normalised Laplacian of a digraph

with k = 3 clusters has a gap between λ1 and λ2. This means that if there is a gap

between λ1 and λ2, there exists a good three-way partition of the digraph which is

encoded by the first eigenvector. We set up the experiment as follows: we generate a

fully connected digraph G = (V, E), with three clusters A, B, C, where |A| = |B| =
|C|= n/3 = 100 and n = 300. Within each cluster, the direction of an edge is chosen

uniformly at random. For edges between A and B, we orient all the edges from A

to B with probability q. For edges between B and C, we orient all the edges from B
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to C with probability q. For edges between C and A, we orient all the edges from C

to A with probability q. This gives us a cyclic graph cluster structure, similar to the

illustration in Figure 3.1. We then compute the bottom 5 eigenvalues for values of q =

0.5,0.6,0.7,0.8,0.9, and 1. These values can be found in Table 3.1. We can observe

in the table that as q tends to 1, the gap between λ1 and λ2 increases significantly,

whereas the gap between the other eigenvalues does not change. This indicates that

the gap between λ1 and λ2 points to the existence of a 3-way cluster structure in the

graph, and therefore provides some experimental evidence on why we can assume a

lower bound on the gap ξ.

λ1 λ2 λ3 λ4 λ5

q = 0.5 0.89 0.89 0.89 0.89 0.89

q = 0.6 0.86 0.89 0.89 0.89 0.89

q = 0.7 0.75 0.89 0.9 0.9 0.9

q = 0.8 0.64 0.9 0.9 0.91 0.91

q = 0.9 0.53 0.91 0.92 0.92 0.92

q = 1 0.42 0.92 0.92 0.92 0.92

Table 3.1: Value of λ1, · · · ,λ5 for the Cyclic digraph 3.1 with k = 3, n = 300,

and each cluster containing 100 vertices. We report the bottom 5 eigenvalues for

0.5,0.6,0.7,0.8,0.9, and 1.



Chapter 4

Experimental Analysis: UN Global
Comtrade

In this chapter we provide the experimental results of spectral clustering on the UN

Comtrade Database [42]. The UN Comtrade database contains the import and export

amounts of 97 commodities between 247 countries and territories. Due to the directed

nature of the data, we consider this dataset as an ideal testbed for analysis of spectral

clustering on digraphs.

This chapter is organised as follows: In Section 4.1 we provide details on data-

collection and what information is contained in the data. In Section 4.2 we introduce

a new objective function to measure the quality of clustering for digraphs, and discuss

why it is a good objective function based on literature of economics and econometrics.

In Section 4.3 we analyse the simplest case of clustering where k = 2 on the interna-

tional trade of wood. In Section 4.4 we look at k > 2, and show that spectral clustering

using the Hermitian adjacency matrix finds meaningful patterns in the international oil

trade network. Section 4.5 contains insights into the effect of a changing value of k

for this dataset. In Section 4.6 we experimentally test our distributed sparsification

algorithm we proposed in Section 3.3.

The hardware that was used to run the experiments was an ASUS ZenBook Pro

UX501VW with an Intel(R) Core(TM) i7-6700HQ CPU @ 2.60GHz with 12GB of

RAM. We would also like to note that we have made YouTube videos [29, 30, 31, 32]

to visualise our many plots. We do plot the most relevant figures in the main text, but

to see all the plots see Appendix B.3.

24
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4.1 UN Comtrade Database

We perform clustering experiments on the UN Comtrade Database [42]. This database

contains the import-export tradeflow data of 97 specific commodities across N = 246

countries and territories over the period 1964 - 2018, where the tradeflow is reported

in the current value of USD$. The database can be obtained from the UN Comtrade

website.

The API provided by the UN gives a lot of flexibility in which type of data can be

selected, as seen in figure 4.1. In header 1, it is possible to specify the product type

to either trade in goods (e.g. oil, wood, appliances) or services (e.g financial services,

construction services). In header 2 the classification code can be selected, which we set

to the Harmonised System (HS). The HS categorises goods according to a 6 number

classification code (e.g. 060240, where the first 2 digits “06” encode “plants”, the

second 2 digits “02” encode “alive”, and the last 2 digits “40” code for “roses”). The

reporting countries and partner countries can be specified here as well, where the

reporting country reports about its own reported tradeflow with partner countries. The

settings we used to download the data for our experiments were Goods on an annual

frequency, the HS code as reported, over the period 1988-2017, with all reporting and

all partner countries, all trade flows and all HS commodity codes. The total size of the

data in zipped files was 99.8GB, where each file contained around 20,000,000 lines of

text.

Figure 4.1: Screenshot of the UN comtrade free download API [42].

Preprocessing Data Now we specify how we construct the adjacency matrix of the

digraph. The database contains the data of reporting countries, who report the import

and export of each of the 97 specific commodities with their respective partner coun-
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tries. So for pairs of countries i and j, where i is the reporting country and j is the

partner country, the database contains the amount that country i imports from coun-

try j for a specific commodity, and also the amount i exports to j. There are several

cases where countries i and j report different trading amounts with each other. Usu-

ally, the larger value is considered more accurate and is therefore used instead of the

average for example [19]. To construct the digraph of the world trade network and its

corresponding adjacency matrix, we fill in each entry of the adjacency matrix Mc for

commodity c as follows: for each pair of countries i and j, we compute dc
ij = ec

ij − ec
ji,

where ec
ij is the amount country i exports to country j for commodity c. If dc

ij > 0, we

set Mc
ij = dc

ij and Mc
ji = 0. If dc

ij < 0 (and thus dc
ji > 0), we set Mji = dc

ji and Mc
ij = 0.

In words, we create a directed edge from i to j if the export of a specific commodity

c from country i to j is greater than the export from j to i, which indicates that there

is a greater net flow of the product from country i to j. We create a separate digraph

for each year from 1988− 2017, and perform spectral clustering experiments on the

graph of each year. In particular, we will use 6 different matrices as input to spectral

clustering that are normalised or unnormalised matrices of the forms we discussed in

Section 2.2. Herm will be the Hermitian adjacency matrix A, Herm-RW will be the

random walk normalised version of Herm. DISG-L and DISG-R respectively use the

top eigenvalues and eigenvectors of the adjacency matrices MᵀM and MMᵀ. BI-SYM

will use the adjacency matrix MᵀM + MMᵀ, and DD-SYM a normalised version of

BI-SYM. From now on throughout the rest of the thesis we will refer to these matrices

with these names.

All the programming and implementation was done in Python 2.7 [47], where we

use the NumPy and Pandas libraries [39, 44] to do the data loading, processing and

linear algebraic computations. To make the plots of the clusters and to perform spectral

clustering, we use Matplotlib, GeoPandas and sci-kit learn. To implement spectral

clustering, we build code on top off an existing repository [41]. To see the full code

implementation of the experiments the code attached to the thesis submission.

4.2 Objective Functions

When graph clustering is performed on undirected graphs, the objective is to find sets

of vertices that are more closely connected to each other than to vertices outside the

set, and therefore the conductance or the normalised cut value are used as an objective

function [34, 52]. The conductance between two disjoint sets of vertices in a cluster is
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the ratio of edges crossing the two sets to the minimum of the volumes of the cluster.

It is the standard metric to measure the quality of the output of a spectral clustering

algorithm. However, designing an objective function for a digraph is more involved.

We illustrate it with the following example. Suppose we have a fully connected digraph

with a large number (n > 100) of vertices as the one sketched in Figure 3.1, where each

cluster contains approximately n/3 vertices. Edge direction within clusters is selected

uniformly at random. Edge direction between the red, green and blue clusters are

imbalanced. If we symmetrise its adjacency matrix by naively removing directionality

(M′ = MT + M), we obtain the complete undirected graph, and there is no relevant

cluster structure in that graph. However, if we look at the digraph, one could argue

there is some form of cluster structure, due to the imbalances in edges. We can see in

Figure 3.1 that there is a circular direction to the edges that cross the clusters. All this

information is lost if one only considers edge density between clusters.

For this reason we introduce new objective functions to measure the performance

of the different algorithms. Since we are working with a trading dataset, we specify

our objective functions for trade. The first metric we define is the Trade Flow (TF)

between two clusters, which is simply the absolute value of the Net Flow (NF) from

our previous chapter. For any two disjoint sets X and Y, we define the Trade Flow

between X and Y to be

TF(X,Y), |w(X,Y)− w(Y, X)|, (4.1)

where w(X,Y) = ∑x∈X,y∈Y w(x,y). The trade flow of different commodities is an

important metric in economics and econometrics. Since the 1940s, economists have

considered international trade as an interconnected directed network [26]. In fact,

there exists a whole field aimed at modelling the trade flow of different commodities

using gravity models [9, 38]. These gravity models predict trade flows between coun-

tries based on metrics such as their proximity, shared colonial past, and the countries’

economic/political characteristics. This emphasises that trade flow is an important re-

lational metric for countries in a trading network, with many underlying causes that

guide trading patterns. Trade flow is also used extensively in the network analysis lit-

erature as the edge weights in world trade networks to encode the trade relationship

between countries. Sometimes the edge weights are normalised based on country pop-

ulations, GDPs, or total trade [18, 20, 21]. Because of these facts, we decide to use

TF as an objective function that measures important relationships between countries

or clusters of countries. We do make adjustments to the TF metric. We experimen-
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tally observed that the TF between two clusters will be high if two clusters are both

very large. This is likely because some countries export and some countries import

significantly more than other countries. Having two large clusters with all importing

and all exporting countries maximizes the TF in a trivial way. We therefore define the

normalised trade flow as

TFnorm(X,Y),
|w(X,Y)− w(Y, X)|

|X|+ |Y| .

By dividing the TF by the total number of countries in both clusters, we decrease the

value of TF if there are many countries. Hence we penalise results that consist of large

clusters and do not provide meaningful information. The other way of normalising for

the trade would be to take the ratio of TF with respect to the total trade between two

countries. In this manner we introduce the Trade Imbalance ratio (TI) [15] between

two disjoint sets of vertices X and Y as:

TI(X,Y),
1
2

∣∣∣∣∣w(X,Y)− w(Y, X)

w(X,Y) + w(Y, X)

∣∣∣∣∣.
Notice that if two sets of vertices have edges crossing between them that are completely

imbalanced, then TI = 0.5, and if they are perfectly balanced then TI = 0. In the case

of TI, it can occur that an algorithm might find two clusters, one consisting of the

country i and one consisting of the country j. If country i exports some commodity c

to country j, and country j doesn’t export anything to country i, then TI= 0.5. Although

the objective function is maximised, the information gained from these two clusters is

not meaningful. To avoid TI scores that are high but consist of clusters X and Y that

are small, we also introduce

TIsize(X,Y), TI(X,Y) ·min{|X|, |Y|} .

By normalising by the size smallest cluster, we penalise cluster pairs where one cluster

consists of very few countries.

Throughout the experiments in the next sections, we compute the TFnorm and TIsize

for every pair of clusters that are found by our algorithms. We sort these pairs based

on their TFnorm and TIsize scores. The highest pair in that ordering is called the top-1

pair, and the kth element is called the top-k pair. For ease of discussion, we consider

the top-1 pair to be the most important pair in the network, since these two clusters

trade most with each other with respect to the cluster size.



Chapter 4. Experimental Analysis: UN Global Comtrade 29

4.3 Case study for k = 2: Wood Trade Network

To start the experimental analysis we first show results on the simplest case of cluster-

ing, where k = 2. We compare the performance of the different algorithms on cluster-

ing the world trade graph for wood (HS classification code 44) on k = 2 clusters. In

the undirected case, computing the optimal conductance of a graph when clustering a

graph into 2 clusters is NP-Hard [53], and the best approximation algorithm can give

a O
(√

logn
)

approximation [7]. Assuming that the small set conjecture is true, it is

also known that a constant-factor approximation algorithm does not exist for finding

the sparsest cut in an undirected graph [48]. In the directed case, however, there ex-

ists a polynomial time algorithm that finds the optimal solution which maximises the

Trade Flow TF between two disjoint sets. The algorithm is very simple. It first com-

putes the net flow through each vertex by computing the difference between incoming

and outgoing edge weights. The algorithm then returns a partition of two disjoint sets

of vertices, where one partition contains all the vertices with negative flow, and the

other all the vertices with positive flow. These two clusters are the two clusters that

have the maximum TF between them. The time complexity of the algorithm is O (m),

since for each vertex u, we compute the difference between its in and outgoing edge

weights, which computationally costs O (du), where du is the total degree of vertex u.

The total computational time cost is O (∑u∈V ·du) = O (2m) = O (m). We therefore

have a linear time algorithm in the case of k = 2 to compute the max flow between two

sets.

The proof that this algorithm indeed outputs the clustering with maximum flow is

straightforward. To sketch the proof, notice that for any two way partitioning, one can

always increase the flow between the two partitions by either removing vertices with

positive trade flow from the cluster that has negative trade flow, or adding vertices with

negative trade flow. In this way, one can show that to construct the partitioning with

maximum trade flow one cluster must contain all the vertices with negative net flow

and the other with positive net flow. We refer to Appendix B.1 in the appendix for a

formal proof.

Now we can very efficiently compute the optimal clustering using the algorithm

described for the case k = 2, and thus we can compare the true performance of the dif-

ferent spectral techniques. We run the spectral clustering algorithm using the different

adjacency matrices, and see how close they come to the optimum. We do this to show

which spectral algorithm performs best when k = 2, and from there we generalise to
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say that this might also be the case for k > 2, where we cannot efficiently compute the

optimum solution.

Trade Flow (TF) = 5.52E+10

Optimal Result
destination

source

Trade Flow (TF) = 1.05E+10

DISG_L

Trade Flow (TF) = 5.19E+10

DD_SYM

Trade Flow (TF) = 5.47E+10

Herm_RW

Figure 4.2: Comparison of 4 different clustering results on the world wood trade net-

work of 2005. The simple max flow algorithm (top left). Matrices used for spectral

clustering are the DISG-L matrix (top right), the DD-SYM matrix (bottom left) and

the Herm-RW matrix (bottom right). Red cluster is destination cluster (more ingoing

weight), and grey cluster is source cluster (more outgoing weight). Trade flow between

two clusters reported in bottom left of subfigures.

In Figure 4.2 we plot the clustering for k = 2 results on the world wood trade

network in 2005. Red countries belong to the cluster that import more wood than

it exports, and grey countries belong to the cluster that export more wood than they

import. We excluded three matrices, DISG-R, BI-SYM and Herm. This is because

these matrices perform worst, and to save space we only plot DISG-L, Herm-RW and

DD-SYM Herm. We included the full results in the appendices (Appendix B.2). In this

figure we can see that the Herm-RW algorithm obtains a TF of 5,4705 · 1010 between

both clusters that is very close to the optimum (5,5186 · 1010). From the plots we can

also visually see that the clusters between the optimal result (top left) is nearly identical

to the Herm-RW method (bottom right). All other matrices obtain a lower score. We

remark that all these tested spectral algorithms have similar relative performance in

other years, and our algorithm beats the other algorithms in 23 out of 30 years. This
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result indicates that the Herm-RW algorithm achieves an almost optimal solution for

the case when k = 2. Next, we compare performance of the algorithms when k > 2.

Note that for k > 2 the problem becomes NP-hard [23].

4.4 Oil World Trade Network (k > 2)

Instead of analysing wood trade, we shift our trade network to the one of mineral fuels.

We construct a digraph of the International Oil Trade Network (IOTN) using data from

the UN Comtrade Database, where we use the HS code 27. The IOTN is an essential

element of the world economy, which is highlighted by the fact that the highest traded

commodity trade in 2017 was crude oil [8]. The international trade dynamics of oil

are complex, due to changing energy demand by countries, excessive availability in

some countries, and lack of oil in other countries. This makes oil trade an important

factor in geopolitics (e.g., 2003 Iraq War). Research into the international oil trade

network has therefore become an important topic in both policy making and academic

research [10, 16, 17]. Usually, the international trade of mineral fuels is studied by the

fields international trade theory and econometrics, where the emphasis is usually on

price fluctuations [3, 5], market behaviour & risk analysis, [28] and policy making [4].

While these studies provide complex in-depth analyses, they often focus on a small

subset of countries that are key players in the international oil trade community, rather

than on larger patterns or trends.

Recent work in network analysis has looked at the IOTN from a broader perspective

by considering the evolution of cluster dynamics over time, and the trading hierarchy

between countries. These complex network analyses have given more insight into

the dynamic and topological structure of the IOTN [6, 60]. However, to the best of our

knowledge there has been no work on the world trade network in the spectral clustering

community. We therefore performed spectral clustering experiments on the IOTN, to

see what type of patterns the different spectral clustering algorithms uncover.

First, we perform experiments on the IOTN of 2017, where we compute the TFnorm

and TIsize for each pair of clusters that we obtain from the spectral clustering algorithm

using the 6 different input matrices . We then plot the top 10 pairs for both TFnorm and

TIsize for all the algorithms and for varying values of k, where we set k = 5, k = 10,

and k = 20 (Figure 4.3).
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Figure 4.3: Top 10 pairs for TIsize and TFnorm for the six different input matrices for

spectral clustering. Results plotted where k = 5,10 and 20 . Results averaged over 100

runs. The Herm-RW method performs best in all cases, with occasional exception of

the top-1 pair. This indicates that the Herm-RW method finds more balanced clusters.

From the results we can see that except for the top-1 pair, the Herm-RW method

performs best in almost all the plots over the other top pairs. If we look at the top-1

pairs, we see that the DD-SYM or DISG-L occasionally perform better than Herm-RW.

This is likely due to having a top pair that consists of two large clusters of countries,

since the top-2 and top-3 pair drop drastically for those two matrices. This signifies

that the Herm-RW method finds more balanced top pairs of clusters, which is also an

observation found by [15] on other datasets.

Cluster Visualisations In the next section we show that our Herm-RW method not

only performs best on the objective functions as seen in Figure 4.3, but that the cluster

visualisations also show that the Herm-RW method can extract meaningful patterns

that correspond to literature in economics and network analysis. We visualise the pairs

over the period 2001-2003, which corresponds to the Venezuelan oil strike and the

second Persian Gulf war, and over the period 2007-2009, which corresponds to the

economic collapse of 2008.
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Top-1

2001

3.04E+09
6.49

2002

2.61E+09
8.05

2003

3.10E+09
7.67

Top-2
2.41E+09
7.77

2.50E+09
6.50

3.01E+09
7.50

Top-3
2.40E+09
4.99

2.35E+09
6.00

2.13E+09
4.97

Figure 4.4: Top 3 clusters for the results of performing spectral clustering using Herm-

RW method on the IOTN in 2001, 2002 and 2003. Top pairs are sorted on TFnorm

score. The first, second and third row correspond to the top-1, top-2, and top-3 pair

respectively. Column 1, 2, and 3 correspond to the years 2001, 2002, and 2003 respec-

tively. Grey clusters are the source clusters with more outgoing trade flow, red clusters

are destination clusters with more incoming trade flow. Bottom left of each plot reports

the TFnorm (above) and TIsize (below) scores

Venezuelan oil strike and Iraq war The year 2003 was a turbulent one in the oil

industry. The two main oil-related events that year were the Venezuelan oil strike,

and the second Persian Gulf war. Both these events led to the decrease in oil barrel

production by 5.4 million of barrels per day [25]. Although compared to other events

in the 21st century this year did not have as much of an effect on global oil supply, it has

been argued that this year does belong to the post-war oil shocks [27]. Since this was

such a tumultuous year, we decide to observe the top pairs of clusters throughout this

period, to see if there are any notable changes in oil trading communities as was found

by [6, 60]. In Figure 4.4 we can see that our Herm-RW method uncovers a change in the

cluster dynamics over the period 2001-2003. After 2001, the top-1 cluster containing

the USA, Iraq and Venezuela, moves down to the top-2 cluster in 2002. On the other

hand, the top-2 pair from 2001 moves up one place into 2002. The top-3 pair doesn’t

change from 2001 to 2003. From 2002 to 2003 we do not see much of a change in the

top 2 pairs. This change in top 3 cluster ordering from 2001 to 2003 suggests that our

Herm-RW method uncovers a pattern in an unsupervised manner that is in accordance

with the economic literature on world oil trade.
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Top-1
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2008
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5.11E+09
6.98

Figure 4.5: Top 3 clusters for the results of performing spectral clustering using Herm-

RW method on the IOTN in 2007, 2008 and 2009. Top pairs are sorted on TFnorm

score. The first, second and third row correspond to the top-1, top-2, and top-3 pair

respectively. Column 1, 2, and 3 correspond to the years 2007, 2008, and 2009 respec-

tively. Grey clusters are the source clusters with more outgoing trade flow, red clusters

are destination clusters with more incoming trade flow. Bottom left of each plot reports

the TFnorm (above) and TIsize (below) scores

Figure 4.6: Price of crude oil per barrel

(USD$) from 2001-2017 [2]

Oil Spike of 2008 In 2007/2008 the

world economy experienced the largest

post World War II oil shock [24]. In

Figure 4.6 we can see a dramatic shift

in the price of oil per barrel after 2008,

which was accompanied by the last big

economic collapse. In the economics lit-

erature, it is agreed that the main reason

for this sharp price spike in 2008 has to

do with an increasing demand for crude oil due to rapidly growing developing coun-

tries (i.e. China and India), while supply stagnated over the period 2004-2008 [25]. As

other literature in network analysis observed a change in cluster stability during this

period [6, 60], we decide to observe the top 3 pairs of clusters around this period. In

Figure 4.5 we see that the top-1 pair from 2007 moves down one place each consecu-

tive year, indicating a drastic change in trading hierarchy. The top-2 pair moves down

one place and then back up throughout the three years. In 2009 we see a new top-1
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pair appear containing the emerging economies India and China as the main destination

countries, indicating a significant increase in oil trade for this pair.

Our method again seems to find a change in trading hierarchy which is in accor-

dance with literature from economics and network analysis as mentioned before. In

2009 we see that China and India belong to the destination cluster in the top-1 pair,

whereas they did not appear before 2009. This could be due to the rapid increase in oil

demand for these countries. The top-2 pair in 2009 contains Russia as the main source

cluster, and Europe as the main destination cluster, which might indicate a higher re-

liance of Europe on Russian mineral fuels.

Other Adjacency Matrices We have plotted the results for the other matrices in the

appendices (Appendix B.3). We decide to only plot the Herm-RW method, since the

other methods did not exhibit any significant pattern changes over these period, or the

top pair of countries contain too many or too few countries. The patterns found by

the DD-SYM method do show some similarities with the Herm-RW method. In the

DD-SYM method the pairs of clusters are usually larger, and contain countries from all

over the world, while the Herm-RW method usually contains more localised clusters.

4.5 Insights into the Value of k

When performing spectral clustering on undirected graphs, a good method to choose k

is to look at the eigenvalues of the Laplacian matrix and find the first large gap in the

spectrum λ1, . . . ,λn, and set k to the value where that gap occurs. We have discussed

this in more depth in Section 2.3. However, since in directed graphs conductance is not

necessarily used to measure the quality of clustering, it is not clear how to choose the

right value of k. In this section we provide some insight into the value of k when per-

forming clustering on the UN Comtrade database, and what changes when increasing

the size of k. Throughout performing experiments, we noticed that when k > 15, the

Herm-RW method finds more geographically localised top pairs, whereas other meth-

ods tend to find clusters which are more spread geographically. In Figure 4.7 we plot

the top-1 pair for wood trade (HS 44) in 2015 with k = 5, k = 10 and k = 20 for the

Herm-RW method and DD-SYM method. We see that as k increases, the top pair for

the Herm-RW pair becomes more geographically concentrated around the Americas,

whereas for the DD-SYM method the top pair keeps a global structure.

An explanation for this might lie in what the different adjacency matrices represent.



Chapter 4. Experimental Analysis: UN Global Comtrade 36

Herm-

RW

k = 5 k = 10 k = 20

DD-
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Figure 4.7: Plots of the top-1 pairs sorted by TFnorm for the Herm-RW and DD-SYM

method, for k = 5,10 and 20. As k increases, we see that the Herm-RW method finds

a pair of clusters geographically focused on the Americas. The DD-SYM method

maintains a top pair with global structure.

We let M be the standard adjacency matrix, as defined in Section 2.1. Now we can take

a look at an arbitrary entry of these matrices indexed by u,v whose closed form can be

written as follows.

(MT M)uv = |{w : (w,u) and (w,v)}|

(MMT)uv = |{w : (u,w) and (v,w)}|

(MMT + MT M)uv = |{w : (u,w) and (v,w)}|+ |{w : (w,u) and (w,v)}|.

We can see that MT M keeps track of the number of common parents of vertices, MMT

keeps track of the common children of vertices, and MMT + MT M keeps track of

both. Let A be the Hermitian adjacency matrix as defined in (2.1). If we consider the

matrix A2 (which has the same eigenvectors as A and is simpler to investigate) we can

write each individual entry of the matrix A2 as

A2
uv =|{w : ((w,u) and (w,v)) or ((u,w) and (v,w))}|−

|{w : ((u,w) and (w,v)) or ((w,u) and (v,w))}|.

So A keeps track of common children and common parents, but penalises vertices that

are a parent to u and a child of v. It is important to note that the matrix A implic-

itly keeps track of a similar metric as the matrix MMT + MT M, without performing

two expensive matrix multiplications. This makes this new representation not only

attractive from a representational aspect, but also a computational one.

The individual entries of A and MT M + MMT implicitly keep track of common

offspring and children, with the difference being that the Hermitian adjacency matrix
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penalises the value if there are vertices in the flow path between u and v. If we consider

the UN Comtrade database, this means that the Hermitian adjacency matrix penalises

the number of countries w, where u has a net export to w, and w has a net export to v (or

vice versa). Two countries (u and v) that are geographically distant might have indirect

trade through big economies like the USA or China, since both those countries export

and import a lot. This type of trading relation is penalised by the Herm-RW method.

On the other hand, countries that are close to each other are more likely to trade directly

with each other, a fact that is also used in gravity trading models to predict total trade

between pairs of countries [38, 9]. Hence, in the MT M + MMT method countries

u and v that are distant but trade indirectly with each other through other economies

will lie closer to each other in the matrix space than in the Hermitian A matrix space.

Informally, this fact might provide an explantion for why the Herm-RW method finds

geographically closer top pairs. So depending on what type of clustering is desired, k

can be increased to give more locally relevant structure, or decreased to give a more

global structure.

4.6 Distributed Sparsification

Herm-

RW

k = 2

8.45E+11
27.93

k = 5

6.72E+11
20.87

k = 10

2.37E+11
8.31

Herm-

RW

Sparse
8.41E+11
40.29

8.21E+11
24.15

2.37E+11
8.40

Figure 4.8: Comparison of the non-sparsified (top row) and sparsified (bottom row)

clustering results for k = 2,5 and 10. For the k = 2 sparsifier we sample 8.9% of

edges, for k = 5 we sample 7.1% and for k = 10 we sample 15%. Bottom left of each

plot reports the TFnorm (above) and TIsize (below) scores.

In this section we experimentally test the distributed sparsification algorithm that

we proposed in Section 3.3. We perform spectral clustering experiments on the IOTN

of 2005. There are two matrices that we use as input for the spectral clustering algo-
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rithm. One is the Herm-RW method on the unsparsified graph, and the other is the

Herm-RW method on the sparsified the graph using the proposed algorithm. We com-

pare the top-1 cluster for both methods for clustering results where we set k = 2, k = 5

and k = 10. Our results can be found in Figure 4.8.

Visually inspecting the clusters it indeed seems that the top-1 pair is preserved.

Furthermore, we can see that the TFnorm and TIsize scores are preserved with high ac-

curacy in the sparsified graphs. These results indicate that we still preserve the cluster

structure and the NF cuts, even though we sample only 10 ∼ 15% of the edges in

the digraps. This is particularly remarkable since we only have 220 and vertices and

24,089 edges in the oil trade network of 2005. We do observe that more edges need to

be sampled

We also compare the runtime of spectral clustering between the non-sparsified and

the sparsified graph. We perform digraph spectral clustering where we set k = 20,

sample 5% of the edges, and we average the runtime over 50 runs. On average for

the non-sparsified method each iteration of spectral clustering takes 0.704 seconds for

the unsparsified method, and 0.668 for the sparsified method. This is not a significant

difference, but might be attributed to a number of reasons. To compute the eigenvalues

and eigenvectors we use the NumPy library, and to perform k-means clustering we use

scikit-learn library [44, 45] . It might be the case that these packages do not achieve

massive increases in performance for matrices which are only 220× 220 dimensional.

This is highlighted that the experiments only take around 0.6∼ 0.7 seconds to run. In

theory, the runtime of our method should perform better once m is increased, and the

number of sparsified edges is much lower. It is known that the matrix multiplication

Bx, where matrix B ∈ Rm×n, and vector x ∈ Rn takes O (n + nnz(B)), where nnz

denotes the number of non zero entries. If the eigenvectors and eigenvalues are com-

puted using the power method, it should be the case that the runtime of a sparser graph

is indeed faster.

We remark that in the paper which proposes the same algorithm for undirected

graphs by Sun and Zanetti [55], they manage to achieve high classification accuracies

while only sampling 0.1 ∼ 1% of edges. They are able to do this because the graphs

they perform clustering on graphs with thousands of vertices and millions of edges,

which thus contain relatively more redundancy.



Chapter 5

Concluding Remarks

In this thesis, we have studied a new method of spectral clustering of digraphs using

Hermitian Laplacians, proposed by Cucuringu et al. [15]. The work that has been

done can be split into two parallel components: a theoretical component where we

analyse the theoretical guarantees of the new method, and an experimental component

where we investigate what kind of patterns the new method can extract from the UN

Comtrade Database.

Theory We generalise theoretical results for spectral clustering on undirected graphs

to digraphs. We introduce a Structure Theorem, which relates the first eigenvector of

the normalised Hermitian Laplacian of a digraph to the cyclic flow between k = 3

clusters. Using this Structure Theorem, we are able to prove that spectral clustering

using Hermitian Laplacians will return a partitioning that is close to the optimal result.

An immediate avenue for future work would be to try and generalise the theoretical

results of this thesis to any value of k. However, this is not trivial, since the number of

pairs of clusters increases exponentially, meaning that it is not evident how to define

indicator vectors that capture the cluster structure of the entire graph. Furthermore,

even though the gap assumption holds for k = 3, it is not as clear that the gap assump-

tion can be generalised to higher values of k. Another topic for future theoretical work

would be to analyse the differences of the guarantees provided by the Structure Theo-

rem and Directed Stochastic Block Models (DSBM). In the case of undirected graphs,

it is possible to cluster SBMs using spectral clustering, even though they do not satisfy

the gap property of the Structure Theorem [59]. This is because SBMs contain strong

regularities, which can be exploited by spectral clustering. Seeing if this translates to

the directed case remains an open question, and a particularly interesting one since
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there are more patterns in the DSBM to exploit.

We further develop an algorithm that sparsifies digraphs in a distributed manner by

only sampling edges based on vertex degrees, and we prove theoretically and show ex-

perimentally that this sampling technique preserves the cluster structure of a digraph.

In theory, the algorithm should run faster, however, due to the small size of the UN

Comtrade Database graphs, experiments cannot confirm that. Future work should run

the sparsification algorithm on larger digraphs to thoroughly test whether spectral clus-

tering runs faster on sparsified digraphs using our algorithm.

Experiments To ground our theory in the real world, we perform experiments on

the UN Comtrade database, which has never been analysed in the clustering literature

before. We define new objective functions, TFnorm and TIsize, to measure the quality

of clustering results, since objective functions based on edge densities between clus-

ters ignore patterns in the digraph that relate to its directional nature. We show that

the Hermitian method outperforms other previously proposed methods on both objec-

tive functions. Still, these objective functions were specifically designed for the UN

Comtrade database. Finding a general objective function that can measure clustering

performance of any digraph is still an open and very important question.

Remarkably, we observe that our Hermitian method can extract higher level pat-

tern changes from the data, such as the effect of the Iraq war on world oil trade, and

the economic collapse in 2008. Future collaborations with researchers in the social

sciences might explore the use of spectral clustering with Hermitian matrices on other

types of data.

In the undirected spectral clustering literature, choosing the value of k is aimed at

minimising the objective function. What we see in experiments is that increasing the

value of k decreases the maximal flow between clusters, but leads to changes in the

properties of clusters. In our case, we found that higher values of k output top pairs

of countries that are more geographically localised. This raises the pertinent question

that perhaps, for clustering digraphs, the value of k is more relevant in influencing

clustering characteristics, rather than in maximising an objective based on a spectral

gap.



Bibliography

[1] Emmanuel Abbe. Community detection and stochastic block models: recent

developments. The Journal of Machine Learning Research, 18(1):6446–6531,

2017.

[2] U.S. Energy Information Administration. Crude oil prices: Brent - europe.

https://fred.stlouisfed.org/series/DCOILBRENTEU, Jun 2019.

[3] Bahram Adrangi, Arjun Chatrath, Kanwalroop Kathy Dhanda, and Kambiz Raf-

fiee. Chaos in oil prices? evidence from futures markets. Energy Economics,

23(4):405–425, 2001.

[4] Hunt Allcott and Nathan Wozny. Gasoline prices, fuel economy, and the energy

paradox. Review of Economics and Statistics, 96(5):779–795, 2014.

[5] Haizhong An, Xiangyun Gao, Wei Fang, Yinghui Ding, and Weiqiong Zhong.

Research on patterns in the fluctuation of the co-movement between crude oil fu-

tures and spot prices: A complex network approach. Applied energy, 136:1067–

1075, 2014.

[6] Haizhong An, Weiqiong Zhong, Yurong Chen, Huajiao Li, and Xiangyun Gao.

Features and evolution of international crude oil trade relationships: A trading-

based network analysis. Energy, 74:254 – 259, 2014.

[7] Sanjeev Arora, Satish Rao, and Umesh Vazirani. Expander flows, geometric

embeddings and graph partitioning. Journal of the ACM (JACM), 56(2):5, 2009.

[8] Futures Industry Association. Total 2017 volume 25.2 billion con-

tracts, down 0.1% from 2016. https://fia.org/articles/

total-2017-volume-252-billion-contracts-down-01-2016, Jan 2018.

Accessed: 2019-08-14.

41



Bibliography 42

[9] Badi H. Baltagi, Peter Egger, and Michael Pfaffermayr. A generalized design for

bilateral trade flow models. Economics Letters, 80(3):391 – 397, 2003.
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[38] László Mátyás. Proper econometric specification of the gravity model. World

Economy, 20(3):363–368, 1997.

[39] Wes McKinney. Data structures for statistical computing in python. In Stéfan
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Appendix A

Omitted Proofs and Additional Details
of Chapter 3

A.1 Omitted Proof Details of Lemma 3.1

In the proof of the structure theorem we use the indicator vector

χG(u) =


ω if u ∈ S

ω3 if u ∈ T

ω2 if u ∈ R.

where ω is the third root of unity. Its corresponding normalised indicator vector is

hG =
D1/2χG∥∥D1/2

∥∥ .

We show that the following inequality holds:

λ1 6R(hG) = 1−
√

3 · CF(G)

vol(V)
,

where the cyclic flow CF(G) = NF(S, T) + NF(T, R) + NF(R,S).

Proof. Recall that for a given complex Hermitian matrix M ∈ Cn×n, and non-zero

vector x ∈ Cn, the Rayleigh quotient R(M, x) is defined as

R(M, x) =
x†Mx

x†x
.

Let LG denote the normalised Hermitian Laplacian representation of a weigthed

digraph G = (V, E,w), and let x ∈ Cn be a non-zero vector. We can write the numer-
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ator of the Rayleigh quotient as

Rnum(M, x) = x†Mx = ∑
u∈V

x†
uxu − i · ∑

(u,v)∈E

w(u,v) · (x†
uxv − x†

vxu)√
dudv

.

We first compute the numerator of the Rayleigh quotient R(LG, hG). For ease of nota-

tion, we refer to χG(u) as xu:

Rnum(LG, hG) = Rnum(L,χG) = ∑
u∈V

du · x†
uxu − ∑

e=(u,v)
i · w(u,v) · (x†

uxv − x†
vxu)

Let us compute the value inside the sum for Rnum(LG, hG) for the 9 different cases of

edge e = (u,v), where the tail u ∈ S, T,or R and where the head v ∈ S, T,or R.

Notice that if u and v belong to the same cluster, we get that the term x†
uxu −

x†
uxu = 0. We now compute the remaining six cases, where we recall that ω =

(ω2)∗ = (−1 + i
√

3)/2, ω2 = ω∗ = (−1− i
√

3)/2, and ω3 = 1:

case (1), u ∈ S and v ∈ T:

i · (x†
uxv − x†

vxu) = i · ((ω∗ · 1)− ((1 ·ω) = i · (ω∗ −ω) = i · −i
√

3 =
√

3.

case (2), u ∈ S and v ∈ R:

i · (x†
uxv − x†

vxu) = i · ((ω∗ ·ω2)− ((ω2)∗ ·ω) = i · (ω−ω∗) = i · i
√

3 = −
√

3.

case (3), u ∈ T and v ∈ S:

i · (x†
uxv − x†

vxu) = i · ((1 ·ω)− (ω∗ · 1) = i · (ω−ω∗) = i · i
√

3 = −
√

3.

case (4), u ∈ T and v ∈ R:

i · (x†
uxv − x†

vxu) = i · ((1 ·ω2)− ((ω2)∗ · 1) = i · (ω∗ −ω) = i · −i
√

3 =
√

3.

case (5), u ∈ R and v ∈ S:

i · (x†
uxv − x†

vxu) = i · ((ω2)∗ ·ω)− (ω∗ ·ω2) = i · (ω∗ −ω) = i · −i
√

3 =
√

3.

case (6), u ∈ R and v ∈ T:

i · (x†
uxv − x†

vxu) = i · ((ω2)∗ · 1)− (1 ·ω2) = i · (ω−ω∗) = i · i
√

3 = −
√

3.



Appendix A. Omitted Proofs and Additional Details of Chapter 3 49

Given this, we can rewrite Rnum(LG, hG) as

Rnum(LG, hG) = ∑
u∈V

du

−
√

3 · ∑
e=(u,v)

u∈S,v∈T

w(u,v) +
√

3 · ∑
e=(u,v)

u∈T,v∈S

w(u,v)

−
√

3 · ∑
e=(u,v)

u∈T,v∈R

w(u,v) +
√

3 · ∑
e=(u,v)

u∈T,v∈R

w(u,v)

−
√

3 · ∑
e=(u,v)

u∈R,v∈S

w(u,v) +
√

3 · ∑
e=(u,v)

u∈R,v∈S

w(u,v)

= vol(V)−
√

3 · (NF(S, T) + NF(T, R) + NF(R,S))

The denominator of the Rayleigh quotient Rdenum(LG, hG) is

Rdenum(LG, hG) = (hG)
†hG = ∑

u∈V
du = vol(V).

Hence, we can now write the full Rayleigh quotient as

R(LG, hG) =
vol(V)−

√
3 · (NF(S, T) + NF(T, R) + NF(R,S))

vol(V)

=1−
√

3 · (NF(S, T) + NF(T, R) + NF(R,S)
vol(V)

=1−
√

3 · CF(G)

vol(V)
.

By the Rayleigh characterisation of eigenvalues we know that

λ1(LG) = min
x∈Cn\{0}

[
x†LGx

x†x

]
6 R(LG, hG),

which concludes the proof.

A.2 Omitted Proof Details of Theorem 3.2

We restate the Structure Theorem Here for convenience:

Theorem (The Structure Theorem). Let ξ be defined as in (3.2), and let hG be defined

as in (3.1). Then the following statements hold:

1. There is a coefficient α1 ∈ C: f̃1 = α1 f1, such that
∥∥∥hG − f̃1

∥∥∥2
6 1/ξ.
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2. There is a coefficient β1 ∈ C: h̃G = β1hG, such that
∥∥∥ f1 − h̃G

∥∥∥2
6 1/(ξ − 1).

Proof of Theorem 3.2. The proof we write here is essentially a simpler version of the

proof done by Peng et al. ([46], Section 3) for their Structure Theorem, since we only

need to consider the case that k = 3. We first prove the first statement. We write hG as

a linear combination of the eigenvectors of LG:

hG = α1 f1 + · · ·+ αn fn,

where αi ∈ C and fi ∈ Cn. Let f̃1 be the projection of hG onto the first eigenvector,

i.e.,

f̃1 = α1 f1.

By the definition of the Rayleigh quotient for Hermitian matrices we have that

R(hG) = (α1 f1 + · · ·+ αn fn)
†LG(α1 f1 + · · ·+ αn fn)

= ‖α1‖2λ1 + · · ·+ ‖αn‖2λn

> ‖α1‖2λ1 + (‖α2‖2 + · · ·+ ‖αn‖2)λ2

> (1− ‖α1‖2)λ2,

where the first inequality holds because λ2 6 λ3 6 · · · 6 λn, and in the second in-

equality we use the fact that (‖α2‖2 + · · ·+ ‖αn‖2) = 1− ‖α1‖2, which holds since

‖hG‖2 = 1. We can see that∥∥∥hG − f̃1

∥∥∥2
= ‖α2‖2 + · · ·+ ‖αn‖2 = 1− ‖α1‖2 6

R(hG)

λ2
6

1
ξ

,

which finishes the proof of the first statement.

Next, we prove the second statement. We assume that λ1 > 0. This assumption is

valid, since this also ensures that the gap ξ 6 λ2
λ1

is well defined. We remark that, while

the smallest eigenvalue of the normalised Laplacian matrix for an undirected graph is

always equal to 0, it is not the case for directed graphs (see Section 3.4 for further

discussion). Assuming λ1 > 0, we have span
{

f̃1

}
= span{ f1}, and hence can write

f1 as a linear combination of f̃1

f1 = β1 f̃1,

where we can easily see that β1 = 1/α1, since f1 = β1 f̃1 = β1α1 f1. We now define

h̃G as

h̃G = β1hG =
1
α1

hG =
1
α1

(α1 f1 + · · ·+ αn fn) = f1 +
1
α1

(α2 f2 + · · ·+ αn fn).
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We get that∥∥∥ f1 − h̃G

∥∥∥2
=

∥∥∥∥α2

α1

∥∥∥∥2

+ · · ·
∥∥∥∥αn

α1

∥∥∥∥2

=
1

‖α1‖2

(
‖α2‖2 · · · ‖αn‖2

)
=

1

‖α1‖2

(
1− ‖α1‖2

)
6

1

‖α1‖2 · ξ
,

where the last inequality follows from the inequality 1− ‖α1‖2 6 1/ξ that we found

in the proof of Part 1 of this theorem. Since ‖ f1‖2 = 1, we can write 1/‖α1‖2 as

‖α1‖2 6 1

0 6 1− ‖α1‖2 6
1
ξ

1− 1
ξ
6 ‖α1‖2

1
1− 1

ξ

>
1

‖α1‖2 .

And finally we get∥∥∥ f1 − h̃G

∥∥∥2
6

1

‖α1‖2 · ξ
6

1(
1− 1

ξ

)
· ξ

=
1

ξ − 1
,

which finishes the proof of the theorem.

A.3 Omitted Proof Details of Lemma 3.5

Lemma A.1. ([46], Lemma 4.6) Suppose that for every permutation π : {1,2,3} →
{1,2,3} there exists an index i such that vol(Ai 4 Sπ(i)) > 2εvol(Sπ(i)). Then at

least one of the following two cases holds:

1. for any index i there are indices i1 6= i2 and εi > 0 such that

vol(Ai ∩ Si1)> vol(Ai ∩ Si2)> εi min
{

vol(Si1),vol(Si2)
}

and ∑3
i=1 εi > ε;

2. there exists indices i,` and ε j > 0 such that for j 6= `,

vol(Ai ∩ S`)> εivol(S`)

vol(Ai ∩ Sj)> εivol(S`)

and ∑3
i=1 εi > ε.
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A.4 Omitted Proof Details of Statement 1 of Theorem 3.6

Lemma A.2 (Bernstein’s Inequality, [12]). Let X1, ...Xn be independent random vari-

ables such that |Xi|6 M for any i ∈ {1, ...,n}. Let X = ∑n
i Xi and let R = ∑n

i E[X2
i ].

Then, it holds that

P [|X−E[X]|> t]6 2exp
(
− t2

2(R + Mt/3)

)
.

A.5 Omitted Proof Details of Statement 2 of Theorem 3.6

We use the following lemma in the analysis:

Lemma A.3 (Matrix Chernoff Bound, [56]). Consider a finite sequence {Xi} of in-

dependent, random, PSD matrices of dimension d that satisfy ‖Xi‖ 6 R. Let µmin ,

λmin (E [∑i Xi ]) and µmax , λmax (E [∑i Xi ]). Then it holds that

P

[
λmin

(
∑

i
Xi

)
6 (1− δ)µmin

]
6 d ·

(
e−δ

(1− δ)1−δ

)µmin/R

for δ ∈ [0,1], and

P

[
λmax

(
∑

i
Xi

)
> (1 + δ)µmax

]
6 d ·

(
eδ

(1 + δ)1+δ

)µmax/R

for δ > 0.

Proof Statement 2 Theorem 3.6. We prove that the top n − 1 eigenspace is approxi-

mately preserved in H. Let LG be the projection of LG on its top n− 1 eigenspaces.

We can write LG as

LG =
n

∑
i=2

λi fi f †
i .

With a slight abuse of notation we call L−1/2
G the square root of the pseudoinverse of

LG, i.e.,

L−1/2
G =

n

∑
i=2

(λi)
−1/2 fi f †

i .

We call I the projection on span{ f2, . . . , fn}, i.e.,

I =
n

∑
i=2

fi f †
i .

We will prove that the top n− 1 eigenspaces of LG are preserved, which implies that

λ2(LG) = Θ(λ2(LH)). To prove this, recall that the probability of any edge e = (u,v)

being sampled in H is

pe = pu(v) + pv(u)− pu(v) · pv(u),
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and it holds that 1
2(pu(v) + pv(u)) 6 pe 6 pu(v) + pv(u). Now for each edge e =

(u,v) of G we define a random matrix Xe ∈ Cn×n by

Xe =

wH(u,v) · L−1/2
G beb†

eL
−1/2
G if e = (u,v) is sampled by the algorithm,

0 otherwise,

where we recall that be = (1
√

2) · ((1− i)χu + (1 + i)χv) as defined in (3.7), where

χu and χv are the indicator vectors for vertices u and v. Notice that

∑
e∈E[G]

Xe = ∑
sampled edges e=(u,v)

wH(u,v) · L−1/2
G beb†

eL
−1/2
G = L−1/2

G L′HL
−1/2
G ,

where it follows from Lemma 3.7 that

L′H = ∑
sampled edges e=(u,v)

wH(u,v) · beb†
e

is essentially the Laplacian matrix of H but is normalised with respect to the degrees

of the vertices in the original graph G, i.e., L′H = D−1
G DH − D−1/2

G AHD−1/2
G . We

will prove that, with high probability, the top n − 1 eigenspaces of L′H and LG are

approximately the same. Later we will show the same holds for LH and L′H, which

implies that λ2(L′H) = Ω(λ2(LG)).

We will use the matrix Chernoff bound for our proof. We start looking at the first

moment of the expression above:

E

[
∑
e∈E

Xe

]
= ∑

e=(u,v)∈E[G]

pe · wH(u,v) · L−1/2
G beb†

eL
−1/2
G

= ∑
e=(u,v)∈E[G]

pe ·
w(u,v)

pe
· L−1/2

G beb†
eL
−1/2
G

= L−1/2
G LGL

−1/2
G = I .

Moreover, for any sampled e = (u,v) ∈ E we have that

‖Xe‖6 wH(u,v) · b†
eL
−1/2
G L−1/2

G be =
w(u,v)

pe
· b†

eL
−1
G be 6

w(u,v)
pe

· 1
λ2
· ‖be‖2

6
2λ2

α · logn ·
(

1
dout

u
+ 1

din
v

) · 1
λ2

(
1

dout
u

+
1

din
v

)
6

2
α logn

,

where the second inequality follows by the min-max theorem of eigenvalues. Now we

apply the matrix Chernoff bound (Lemma A.3) to analyse the eigenvalues of ∑e∈E Xe,

and build a connection between λ2(L′H) and λ2(LG). By setting the parameters of
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Lemma A.3 by µmax = λmax

(
E
[

∑e∈E[G] Xe

])
= λmax

(
I
)
= 1, R = 2/ (α · logn)

and δ = 1/2, we have that

P

λmax

 ∑
e∈E[G]

Xe

> 3/2

6 n ·
(

e1/2

(1 + 1/2)3/2

)α logn/2

= O (1/nc)

for some constant c. This gives us that

P

λmax

 ∑
e∈E[G]

Xe

6 3/2

 = 1−O(1/nc). (A.1)

On the other side, since our goal is to analyse λ2(L′H) with respect to λ2(LG), it suf-

fices to work with the top (n− 1) eigenspace of LG. Since E [∑e∈E Xe ] = I , we can

assume without loss of generality that µmin = 1. Hence, by setting R = 2/ (α · logn)

and δ = 1/2, we have that

P

λmin

 ∑
e∈E[G]

Xe

6 1/2

 = n ·
(

e−1/2

(1/2)1/2

)α logn/2

= O (1/nc)

for some constant c. This gives us that

P

λmin

 ∑
e∈E[G]

Xe

 > 1/2

 = 1−O(1/nc). (A.2)

Combining (A.1), (A.2), and the fact of ∑e∈E[G] Xe = L
−1/2
G L′HL

−1/2
G , with probabil-

ity 1−O (1/nc) it holds for any non-zero x ∈ Cn in the space spanned by f2, . . . , fn

that
x†L−1/2

G L′HL
−1/2
G x

x†x
∈ (1/2,3/2) . (A.3)

By setting y = L−1/2
G x, we can rewrite (A.3) as

y†L′Hy

y†L1/2
G L

1/2
G y

=
y†L′Hy
y†LGy

=
y†L′Hy

y†y
y†y

y†LGy
∈ (1/2,3/2).

Since dim(span{ f2, . . . , fn}) = n− 1, we have just proved there exist n− 1 orthog-

onal vectors whose Rayleigh quotient with respect to L′H is Ω(λ2(LG)). By the

Courant-Fischer Theorem, we have

λ2(L′H)>
1
2

λ2(LG). (A.4)

It remains to show that λ2(LH) = Ω (λ2(L′H)), which implies that λ2(LH) =

Ω (λ2(LG)) by (A.4). By the definition of L′H, we have that for the Laplacian LH =
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D−1/2
H D1/2

G L′HD1/2
G D−1/2

H . Therefore, for any x ∈Cn and y = D1/2
G D−1/2

H x, it holds

that
x†LHx

x†x
=

y†L′Hy
x†x

>
1
2
· y†L′Hy

y†y
, (A.5)

where the last equality follows from the fact that the degrees in H and G differ just by

a constant multiplicative factor, and therefore,

y†y =
(

D1/2
G D−1/2

H x
)†(

D1/2
G D−1/2

H x
)
= x†DGD−1

H x >
1
2
· x†x.

Finally, we show that (A.5) implies that λ2(LH) > (1/2) · λ2(L′H). To see this, let

S1 ⊆ Cn be a (2)-dimensional subspace of Cn such that

λ2(LH) = max
x∈S1

x†LHx
x†x

.

Let S2 =
{

D1/2
G D−1/2

H x : x ∈ S1

}
. Notice that since D1/2

G D−1/2 is full rank, S2 has

dimension 2. Therefore,

λ2(L′H) = min
S : dim(S)=2

max
y∈S

y†L′Hy
y†y

6 max
y∈S2

y†L′Hy
y†y

6 2max
x∈S1

x†LHx
x†x

= 2λ2(LH),

(A.6)

where the last inequality follows by (A.5). Combining (A.4) with (A.6) gives us that

λ2(LH) = Ω(λ2(G)), which implies ξH = Ω(ξG). This concludes the proof.

A.6 Omitted Proof Details of Lemma 3.7

Lemma A.4. Given a directed graph G = (V, E), where the Laplacian L is con-

structed using the Hermitian adjacency matrix, it holds that L = B†WB

Proof. We can write each individual entry of B†WB as

(B†WB)u,v = ∑
e

B†
u,e(WB)e,v = ∑

e
B†

u,eWe,eBe,v. (A.7)

Let us consider the diagonal first, i.e. u = v. We can write

∑
e

B†
u,eWe,eBe,u = ∑

e
We,e|Be,u|2 = ∑

e

1
2
·We,e(1 + i)(1− i) = du, (A.8)

where the last equality sign holds because Be,u 6= 0 only if edge e is adjacent to vertex

v, no matter if it is an in or outgoing edge. The factor 1
2 disappears because (1− i)(1+

i) = 2.
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Now we assume that u 6= v, but that they are connected by an edge. Then there are

two cases. The first case is that (v,u) ∈ E. Then it holds that

∑
e

B†
u,eWe,eBe,v =

1
2
· (1− i)(1− i) = −i, (A.9)

since we only get one non-zero term from the sum because there is only one edge

between two vertices, and v is e’s tail and u is e’s head. For the second case, we have

that (u,v) ∈ E and by symmetry we get

∑
e

B†
u,eWe,eBe,v =

1
2
· (1 + i)(1 + i) = i. (A.10)

If there is no edge between vertices v and u, then the term will be 0. This concludes the

proof that L = B†WB, since on the diagonal entries we get the degree of each vertex,

and on the off-diagonal entries we get either i or −i depending on the direction of the

edge.



Appendix B

Omitted Proofs and Additional Details
of Chapter 4

B.1 Omitted Proof Details of Algorithm Proposed in

Section 4.3

Lemma B.1. Given a directed graph G = (V, E), there exists an algorithm that finds

a subset of vertices S⊂V, such that it maximises the net flow NF(S) = w(S,V \ S)−
w(V \ S,S), where w = ∑x∈X,y∈Y w(x,y).

We can write the net flow for a single vertex to be the difference between the

number of incoming vertices and outgoing vertices, so for a vertex v ∈ V:

n(v) = ∑
w∈V

w(v,w)− ∑
w∈V

w(w,v). (B.1)

Let us define the following algorithm that satisfies the requirement of Lemma B.1:

1. For each vertex v ∈ V, compute the n(v)

2. Then we let the set S = {v ∈ V |n(v) > 0}, and T = {v ∈ V |n(v)6 0}.

We now prove that this algorithm gives the maximum net flow cut.

Proof. Assume by contradiction that the set S resulting from the algorithm is not the

maximum net flow cut. This implies there exists a set S′ ⊂ V, such that:

w(S,V \ S)− w(V \ S,S) < w(S′,V \ S′)− w(V \ S′,S′). (B.2)

57
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Since S is the set with all the vertices v, such that n(v) > 0, and S′ 6= S, we know

that there exists a vertex v′ ∈ V \ S′, such that n(v′) > 0. Let’s construct a new set

T = S′ ∪ {v′}. The net flow for set T is:

NF(T) = w(S′,V \ S′)− w(V \ S′,S′)+

w(v′,V \ S′) + w(v′,S′)− w(V \ S′,v′)− w(S′,v′)

= w(S′,V \ S′)− w(V \ S′,S′) + n(v′)

= NF(S′) + n(v′) > NF(S′)

However, we assumed that F(S′) had the maximum net flow, so we reached a contra-

diction. Therefore we showed that for any set that does not contain all vertices with

positive net flow, we can add the vertices with positive net flow and improve the net

flow over the set. Furthermore, it is easy to show that by symmetry that removing all

vertices with negative net flow from S improves the net flow of the set. Therefore the

set that the algorithm outputs must have the maximum net flow.
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B.2 Omitted Plots for Section 4.3
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Figure B.1: Comparison of different spectral clustering results, where k = 2 from 6

different input matrices for the spectral clustering algorithm, and the simple max flow

algorithm described in Section 4.3

B.3 Omitted Plots for Section 4.4

Since we plot the top 3 pairs, for 6 different methods over 30 years, we have 540

individual map plots. Including all of these in the pages of the appendices would

become extremely long and unreadable. We therefore decided to create videos with all

the plots. Our first video contains all the plots, and shows the top 3 pair in order for

each year [32]. The second, third and fourth video show the progression of the top-1,

top-2 and top-3 respectively for each of the six pairs [29, 30, 31].

While watching the video, we suggest using the pause and play button to stop
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videos at different time-frames. This makes it easier to compare different pairs across

different years. YouTube also provides the ability to move forward only one single

frame in a video by pressing the full stop key: (.) and back one frame using the comma

key: (,).


