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Abstract

Unnormalised latent variable models represent a broad, highly flexible family of
distributions. However, learning the parameters of such models is ‘doubly-intractable’
and therefore not amenable to maximum likelihood estimation. This thesis proposes
a new method for training unnormalised latent variable models that combines noisecontrastive estimation (NCE) with variational inference.
The method, which we call variational noise-contrastive estimation (VNCE), optimises a variational lower bound to the NCE objective function. We provide theoretical
guarantees that VNCE is equivalent to NCE under certain assumptions and provide theory linking VNCE to standard variational inference. These contributions are validated
on simple latent variable models.
Using VNCE, we provide a probabilistically-principled approach to an outstanding
problem in the graphical models literature. Specifically, we learn a truncated Gaussian
graphical model from incomplete data, treating the missing values as latent variables. In
doing so, we develop an approximate algorithm that can leverage inference networks to
learn with missing data, offering a novel solution to a recent problem in the variational
inference literature.
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Chapter 1
Introduction
Probability distributions are an indispensable tool for modelling the world around
us. They play a fundamental role in the field of machine learning by enabling us to
predict and simulate future observations. Moreover, they can be leveraged to solve
many downstream tasks such as classification, clustering, missing value imputation,
and policy learning in reinforcement learning.
Universal approximation of arbitrary distributions is a key problem in this domain.
One approach is to specify a highly flexible family of distributions, and search for the
member of that family that ‘best’ fits the data. This approach splits into two lines of
research: one for discovering new families of distributions, and another for inventing
methods to find the ‘best’ distribution in a family.
Two very broad and flexible families are latent variable models1 and unnormalised
models. Latent variable models can be used to frame the data generating process
in terms of unseen quantities z, which ‘explain’ or ‘cause’ the observed data x. For
instance, images of handwritten digits, x, could be ‘explained’ by a categorical variable
z that assumes a value between 0–9 corresponding to the number present in the image.
Unnormalised models actually generalise the idea of a probabilistic model, by removing
the constraint that the underlying probability density function (pdf) integrates to
one.2 Removing this constraint gives us significantly more freedom when specifying
the parametric form of the model.
The combination of the two families into an unnormalised latent variable model has
the potential to be doubly-flexible. Latent variable models alone have lead to excellent
1

We use the terms ‘families’ and ‘models’ interchangeably. Strictly speaking, we use these terms to
refer to ‘statistical models’.
2
Unless otherwise stated, references to ‘pdfs’ includes probability mass functions defined over
discrete random variables.

2
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results in an array of tasks, such as semi-supervised modelling of image data [26] and
topic modelling of text data [19]. In addition, many real-world data sets are incomplete,
and it is advantageous to model the missing values probabilistically as latent variables
[38]. Unnormalised models are also very common and have lead to improvements
in multi-label classification [4] and image de-noising [50]. These modelling advances
critically depend on our ability to train the models i.e. find the ‘best’ member of the
model family.
Training unnormalised latent variable models is, unfortunately, doubly-intractable.
The presence of latent variables makes it difficult to obtain a tractable expression
R
for the probability of the observed data, p(x; θ) = p(x, z; θ) dz, since the integral
is not computable analytically in general. As we shall see, this intractability makes
maximum likelihood estimation difficult, and hence a different learning technique
known as variational inference [24] is often used instead. Unnormalised models,
ϕ(x; θ) ∝ p(x; θ), do not integrate to one for all parameter values. Hence, we only
know the ‘shape’ of each member of the family, but not their ‘volume’. Again, this
makes maximum likelihood estimation intractable, and so a host of other methods
have been developed. This includes pseudolikelihood [6], score matching [21], ratio
matching [22], contrastive divergence [18], persistent contrastive divergence [56, 53]
and noise-contrastive estimation (NCE) [16].
Currently, there only exists one method for training unnormalised latent variable
models. This method is a combination of contrastive divergence, or its persistent
variant, with variational inference. This method has been successfully used to train
deep Boltzmann machines (DBM) [48], which are a highly flexible class of models.
However, such training typically requires a specialised layer-wise training procedure to
be effective [15], highlighting the difficulties involved in learning unnormalised latent
variable models.
This thesis proposes a new method for training unnormalised latent variable models
that extends noise-contrastive estimation (NCE). We achieve this by combining NCE
with variational inference. The method, which we call variational noise-contrastive
estimation (VNCE), is theoretically and empirically analysed. The theoretical results
parallel those for standard variational inference, and tell us that VNCE can be used
both for estimating the parameters of a model, and approximating the conditional
distribution over latent variables p(z|x; θ). We validate this theory with toy experiments.
Finally, we use VNCE to perform parameter estimation and graph selection for a
truncated Gaussian graphical model in the context of missing data, treating the missing

3
values as latent variables. This contribution provides a probabilistically-principled
approach to an outstanding problem in the graphical models literature [30]. Moreover,
as part of this approach, we develop a novel approximate algorithm for handling missing
data that can leverage inference networks. This addresses a recent problem in the
variational inference literature [55, 54, 38].

Chapter 2
Background
This chapter provides the necessary background to understand what unnormalised
latent variable models are, why they are ‘doubly-intractable’ to train, and existing
methods for overcoming these two types of intractability.
We start with formal definitions of unnormalised models and latent variable models.
We then explain why maximum likelihood estimation is not generally possible, and
discuss an approximation to it, contrastive divergence, which is tractable for unnormalised models. We then discuss variational inference, another kind of approximation
to maximum likelihood, which is tractable for latent variable models. By combining
contrastive divergence and variational inference, we obtain the only existing generalpurpose method for training unnormalised latent variable models. Finally, we consider
noise-contrastive estimation (NCE), a method for training unnormalised models. It is
NCE that we extend to handle latent variables in subsequent chapters.

2.1

Unnormalised models

An unnormalised model, ϕ(u; θ), is a parametrised family of non-negative functions
that you can think of as scaled probability density functions that do not integrate to
one for all values of θ, that is,
Z
u

ϕ(u; θ) du = Z(θ) ̸= 1,

ϕ(u; θ) ≥ 0,

(2.1)

where Z(θ) is called the partition function. The partition function is important
because it allows us to normalise ϕ(u; θ), obtaining a model p(u; θ) that, regardless of

Background
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the value of θ, integrates to one.
p(u; θ) =

ϕ(u; θ)
,
Z(θ)

Z
u

p(u; θ) du = 1.

(2.2)

Unfortunately, for many interesting models the partition function is not computable
analytically and the cost of approximating it scales exponentially with the dimension
of u. The intractability of the partition function becomes problematic when we want
to estimate good values of θ given some data {x1 , ..., xn }, where ‘good’—in practical
terms—means that p(xi ; θ) is large for all i whilst still satisfying the constraint of
integrating to one. It is problematic because the standard approach of maximum
likelihood estimation requires us to maximise an objective that depends on the
partition function; namely, the log-likelihood ℓn (θ),
ℓn (θ) =

n
X
i=0

log p(xi ; θ) =

n
X

log ϕ(xi ; θ) − n log(Z(θ)).

(2.3)

i=0

To handle this intractability, multiple methods have been proposed for estimating
the parameters θ without directly computing the partition function, such as pseudolikelihood [6], score matching [21], ratio matching [22], contrastive divergence [18],
persistent contrastive divergence [56, 53] and noise-contrastive estimation (NCE) [16].
The utility of each method is problem-specific; depending on the precise model,
dataset and downstream tasks, certain methods will be more effective than others.
Pseudolikelihood tends to excel at tasks that only require the conditional distributions
rather than the full joint [15]. Score matching requires the log-density of the model to
be smooth with respect to the data and is thus confined to continuous data (although
generalizations exist for discrete variables [32]). Conversely, ratio matching applies
only to discrete data. Contrastive divergence (and its variants) rely on having an
effective MCMC sampler, which is not available for all models (see Section 2.4 for
more discussion of this). Finally, NCE requires us to specify a ‘noise’ distribution,
producing samples resembling the data, whilst still being easy to evaluate. Choosing
this noise is difficult in high dimensions, and greatly affects the quality of the estimated
distribution.
Because no method dominates the rest across all models, tasks and datasets, a
good strategy when faced with a new problem is to try as many as possible, taking into
account their strengths and weaknesses and excluding any that are inapplicable due to
hard constraints. It is therefore desirable to reduce the number of hard constraints
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preventing us from using any of these methods. One such constraint is the presence
of latent variables, which cannot be handled by any of the above approaches except
contrastive divergence and its persistent variant.

2.2

Latent variable models

A latent variable model is a family of probability densities, p(u; θ), for which we do
not have a direct expression; instead we only have a joint density p(u, z; θ), where z
are latent variables1 , not present in our data set. The model for the observed variables,
p(u; θ), is only obtained after marginalising (i.e. integrating) over the unobserved
variables z,
p(u; θ) =

Z

p(u, z; θ) dz .

(2.4)

Learning the parameters θ is problematic here for essentially the same reason as in
unnormalised models: the presence of an expensive, often intractable, integral. This
integral is present in the log-likelihood objective
ℓn (θ) =

n
X
i=0

log p(xi ; θ) =

n
X

log

Z

p(xi , z; θ) dz,

(2.5)

i=0

making maximum likelihood estimation intractable. In Section 4.1 we discuss a general
strategy for overcoming this intractability using variational inference.
To see why latent variable models are important, it helps to consider two conceptually distinct (but mathematically equivalent) types of latent variables. The first type
represent missing data; perhaps certain pixels in an image were corrupted, generating
NaNs. Missing values are ubiquitous in real-world data sets, and whilst it is possible
to ignore them or fill them in a heuristic manner, taking a probabilistically principled
approach may allow us to better model the structure of the observed data and infer
missing values more accurately. The second type of latent variables represent explanatory factors of the visible data, which often (but not always) capture low-dimensional
causes of the visible data. Such explanatory factors are at the core of unsupervised
learning, since the ability to build parsimonious models of the hidden causes of your
1

Latent variables are also called ‘unobserved’ or ‘hidden’ variables. We use these terms interchangeably throughout the thesis.
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observations appears to be a fundamental aspect of intelligence. Thus, it is primarily
the second view of latent variables that motivates the widespread use of such models.
Let us now consider the combined case of an unnormalised, latent variable
model. To write down an expression for p(u; θ), we combine Equations 2.2 and 2.4 to
get
p(u; θ) =

R

ϕ(u, z; θ) dz
,
Z(θ)

(2.6)

where Z(θ) is as we defined it in Equation 2.1. This expression contains two troublesome
integrals, and it is this double intractability that is the fundamental technical barrier
we must overcome to perform parameter estimation.

2.3

The two phases of maximum likelihood estimation

As stated in the previous sections, maximum likelihood learning consists of maximising
the log-likelihood given in Equation 2.3, which is a summation over n data points.
However, for much of the theory presented in this thesis, it will be convenient to remove
the dependency on a finite set of data, and just refer to the underlying distribution
that generates the data. To do this, note that the average log-likelihood is the sample
version of ℓ(θ),
ℓ(θ) = Ex∼p∗ log p(x; θ) ,


(2.7)



where p∗ is the data generating distribution. For many applications, the average
log-likelihood can be used directly for learning the parameters θ. However, we are
interested in unnormalised, latent variable models for which ℓ(θ) becomes
ℓ(θ) = Ex∼p∗ log ϕ(x; θ) − log Z(θ)


(2.8)





= Ex∼p∗ log

Z



ϕ(x, z; θ) dz − log

Z Z

ϕ(x, z; θ) dx dz.

(2.9)

Direct calculations show that the gradient of ℓ(θ) is
h

∇θ ℓ(θ) = Ex∼p∗ Ez∼p(z | x;θ) ∇θ log ϕ(x, z; θ) − Ex,z∼p(x,z;θ) ∇θ log ϕ(x, z; θ)




i

.
(2.10)

2.3 The two phases of maximum likelihood estimation
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Intuitively, the first term—known as the positive phase—increases ϕθ wherever the
observed data are likely, whilst the second term—the negative phase—decreases
ϕθ wherever samples from the model are likely. The net effect is that the model’s
probability mass is reallocated from regions where the data is unlikely to regions where
it is likely. It is critical that we reallocate mass, and not simply increase the total
amount, since the model must integrate to one. At equilibrium, these two forces directly
cancel, and the model equals the data generating distribution.
The idea of a ‘postive phase’ and a ‘negative phase’ of learning usually refers directly
to the two gradients in Equation 2.10. Here, however, we take a generalised view
of these terms, using ‘positive phase’ to refer to optimising the data-dependent term
in the expected log-likelihood objective, ℓ(θ), and using ‘negative phase’ to refer to
optimising the data-independent term. Thinking in terms of these two phases allows
us to more easily express why maximum likelihood estimation of unnormalised, latent
variable models is problematic. The positive phase is difficult because of the presence
R
of latent variables which we need to marginalise over, ϕ(x, z; θ) dz. The negative
phase is difficult because the model is unnormalised, which is to say, has an intractable
partition function Z(θ).
Interestingly, the expression for the gradient of the expected log-likelihood in
Equation 2.10 does not require us to actually evaluate the integrals present in the
objective function. However, it does require samples from the posterior p(z | x; θ) in
the positive phase and samples from the joint p(x, z; θ) in the negative phase. For most
unnormalised models, the joint will be hard to efficiently sample from, whilst for most
latent variable models—assuming that marginalisation of the latents is intractable—the
posterior will be hard to efficiently sample from. Sampling tends to be somewhat
inefficient whenever we must resort to using Markov Chain Monte-Carlo (MCMC) [35]
methods. Such inefficiency is problematic, since every time we perform a gradient
update of the parameters θ using Equation 2.10, we will need to re-peform the sampling
step.
There are many interesting models for which sampling in the positive phase is
easy, but sampling in the negative phase is hard. A classic example is the Restricted
Boltzmann Machine [51]. Conversely, there are models where, in a sense, the negative
phase is simple but the positive phase is hard. We say ‘in a sense’, because a simple
negative phase typically means we have a closed-form expression for the partition
function and so we would not separate optimisation of the log-likelihood into two
phases in the first place. Variational autoencoders [27, 45] are an example of this
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type of model, where the joint p(x|z; θ)p(z; θ) is presumed to be normalised, but the
posterior over latents is intractable.
Finally, there are models where both the positive and negative phases are hard
such as Deep Boltzmann Machines [48], for which it is very difficult to train all the
parameters jointly. For this reason, Deep Boltzmann machines are typically trained in
a more specialised, layer-wise fashion. Models in this category have the potential to be
very powerful, but they have become less popular in recent years, presumably due to
the lack of effective training techniques.

2.4

Contrastive divergence

Contrastive divergence [18] is a learning technique for unnormalised models that
works in the presence of latent variables. It very roughly approximates the gradient
of the expected log-likelihood (2.10) under the assumption that we can easily sample
from the posterior p(z | x; θ) in the positive phase, but MCMC sampling from the
joint p(x, z; θ) is slow in the negative phase. Contrastive divergence speeds up MCMC
sampling by initialising Markov chains at data points and only running them for k-steps
(rather than waiting for it to converge), where k is a tuning hyperparameter. Thus,
the gradient updates are given by
h

∇θ ℓ(θ) ≈ Ex∼p∗ Ez∼p(z | x) ∇θ log ϕ(x, z; θ) − Ex,z∼pk (x,z) ∇θ log ϕ(x, z; θ)




i

,

(2.11)
where pk is the distribution obtained after running the Markov chain for k steps,
starting at a datapoint. Bengio and Delalleau [5] showed that the difference between the MLE gradient update and the contrastive divergence update is given by


Ex∼pk (x) ∇θ log pk (x) , which tends to zero as k tends to infinity, and they provided
a bound on this term in the specific case of the restricted Boltzmann machine. Non
model-specific bounds seem hard to derive, and little is known in general about the
convergence properties of contrastive divergence [10].
One interesting result we do have is that the contrastive divergence update is not
the update of any objective function [52]. This has two important consequences: firstly,
we cannot monitor the value of the objective to assess convergence or to apply an
early-stopping criterion to avoid over-fitting. This is problematic, since performance
depends heavily on k — the number of steps used in the Markov chain — and other
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hyperparameters like the learning rate. Secondly, we cannot apply more powerful
line-search based optimisation methods, which require function evaluations and not
just derivatives.
Despite the relatively weak theoretical guarantees for contrastive divergence, it has
proven empirically to be an efficient learning technique for many models. Whilst it is
difficult to predict how efficient it will be for any particular model, it is likely that the
speed of mixing of the Markov chain in the negative phase is a crucial factor. When
the chain mixes quickly, samples are generated from all of the model’s modes, allowing
the negative phase update to suppress modes where data is absent. When the chain
mixes slowly, spurious modes remain and hamper learning.
A related learning method to contrastive divergence is persistent contrastive
divergence [56, 53]. Instead of initialising the Markov chains at a datapoint after
every gradient update, we ‘persist’ the state of the chain and reuse it across gradient
steps. This can help resolve the problem of slow mixing, since we don’t continually
restart the chain at the data, but have more freedom to explore the input space.

2.5

Variational inference

Variational inference [24] is a learning technique for models with latent variables.
R
It uses a tractable lower bound on the marginal, p(x, z; θ) dz, that appears in the
log-likelihood, and optimises this lower bound to make it tight. To see how this works
in more detail, we return to the average log-likelihood objective function presented in
Section 2.3:
ℓ(θ) = Ex log

Z

p(x, z; θ) dz





(2.12)
!

p(x, z; θ) 
,
q(z | x)

= Ex log Ez∼q(z | x)

(2.13)

where, in the second line, we applied a simple identity known as importance sampling,
where the ‘auxiliary’ density q can be any valid density that is non-zero whenever p is
non-zero. We can lower bound this expression using Jensen’s inequality [23], which
states that, for any random variable X, and concave function f :
f (Ex [X]) ≥ Ex f (x) .




(2.14)
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Applying Jensen’s inequality to Equation 2.13, where log(x) is our choice of concave
function, gives:


!

p(x, z; θ) 
ℓ(θ) ≥ Ex Ez∼q(z | x) log
.
q(z | x)

(2.15)

The term on the right-hand side is called the evidence lower bound or the (negative)
variational free energy. The inequality is tight when q(z | x) = p(z | x; θ) [46].
This is an important fact, enabling us to approximate p(z | x; θ) by choosing q to live
within a family of distributions with parameters α, and optimising the lower bound
in Equation 2.15 with respect to α. If this parametric family is sufficiently broad, we
might hope to learn a distribution that is ‘close’ to the true posterior.
To make this idea of ‘closeness’ more precise, one can analyse the difference between
the average log-likelihood and the variational lower bound. After a couple of algebraic
manipulations, we obtain that the difference equals
"

DKL (q(z | x; α) ∥ p(z | x; θ)) = Ez∼q(z | x)

#

q(z | x; α)
log
,
p(z | x; θ)

(2.16)

where DKL is the Kullback-Leibler divergence [29]. Maximising the variational
lower bound is therefore equivalent to minimising the above KL-divergence. This is
useful to know, because it tells us what kind of approximation to the true posterior we
learn. In particular, if q places any probability mass in a region where p is unlikely,
then the denominator in the log is close to zero, exploding the KL divergence. Hence,
q will often be ‘mode-seeking’, latching onto regions of high probability under the true
posterior.

2.5.1

Optimising the evidence lower bound

There are two key decisions we need to make when working with the ELBO: how to
parametrise q and how to optimise those parameters. There is large body of work on
both of these topics, which we only briefly review here.
A classic approach to the issue of parametrisation is to use the mean-field assumption [40]. Given data {x1 , . . . , xn } and corresponding latent variables {z1 , . . . , zn },
we assume that each zi is independent of the others. We obtain ‘local’ variational
distributions q(zi | xi ; αi ), with distinct parameters αi per data point. The mean-field
approach does not scale well: our parameter set grows linearly with the amount of
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data. Moreover, information is not shared between each local distribution. The lack of
sharing is typically inefficient.
Amortised inference [14] is a more scalable, efficient alternative to mean-field
inference. The basic idea is to optimise a set of global parameters instead of optimising
local, per data point, parameters. We can still keep the local parameters, but instead
of optimising them directly, they are treated as a function of the observed data. It is
the parameters of this function f (x; α), which are global and are directly optimised.
Ideally, this function should be highly flexible and so it is common to use a neural
network, known as an inference network or recognition network [27, 45].
Optimisation of the variational parameters is not straightforward. The right-hand
side of Equation 2.15 (after including the parameters α) contains an expectation with
respect to q(z | x; α), so differentiating with respect to α in order to use gradientbased optimisation is tricky. There are two principal methods to overcome this
obstacle: the score function estimator [42, 44, 36] and the reparameterisation
trick [27, 45, 43, 7].
The score function estimator is one solution to computing expressions of the form
∇α Eq(z;α) f (z; α) =




Z

∇α q(z; α)f (z; α) dz,




(2.17)

where, in order to move the gradient operator inside the integral, we have assumed
certain (weak) measure-theoretic conditions hold.2 After applying the product rule
and using the identity: ∇α g(α) = g(α)∇α log(g(α)), we obtain
Eq(z;α) f (z; α)∇α log q(z; α) + ∇α f (z; α) ,




(2.18)

which can be approximated with a Monte Carlo estimate by sampling from q.
The reparameterisation trick takes a different approach: it uses the observation
that to sample from a complex distribution, we may first sample from a simple ‘base’
distribution and then apply a suitable deterministic mapping. For instance, consider
sampling x ∼ N (0, Σ). We can do this by first sampling y ∼ N (0, I) and then set
x = g(y; Σ) = Ly, where Σ = LLT . It is important that the ‘base’ distribution here
is independent of the parameters Σ, which only appear in the deterministic mapping.
We can then compute expectations of an arbitrary function f , that can depend on the
2

For instance, that we meet the conditions needed to apply the Lebesgue dominated convergence
theorem—see Bartle [3] for a more thorough discussion.
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parameters, using
Ex∼N (0,Σ) f (x, Σ) = Ey∼N (0,I) f (g(y; Σ); Σ) .








(2.19)

Whilst differentiating the left-hand side of this equation with respect to Σ is hard, the
right-hand side is simpler. We can take our derivative operator inside the expectation
and, so long as f and g are differentiable, apply the chain rule. This procedure works
for many distributions beyond the multivariate Gaussian, which is intuitive since
all random variables generated through computer code are ultimately deterministic
transforms of uniform random variables. The problem is that not all such transforms
are differentiable, restricting the class of usable auxiliary distributions.
The score function estimator has the advantage of generality: it can be applied in
a black-box fashion to any differentiable model and auxiliary distribution. However,
its gradients tend to suffer from high-variance, requiring the development of variancereduction techniques—see Ranganath et al. [44] for more details. In contrast, the
reparameterisation trick typically provides much lower variance gradients, with the
principal disadvantage being that it only works for a more restrictive class of auxiliary
distributions.
One final complication with optimisation within the variational framework is that
we have two set of parameters: θ from the model and α from the auxiliary distribution.
We know that holding θ fixed and maximising with respect to α pushes the variational
lower bound towards (the fixed) ℓ(θ). With this approximation to the average loglikelihood, we can switch to maximising with respect to θ, holding α fixed. This
co-ordinate ascent procedure is known as variational expectation maximisation
(for reasons we explain below) and is especially effective when each maximisation step
can be computed in closed-form. However, for more complicated models, perhaps
parametrised using neural networks, it can be faster to concatenate the two sets of
parameters and jointly optimise them.
It is worth emphasising that learning α need not be a mere stepping stone towards
learning the model’s parameters θ. Often, the approximate posterior is useful in its own
right. For instance, in a semi-supervised classification setting, unobserved class-labels
can be treated as latent variables, and the approximate posterior gives a distribution
over class labels conditional on the input. By picking the label with highest probability,
we can perform classification [26].
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Expectation maximisation

We have assumed throughout this section that p(z | x; θ) is unavailable and so we must
approximate it. In fact, variational lower bounds are still valuable when we know the
true posterior, using an optimisation procedure known as expectation maximisation
(EM), a precursor to the variational version discussed above. Whilst the idea of EM is
quite old, originally by Dempster et al. [12], the view presented here is similar to that
given by Neal and Hinton [39]. The algorithm alternates between two steps. The first
is an ‘expectation’ step, where we set q(z | x) = p(z | x; θ 0 ) in Equation 2.15, for some
arbitrary initial parameter θ 0 . The second is a maximisation step, where we maximise
the right-hand side of Equation 2.15 with respect to θ to obtain θ 1 . These two steps
are repeated until convergence, which is guaranteed to occur since EM provably always
increases the log-likelihood.
It is not immediately obvious why EM is useful, since if we have access to the
true posterior then we can compute the expectation needed for the positive phase
of learning in maximum likelihood—see Equation 2.10. Indeed, EM and maximum
likelihood essentially only differ in how often they update the posterior. Maximum
likelihood updates it every time θ is updated, whilst EM reuses old posteriors. Reusing
posteriors can enable larger updates during the maximisation step for some models,
whilst for other models, EM will converge more slowly.

2.5.3

Variational inference for unnormalised models

In the context of unnormalised models, variational inference can be viewed as a method
for dealing with the positive phase of maximum likelihood learning, but not the negative
phase. To make this connection clearer, we rewrite the evidence lower bound (2.15),
using p(x, z; θ) = ϕ(x, z; θ)/Z(θ), to get
!

ϕ(x, z; θ)
ℓ(θ) ≥ Ex Eq(z | x;α) log
− log Z(θ).
q(z | x; α)

(2.20)

Because the negative phase, − log Z(θ), does not depend on the variational distribution
q, optimising with respect to the variational parameters, α, is still a valid way to
perform approximate inference. However, under the assumption that Z(θ) is intractable,
we can no longer easily optimise with respect to the model’s parameters θ.
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Taking the same approach as we did for the maximum likelihood objective function,
we can consider the gradient of Equation 2.20, which equals
h

i

∇θ ℓ(θ) = Ex∼p∗ Ez∼q(z | x;α) ∇θ log ϕ(x, z; θ) − Ex,z∼p(x,z;θ) ∇θ log ϕ(x, z; θ)




.
(2.21)
By construction, q(z | x; α) is easy to sample from and so the positive phase gradient
is straightforward to approximate. As previously discussed in Section 2.4, sampling
from the joint p(x, z; θ) in the negative phase is generally challenging. The solution
we presented was to use (persistent) contrastive divergence; that is, we approximately
sample from the model using an MCMC method. There is some evidence that contrastive divergence does not work well when using an approximate posterior [41], but
that persistent contrastive divergence is more effective [49, 48]. However, most of the
work on this topic is in the context of Boltzmann machines (or deeper variants), so it
is unclear how well the results generalise to other models.
It would thus be nice if other methods for dealing with an intractable negative
phase could be combined with variational inference. We briefly considered candidate
methods in Section 2.1, and now we present one of them, noise-contrastive estimation,
in more detail.

2.6

Noise-contrastive estimation

Noise-contrastive estimation (NCE) [16] offers a different solution to the problem
of an intractable partition function, using an entirely different estimation principle
than maximum likelihood. NCE converts an unsupervised density estimation problem
into a supervised classification problem, by training a (non-linear) logistic classifier to
distinguish between the true data and samples from some reference distribution, which
we refer to as noise samples.
Concretely, we first generate m samples {y1 , . . . , ym } from a noise distribution py (y)
and mix these samples with our data (x1 , . . . , xn ). Our goal is now to classify whether
a random sample u from this mixture came from the data-generating distribution p or
the noise py . We do so by calculating posterior probabilities, using our unnormalised
model ϕ(u; θ) as a surrogate for the true probability of the data. If ν = m/n, then:
P(u ∼ px ; θ) =

ϕ(u; θ)
,
ϕ(u; θ) + νpy (u)

P(u ∼ py ; θ) =

νpy (u)
.
ϕ(u; θ) + νpy (u)

(2.22)
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Note that P(u ∼ py ; θ) = 1 − P(u ∼ px ; θ), which makes sense because this is a
two-class classification problem, and so we have a Bernoulli distribution over the class
label. Using the average log-likelihood for a Bernoulli distribution, we derive the
following objective function:
JNn CE (θ) =


n
X


i

1
log P(xi ∼ px ; θ) +
log P(yi ∼ py ; θ)

n i=1
i=1
m
X

h

(2.23)

n
m
ν X
ϕ(xi ; θ)
νpy (yi )
1X
+
, (2.24)
log
log
=
n i=1
ϕ(xi ; θ) + νpy (xi )
m i=1
ϕ(yi ; θ) + νpy (yi )

!

!

which is the sample version of J(θ),
ϕ(x; θ)
νpy (y)
JN CE (θ) = Ex log
+ νEy log
.
ϕ(x; θ) + νpy (x)
ϕ(y; θ) + νpy (y)
!

!

(2.25)

Similar to the expected log-likelihood objective (as expressed in Equation 2.8), the
NCE objective has two terms or ‘phases’, one that is data-dependent and one that
is data-independent. This two–phase phenomenon appears to be important to many
estimation methods for unnormalised models, including score matching [17].
If we denote the true data generating distribution by p(u; θ ∗ ), and assume that
this distribution is contained within our unnormalised family ϕ(u; θ), then, under
some rather general technical conditions described by Gutmann and Hyvärinen [16],
optimising J(θ) guarantees that θ converges (in probability) to θ ∗ in the limit of
infinite data.
Why should the normalised data generating distribution be a member of an unnormalised family? This assumption may seem counter-intuitive at first, but note that it
is simple to give the model family ϕ(u; θ) an extra degree of freedom by multiplying it
with a scaling parameter exp(c). This new parameter is estimated in conjunction with
θ, so that we automatically obtain a normalised solution.3
As the ratio of noise to data, ν, tends to infinity, the choice of noise distribution
py is not important [16]. However, increasing ν uses more computational resource,
so in practice the choice of noise is important. It remains an area of active research
to select a noise distribution py based on theoretically justified properties, with the
main constraints currently being that it should be possible to sample from, non-zero
wherever ϕ is non-zero, and similar to the underlying data generating distribution.
3

This is not the same as normalising the model i.e. computing the partition function, which provides
the normalisation constant for every value of θ
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This final condition, that the noise resembles the data, makes intuitive sense from
the perspective of NCE as classification. We continually tweak the model’s parameters
until we can reliably distinguish data from noise, at which point we have converged to
a (local) optimum. This may be problematic for high-dimensional multi-modal data
distributions, since it may be sufficient to learn a single mode of the data in order
to reliably distinguish it from a simple uni-modal noise distribution. Problems may
also arise when the data lies on a low-dimensional manifold, since it may be hard to
construct a noise distribution that places most of its probability mass in this lower
dimensional space.
Recently, Ceylan and Gutmann [11] showed how to perform NCE using a conditional
noise distribution that depends on the data. Thus, if we want to model high-dimensional
image data, we no longer have to face the difficult task of generating synthetic images
whose likelihood we can easily evaluate. Instead, we can simply add Gaussian noise to
the observed data, generating noise samples that still strongly resemble the data.
As previously discussed, one major drawback of NCE is that it is inapplicable to
latent variable models. It is therefore an important, open research question as to how
NCE might be extended to cope with this deficiency.

Chapter 3
Contribution
3.1

A gap in the literature

Both latent variable models and unnormalised models have received significant amounts
of attention in the machine learning literature [46]. In theory, combining the two types
of models should lead to more powerful density estimators, which can capture the
structure in very complex data-generating distributions. However, as discussed in
Section 2.1, amongst the multiple estimation techniques available for unnormalised
models, only (persistent) contrastive divergence is applicable to latent variable models.
The existence of only one estimation method for unnormalised latent variable
models is undesirable for multiple reasons. Firstly, contrastive divergence is primarily
designed for models for which we know the true posterior over latent variables. In
theory, it is possible to combine contrastive divergence with variational inference—as
discussed in Section 2.5.3—but there are few successful applications of this strategy
in the literature. Secondly, contrastive divergence is not always the best choice of
unnormalised estimation procedure; depending on the model, data set and task, other
choices such as score matching or NCE are preferable.
Developing a latent variable version for NCE is particularly appealing, since NCE
has the same level of generality as maximum likelihood estimation, whereas techniques
like ratio matching and score matching are restricted to certain types of data. Moreover,
the quality of estimation with NCE improves with the development of better methods
for constructing a noise distribution. Recent work has shown this is possible [11], and
we expect further advances can be made.
There has been essentially no work on generalising NCE to handle latent variables.
Matsuda and Hyvarinen [34] derive a variant of NCE that works for finite mixture
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models. Whilst such mixtures can be viewed as latent variable models, summing over
these latents is an inexpensive operation. Hence, Matsuda and Hyvarinen [34] apply
NCE to this sum without explicitly making use of the latent variable representation.
Their approach is not designed, therefore, to handle more general latent variable models
with intractable posteriors. Goodfellow et al. [15] briefly mention that the standard
variational lower bound to the log-likelihood can be used to get a lower bound on the
first, but not second, term of the NCE objective function. Unable to handle this second
term, they abandon the idea of combining NCE with variational inference.

3.2

Our contribution

This thesis presents four main contributions:
• VNCE: An extension of noise-contrastive estimation that can handle latent
variables.
• A theoretical analysis of VNCE, illustrating its relationship to NCE, combined
with empirical validation of the theory on toy problems.
• A novel method, called Cumulative Data Imputation (CDI), for applying variational inference to missing-data problems.
• Simulations validating the combined effectiveness of VNCE and CDI on an
outstanding problem from the graphical models literature [30].
The first, and primary, contribution of this thesis is to extend NCE to handle latent
variable models. Our approach combines NCE with variational inference by deriving a
variational lower bound on the NCE objective, overcoming a key obstacle recognised
by Goodfellow et al. [15].
Given this lower bound, we derive theoretical results paralleling those for standard
variational inference. We show that optimising this lower bound with respect to a
variational distribution is a valid form of approximate inference, although no longer
based on minimising a KL-divergence, but a different kind of divergence. Moreover, we
derive an EM-type algorithm for VNCE that provably never decreases the objective
function. These theoretical contributions are then empirically validated. We illustrate
with toy problems how to use VNCE for both approximate inference and parameter
estimation.

3.2 Our contribution
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An important application of (unnormalised) latent variable models is missing data
problems. However, it is not easy to learn from missing data using variational methods
with inference networks [55, 54, 38]. We discuss the core problem in detail in Section
5.1.2, and then propose an approximate algorithm, CDI, that offers a novel way to
leverage inference networks and applies to both standard variational inference and
VNCE.
Finally, We demonstrate how to learn a multivariate truncated Gaussian with
incomplete data using the combination of VNCE and CDI. Our work provides a
probabilistically-principled approach to an outstanding problem in the graphical models
literature [30].

Chapter 4
Variational Noise-Contrastive
Estimation
This chapter presents Variational Noise-Contrastive Estimation (VNCE), a novel
method for learning unnormalised latent variable models. VNCE extends NoiseContrastive Estimation (NCE) [16], a method for learning unnormalised models that
is not applicable to general latent variable models.
We first derive the objective function for VNCE, which is a variational lower bound
to the NCE objective. We then derive theoretical results for VNCE that parallel those
for standard variational inference on the log-likelihood. Finally, we illustrate the theory
with simple experiments, showing how to perform both approximate inference and
parameter estimation with VNCE.

4.1

The method

Gutmann1 derived a variational lower bound to the NCE objective function, which is
the mathematical keystone to this thesis. Inspired by the derivation of the variational
lower bound for the log-likelihood (2.15), we apply a similar strategy to bounding the
NCE objective function in Equation 2.25. There are two fundamental steps:
• Use importance sampling to re-express the intractable integral, E = ϕ(u, z; θ) dz,
as an expectation with respect to an auxiliary distribution q.
R

• Rewrite the NCE objective in terms of a concave function g(E), to which we
then apply Jensen’s inequality.
1

This derivation is unpublished; it was intended as the seed of this thesis.
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The intractable integral, ϕ(u, z; θ) dz, appears twice in the NCE objective, both
inside the expectation with respect to the data:
R

ϕ(x, z; θ) dz
Ex log R
ϕ(x, z; θ) dz + νpy (x)
R

!

(4.1)

and in the second term, which is an expectation with respect to the noise:
νpy (y)
νEy log R
.
ϕ(y, z; θ) dz + νpy (y)
!

(4.2)

Let us focus only on the first term (4.1),
ϕ(x, z; θ) dz
log R
ϕ(x, z; θ) dz + νpy (x)
R

!

py (x)
= − log 1 + ν R
ϕ(x, z; θ) dz
= g(r(x; θ)).

!

(4.3)
(4.4)

where we introduced the notation
1
,
g(r) = − log 1 + ν
r

(4.5)

ϕ(x, z; θ) dz
.
py (x)

(4.6)

!

and
r(x; θ) =

R

It quickly follows from Appendix A.1 that g is a concave function of r. Using importance
sampling, we now rewrite r as an expectation
r(x; θ) = Ez∼q(z | x)

ϕ(x, z; θ)
q(z | x)py (x)

!

(4.7)

Since r is an expectation, we can apply Jensen’s inequality:
!

ϕ(x, z; θ)
g(r(x; θ)) ≥ Ez∼q(z | x) g
q(z | x)py (x)
!
q(z | x)py (x)
≥ −Ez∼q(z | x) log 1 + ν
ϕ(x, z; θ)
!
ϕ(x, z; θ)
≥ Ez∼q(z | x) log
,
ϕ(x, z; θ) + νq(z | x)py (x)

(4.8)
(4.9)
(4.10)
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where, the second line is obtained by substituting in the definition of g, and the final
line is simply a re-arrangement of the second.
It does not appear possible to apply the same combination of importance sampling
and Jensen’s inequality to the second term of the NCE objective (4.2). However,
we don’t necessarily need to. The intractable integral in the second term can be
approximated just with importance sampling, re-using the variational distribution
q that we got from the first term. The final objective, which we call the VNCE
objective, is given by:
ϕ(x, z; θ)
JVNCE (θ, q) = Ex Ez∼q(z | x) log
ϕ(x, z; θ) + νq(z | x)py (x)





+νEy log 

!

(4.11)



νpy (y)
νpy (y) + Ez∼q(z | y)





.
ϕ(y,z;θ) 
q(z | y)

By construction, we have that JNCE (θ) ≥ JVNCE (θ, q) for all q. Shortly, in Section 4.3,
we show that the optimal q is the model’s posterior p(z | u; θ). We then prove that
optimising the VNCE objective with respect to θ and q is a valid form of parameter
estimation and approximate inference.
Ingredients for applying VNCE
Having established the objective function (4.11) for VNCE, it is helpful to explicitly
lay out the ingredients required for maximising it. We require:
• A noise distribution over the visible variables py . This density should ideally be
cheap to evaluate, feasible to sample from, and similar to the data distribution.
• A variational distribution over latent variables q. This will typically have its own
parameters α, apart from the case where we set q to equal the model’s posterior
over latents. This is only possible for models with tractable posteriors.
• If the variational distribution q has parameters α, then we need to compute
∇α JVNCE (α). As discussed in Section 2.5, both the score function estimator and
reparameterisation trick are applicable, depending on the model.
• The gradient ∇θ JVNCE (θ). A derivation of this gradient is given in the Appendix
A.2. The key term required to compute it is the gradient of the logarithm of the
unnormalised model: ∇θ (log ϕ(u, z; θ)).
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4.2

Role of the noise distribution in VNCE

One immediate concern about the VNCE objective function is the use of importance
sampling in the second term
"

ϕ(y; θ) = Ez∼q(z | y)

#

ϕ(y, z; θ)
.
q(z | y)

(4.12)

Monte Carlo approximations to such expectations can be very high variance when q is
far from optimal, as is often the case for high-dimensional problems. In our case, the
optimal q can be derived. First, factorise ϕ,
ϕ(y, z; θ) = ϕ(y; θ)p(z | y; θ),

(4.13)

where the conditional distribution is normalised and the factorisation holds because
the unnormalised distributions on either side of the equation have the same partition
function
Z Z
Z
ϕ(y, z; θ) dz dy = ϕ(y; θ) dy.
(4.14)
Using this factorisation of ϕ, we get
"

#

ϕ(y, z; θ)
ϕ(y; θ) = Ez∼q(z | y)
q(z | y)
#
"
p(z | y; θ)
.
= ϕ(y; θ)Ez∼q(z | y)
q(z | y)

(4.15)
(4.16)

Hence, the variance of a Monte Carlo estimate of the expectation in Equation 4.15
will equal the variance of a Monte Carlo estimate of the expectation in Equation 4.16.
When q(z | y) = p(z | y; θ), the latter expectation equals one, yielding a zero-variance
Monte Carlo estimate.
This result is encouraging, since VNCE optimises q(z | y) to approximate p(z | y; θ),
as we prove in Section 4.3. However, q only receives gradient signal from the first term
of the objective, which is evaluated using data samples. We do not fit our approximate
posterior using noise samples. If the noise is sufficiently different from the data, then
this may be problematic, since q will be a poor fit for the true posterior in regions where
the noise, but not data, is likely. This will increase the variance of the importance
sampled estimates.

4.3 Theoretical analysis of VNCE
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Whilst the issue of importance sampling deserves empirical investigation, the
preceding analysis suggests that it can be managed by choosing a good noise distribution.
Since NCE relies on a good choice of noise anyway, we have not introduced any new
problems. That said, the problem of choosing a good noise, one that resembles the
data, may become harder for latent variable models. Often the underlying premise of
latent variable modelling is that the data distribution is complex; we need to use an
intractable average of many conditional distributions (conditioning on latent states) to
properly describe it. It is not clear how to choose the noise in this scenario, although
work such as that of Ceylan and Gutmann [11], which semi-automates the choice of
noise, appear promising. Finally, we note that choosing a noise may be less difficult in
the case of small amounts of missing data, since fitting a noise to the observed data is
still possible.

4.3

Theoretical analysis of VNCE

We here prove that VNCE has the same maximum as NCE, which is obtained when
the variational distribution q equals the model’s posterior over latents p(z | u; θ). This
is the same optimal q as in standard variational inference, and implies that VNCE is
not only useful for parameter estimation, but also performs approximate inference of
the latent variables.
Standard variational inference minimises the KL-divergence between the approximate and true posterior. In contrast, we show that VNCE minimises a different
f-divergence between the two posteriors. This is likely to have important consequences
on the type of approximate posterior we learn whenever q is not flexible enough to
match the true posterior. We discuss these consequences in more detail after deriving
the necessary equations. First, let us make the idea of an f-divergence precise.
Definition 4.3.1. An f-divergence Df (p ∥ q) between two probability densities p and
q, is defined as

!
p(u)
,
Df (p ∥ q) = Eu∼q f
(4.17)
q(u)
where f is a convex function satisfying f (1) = 0.
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It is a straight-forward application of Jensen’s inequality to show that f-divergences
are non-negative,


Df (p(u) ∥ q(u)) =

Eq f

!



#

"

p(u) 
p(u) 
≥ f Eq
=f
q(u)
q(u)

Z



p(u) du = f (1) = 0,
(4.18)

and obtain their minimum precisely when p = q,
Df (p(u) ∥ q(u))

2

⇐⇒

q = p.

(4.19)

These two properties make f-divergences useful for learning a data generating distribution p by optimising q to minimise Df (p(u) ∥ q(u)). In fact, maximum likelihood
learning minimises the KL divergence, which is one example of an f-divergence where
f (u) = u log(u).
Lemma 1. The difference between the NCE and VNCE objective functions is equal to the expectation of an f-divergence between the true and
approximate posterior. Specifically,3
h

i

JNCE (θ) − JVNCE (θ, q) = Ex Dfx (pθ (z | x) ∥ q(z | x)) ,
where
fx (u) = log(vx + (1 − vx )u−1 ),

vx =

ϕθ (x)
.
ϕθ (x) + νpy (x)

(4.20)

(4.21)

Moreover, this f-divergence can be expressed as the difference of two KL-divergences
Dfx (pθ (z | x) ∥ q(z | x)) = DKL (q(z | x) ∥ pθ (z | x)) − DKL (q(z | x) ∥ mθ (z, x)), (4.22)
where mθ (z, x) = vx pθ (z | x) + (1 − vx )q(z | x) is a convex combination of the true and
approximate posteriors.
Proof. Key to this proof is the previously discussed factorisation of the model,
ϕθ (x, z) = ϕθ (x)pθ (z | x),
2

(4.23)

Technically, q and p need only be equal ‘almost everywhere’ with respect to the Lebesgue measure.
See Bartle [3] for more details.
3
Throughout the following derivations, parameters are moved into the subscript for compactness.
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where the conditional distribution is normalised. With this factorisation at hand,
we now consider the difference between the NCE objective: JNCE (θ) (2.25) and the
VNCE objective: JVNCE (θ, q) (4.11). Each objective consists of two terms: the first is
an expectation with respect to the data, the second an expectation with respect to
the noise distribution py . The second terms of JNCE and JVNCE are identical, so their
difference equals the difference between their first terms
JNCE (θ) − JVNCE (θ, q)
ϕθ (x)
ϕθ (x, z)
= Ex log
− Ex Ez∼q(z | x) log
ϕθ (x) + νpy (x)
ϕθ (x, z) + νpy (x)q(z | x)
!



!

!

ϕθ (x)
νpy (x)q(z | x) 
= Ex Ez∼q(z | x) log
+ log 1 +
ϕθ (x) + νpy (x)
ϕθ (x)pθ (z | x)
!



(4.25)
!

ϕθ (x)
ϕθ (x)
νpy (x) q(z | x) 
= Ex Ez∼q(z | x) log
+
ϕθ (x) + νpy (x) ϕθ (x) + νpy (x) ϕθ (x) pθ (z | x)




= Ex Ez∼q(z | x) log 


(4.26)

!

νpy (x)
ϕθ (x)
q(z | x) 
= Ex Ez∼q(z | x) log
+
ϕθ (x) + νpy (x) ϕθ (x) + νpy (x) pθ (z | x)


(4.24)

ϕθ (x)
ϕθ (x)
+ 1−
ϕθ (x) + νpy (x)
ϕθ (x) + νpy (x)



!

q(z | x)
pθ (z | x)

(4.27)




(4.28)

!

q(z | x) 
= Ex Ez∼q(z | x) log vx + (1 − vx )
pθ (z | x)
h

(4.29)

i

= Ex Dfx (pθ (z | x) ∥ q(z | x)) ,

(4.30)

where fx (u) = log(vx + (1 − vx )u−1 ). To ensure that that Dfx is a valid f-divergence,
we need to prove that f is convex and fx (1) = 0. The latter is trivial, since fx (1) =
log(vx + (1 − vx )) = log(1) = 0, and convexity follows directly from Lemma A.1 in the
Appendix.
We now prove that this f-divergence can be expressed as the difference of two
KL-divergences as in Equation 4.22. To do this, we pull q/p outside of the log in
Equation 4.29,
Dfx (pθ (z | x) ∥ q(z | x))
"

= Ez∼q(z | x)



!

q(z | x)
pθ (z | x)
+ Ez∼q(z | x) log vx
+ (1 − vx ) 
log
pθ (z | x)
q(z | x)
#

(4.31)
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"

= Ez∼q(z | x)



#

!

q(z | x)
q(z | x)
 (4.32)
log
− Ez∼q(z | x) log
pθ (z | x)
vx pθ (z | x) + (1 − vx )q(z | x)

= DKL (q(z | x) ∥ pθ (z | x)) − DKL (q(z | x) ∥ mθ (z, x)).

(4.33)

where mθ (z, x) = vx pθ (z | x) + (1 − vx )q(z | x).
Lemma 1 tells us that the optimal q is the model’s posterior. This follows
from a key property of the f-divergence stated in Equation 4.19. Hence, VNCE
has the same optimum as standard variational inference. However, in VNCE we don’t
just minimise DKL (q(z | x) ∥ pθ (z | x)); we minimise the difference between it and
DKL (q(z | x) ∥ mθ (z, x)). The following corollary gives us some idea of the impact of
this extra term, by telling us when it vanishes.
Corollary 1.1. As vx = ϕθ (x)/(ϕθ (x) + νpy (x)) → 0, our f-divergence tends to the
standard KL-divergence,
Dfx (pθ (z | x) ∥ q(z | x)) → DKL (q(z | x) ∥ pθ (z | x)).

(4.34)

In particular, as the ratio of noise to data, ν, goes to infinity, we recover
the KL-divergence from standard variational inference.
Proof. In Equation 4.29, we obtained the following expression for our f-divergence,


!

q(z | x) 
.
Ez∼q(z | x) log vx + (1 − vx )
pθ (z | x)

(4.35)

As vx → 0, we obtain the standard KL-divergence.
The fact that we recover the standard KL-divergence as the ratio of noise-to-data
tends to infinity agrees with a theoretical result for NCE, which states that as this
ratio tends to infinity, NCE is equivalent to maximum likelihood.4
Lemma 1 tells us that VNCE transforms inference in unnormalised models into an
optimisation problem. The end result of this optimisation is an approximate posterior
that can often be directly useful, independent of the full model ϕ. This is the case in
many semi-supervised learning tasks for instance [26]. Of course, approximating the
model’s posterior is only useful if we have learned good parameters θ for the model.
4

‘Equivalent’ in the sense that the NCE objective converges, under mild conditions, to a Poissontransformed likelihood function [2]. This then implies that NCE has the same asymptotic properties
as maximum likelihood estimation.
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The following theorem provides some assurance of this: it shows that the maximum of
the VNCE objective matches the maximum of the NCE objective.
Theorem 2. (Equivalence of VNCE and NCE)
max JNCE (θ) = max max JVNCE (θ, q)
θ

θ

q

(4.36)

Proof. It follows directly from Lemma 1 that:
p(z | x; θ) = arg max JVNCE (θ, q),

(4.37)

q

and that, plugging this optimal q into JVNCE makes the variational lower bound tight,
JVNCE (θ, p(z | x; θ)) = JNCE (θ).

(4.38)

Hence,
max max JVNCE (θ, q) = max JVNCE (θ, p(z | x; θ)) = max JNCE (θ).
θ

q

θ

θ

(4.39)

Together, the preceding theorem and lemma underpin a theory of variational
inference for unnormalised models that has the same level of generality as standard
variational inference. Hence, theoretical advances from standard variational inference
can be directly imported to the unnormalised setting.
In particular, the different variational optimisation strategies discussed in Section
2.5 apply. We can compute maxθ maxq JVNCE (θ, q) by parametrising q with parameters
α, and jointly optimising JVNCE with respect to both θ and α. Another approach,
known as variational EM, would involve a form of coordinate ascent: we alternate
between optimising θ and q. In either case, we can use a score-function estimator or
the reparameterisation trick to differentiate with respect to α.
In the special case that we know the true posterior over latents, we no longer need
to optimise q, and we obtain the (non-variational) EM algorithm. When optimising the
variational lower bound to the log-likelihood, the EM algorithm can be very appealing
because it never decreases the log-likelihood. We obtain an analogous result for VNCE,
shown in the following corollary.
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Corollary 2.1. (EM algorithm for VNCE) Given a random initial starting point θ 0 ,
and the following optimisation procedure:
1. (E-step) qk (z | u) = p(z | u; θ k )
2. (M-step) θ k+1 = arg max JVNCE (θ, qk )
θ

3. Unless converged, repeat steps 1 and 2
it follows that, for all k ∈ N, we have: JNCE (θ k+1 ) ≥ JNCE (θ k ).
Proof. Let k ∈ N. After the E-step of optimisation, we have qk (z | u) = p(z | u; θ k ) and
so, by Lemma 1,
h

i

JNCE (θ k ) − JVNCE (θ k , qk ) = Ex Dfx (p(z | x; θ k ) ∥ p(z | x; θ k )) = 0,

(4.40)

implying that JVNCE (θ k , qk ) = JNCE (θ k ). Now, in the M-step of optimisation, we have
θ k+1 = arg max JVNCE (θ, qk ) =⇒ JVNCE (θ k+1 , qk ) ≥ JVNCE (θ k , qk ) ,
θ

(4.41)

finally, by using Lemma 1 again, we see that JNCE (θ k+1 ) ≥ JVNCE (θ k+1 , qk ). Putting
everything together,
JNCE (θ k+1 ) ≥ JVNCE (θ k+1 , qk ) ≥ JVNCE (θ k , qk ) = JNCE (θ k ) .

(4.42)

As is the case for standard EM, the above result does not hold if we only take
a ‘partial’ E-step, by making q close, but not exactly equal, to p(z | x; θ). Thus,
any approach using a non-exact, variational q will not have such strong theoretical
guarantees. However, the corollary still holds if we take a partial M-step, increasing the
value of JVNCE (θ, qk ) through a few gradient steps without computing the true argmax.

4.4 Toy model illustrating approximate inference with VNCE
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Toy model illustrating approximate inference
with VNCE

The following toy model illustrates Lemma 1, which described the divergence minimised
when using VNCE for approximate inference. The model is normalised and has 2dimensional latents and visibles,


z ∼ N (0, I),

ϵ ∼ N (0, cI),



z1 z2 
ζz = 
,
z1 z2

x = ζ z + ϵ,

(4.43)
(4.44)

so that,
p(z) = N (z; 0, I),

p(x | z) = N (x; ζ z , c2 I),

p(x, z) = p(z)p(x | z),

(4.45)

where c is a known standard deviation that we set to 0.3. Because c is known, this
model has no parameters for us to estimate; we are solely interested in approximating
the posterior distribution p(z | x), given by
p(z | x) = R

N (z; 0, I) N (x; ζ z , cI)
.
N (z; 0, I) N (x; ζ z , cI) dz

(4.46)

This integral in the denominator is not easy, perhaps impossible, to solve in closed form.
We therefore approximate p(z|x) with a distribution q(z|x; α) = N (z; µ(x; α), Σ(x; α)),
where Σ is a diagonal covariance matrix and µ and Σ are parametrised by a single
2-layer feed-forward neural network. The details of this parametrisation, and the
training of the neural network, are given in the Appendix (A.3).
Given this q, we maximise the VNCE objective function (4.11) with respect to
α. This optimisation depends on the choice of noise distribution py and the ratio of
noise-to-data samples ν. We consider two choices for the noise,
p1y (u) = N (u; x̄, Σ̄),

p2y (u) = N (u; 0, 10I),

(4.47)

where x̄ and Σ̄ are the empirical mean and covariance, respectively. Figure 4.1 compares
these noise distributions to the data-generating distribution p(x). For each noise, we
train with ν = 1, and then for the second noise distribution we also train with ν = 100.
The approximate posteriors learnt with these settings are shown in the last three rows
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P (z) : N (0, I)

P (x)

Py1 (Y ) : N (x̄, Σ̄)

Py2 (Y ) : N (0, 10I)

6
4
2
0
−2
−4
−6

6
4
2
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−6
−5.0

−2.5

0.0

2.5

5.0

−5.0

−2.5

0.0

2.5

5.0

Fig. 4.1 Top row. The marginals of a simple latent variable model defined in
Equations 4.43 and 4.45. The red, green and blue points in the rightmost plot are
three ‘landmark’ points for which we approximate the posterior p(z | x)—see Figure
4.2 for the results. Bottom row. Two choices of the noise distribution used in VNCE
when approximating p(z | x). The leftmost noise was chosen by fitting a Gaussian to
samples from p(x). It has a similar mean and covariance structure to p(x), so the two
are well-matched at the mode (green landmark). However, it has much lighter tails,
and is therefore a bad match to p(x) at the red and blue landmarks. The rightmost
noise represents a ‘bad’ choice of noise that is not a particularly good match to the
true data generating distribution anywhere.
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Fig. 4.2 Density plots of true and approximate posteriors for the 2D toy model
defined in Equations 4.43 and 4.45. The colour-coded columns correspond to the
landmark x points in the top-right plot of Figure 4.1, which we condition on when
computing posteriors. Top row. The true posteriors, p(z | x). Depending on the x
we are conditioning on, the posteriors can have very different shapes. Second row.
The approximate posteriors we obtain when applying standard variational inference,
minimising the KL-divergence. Third row. The approximate posterior learned when
applying VNCE with the first choice of noise distribution—see bottom-left plot of
Figure 4.1. Final two rows. Approximate posteriors learned with VNCE, using the
second noise—see bottom-right plot of Figure 4.1. The final row increases the ratio of
noise to data, making VNCE behave more like standard variational inference.
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of Figure 4.2. The first two rows show the true posterior, calculated with numerical
integration, and the approximate posterior learnt by maximising the evidence lower
bound (2.15) and thereby minimising the KL divergence between q(z | x; α) and p(z | x).
The ground-truth row in Figure 4.2 illustrates how a relatively simple model can
generate complex posteriors that vary greatly depending on which x we condition
on. For some x, the model generates relatively well-behaved, uni-modal posteriors
resembling a Laplacian (green), whilst for other x, the model generates multi-modal
posteriors concentrated along curved manifolds (blue & red). Fitting an approximate
posterior to such diverse distributions is challenging, which is why a highly expressive
function approximator such as a neural network is needed. Even with a neural
network, our current parametrisation restricts us to outputting a Gaussian with
diagonal covariance, which is a poor match for any of the true posteriors.
We see that the approximate posterior learned by minimising the KL-divergence is
‘mode-seeking’, latching onto a single density peak, whilst underestimating the variance
of this peak. This behaviour is well-known and predictable from the mathematical
form of the KL in Equation 2.16, since if q places any probability mass in a region
where p is unlikely, then the denominator in the log is close to zero, exploding the KL.
Of greater interest to us is the fact that approximate posteriors learnt with VNCE
display similar low-variance, mode-seeking behaviour. The key difference with VNCE
is that the choice of noise distribution and ratio of noise-to-data samples, ν, ought to
affect the shape of the posteriors. In particular, Lemma 1 and associated Corollary
1.1 tell us that VNCE minimises an f-divergence which tends towards the KL when
ϕθ (x)/(ϕθ (x) + νpy (x)) → 0. That is, when the noise assigns a high density to x
compared to the model, or when ν is large, we expect VNCE to produce a similar
posterior to the ELBO at that specific point x. In contrast, as this ratio gets closer to
one, our f-divergence should become a worse approximation to the KL. This should
occur for those x points which are unlikely under the noise, compared to the model.
We see that this theory is borne out in practice. Noise 1 assigns a high density to
the green landmark, and so the corresponding posterior resembles that obtained using
the KL—see row 3 of Figure 4.2. The same is true of noise 2 when ν = 100, but not
when ν = 1, as can be seen in rows 4 and 5 of Figure 4.2. This is because noise 2 is
very diffuse and assigns a low density to the green landmark compared to the model.
All three setting of VNCE produce posteriors that are slightly different to the KL at
the extreme red and blue landmarks. This is because neither noise is a good match to
the model here, and whilst increasing ν helps, it does not entirely fix the issue.
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To summarise, even though the VNCE posteriors do not always match the KL
posteriors, when the noise is good and/or when ν is large, we obtain reasonable
approximations to the true posteriors (modulo the restrictive parametric assumptions).

4.5

Toy model illustrating parameter estimation
with VNCE

We consider a simple mixture of two Gaussians model, where the only unknown parameter is the standard deviation of one of the Gaussians. We consider two cases: firstly
a normalised MoG, and then an unnormalised version. Finally, for the unnormalised
version, we run a population analysis to compare the performance of VNCE against
both NCE and maximum likelihood estimation5 (MLE) across multiple sample sizes.

4.5.1

Normalised mixture of Gaussians

A common latent variable model is the mixture of Gaussian (MoG) model. For a
mixture with two components, a single binary latent variable z ∼ Ber(π) determines
which of two Gaussians the data was generated from. If π = 1/2, we have the following
joint pdf, p(u, z; θ),
p(u, z; θ) =

(1 − z)
z
N (u; 0, θ2 ) + N (u; 0, σ12 ).
2
2

(4.48)

We assume that the variance of the second component, σ12 , is known, and our task
is to estimate the value of θ. Whilst this estimation problem does not involve an
unnormalised model, we can still apply VNCE to it. This provides a useful sanity check
of the method’s validity in a simple setting where we do not have a scaling parameter
to estimate in conjunction with θ.
For a simple experiment, we set σ1 = 1 and let θ∗ = 4 be the true value of θ. We
then make the following choices of noise and variational distribution,
py (u) = N (u; 0, θ∗ 2 )

(4.49)


q(z|u) = p(z = 0 | u; θ) =
5

θk

1 +

σ1



exp 

−u2
2

The model was first normalised before applying MLE.


! −1
1 
 .
2

1
−
σ12 θ

(4.50)
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The choice of noise distribution is not too important for this simple model, so long as
it approximately matches the data generating distribution. With this setup, we can
then apply the EM type algorithm presented in Corollary 2.1. Figure 4.3 illustrates
the results with plots of the NCE and VNCE objectives obtained after each E-step and
M-step during learning. It is clear from the figure that the value of the NCE objective at
the current parameter (red-dashed line) never decreases, in accordance with Corollary
2.1. Moreover, the figure validates Theorem 2, which states that the maximum of the
VNCE objective with respect to θ and q equals the maximum of the NCE objective
with respect to θ. We see this from the overlap of the blue circle (maximum of NCE)
and the red square (maximum of VNCE) in the final plot (bottom-right).

4.5.2

Unnormalised mixture of Gaussians

We would like to modify the MoG given in Equation 4.48 to obtain an unnormalised
family. An obvious candidate is


ϕ(u, z; θ, c) = e−c (1 − z)e

2
− u2
2θ

−

+ ze

u2
2σ 2
1




(4.51)

where e−c is a scaling parameter needed for NCE, as discussed at the end of Section 2.6.
It is important to note that the usual MoG family in Equation 4.48 is not nested within
unnormalised family in Equation 4.51. We can see this more easily by normalising
4.51, giving us
p(u, z, θ) = (1 − z)(1 − πθ )N (u; 0, θ) + zπθ N (u; 0, σ1 ),

(4.52)

where πθ = σ1 /(θ + σ1 ). We see that the parameter θ of the unnormalised MoG controls
both the width of the first component and the mixture probability πθ .
Equation 4.52 tells us how to simulate data from our unnormalised model ϕ. First
σ1
) and then sample {x1 , ..., xi } data points
sample z ∼ Ber( θ+σ
1





N (u; 0, θ2 ), if z = 0 
xi ∼
.
 N (u; 0, σ 2 ), if z = 1 
1

(4.53)

For our experiments, we simulate observed data with σ1 = 1 and θ∗ = 4. Using this
synthetic data, we can proceed as before, using an EM algorithm to learn the parameter
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Fig. 4.3 EM-type algorithm for VNCE applied to a normalised mixture of Gaussians
model. The figure reads row-by-row, from left to right. The blue solid line is the NCE
objective, with a blue circle at its maximum. The red solid line is the VNCE objective
for our current variational lower bound q(z|u), with a red square at its maximum. The
black dashed line is the ground truth parameter value, whilst the red dashed line is our
current estimate of the model’s parameter. In the E-step, we set q(z|u) equal to the
true posterior p(z|u; θk ). In the M-step we optimise the model’s parameter using the
VNCE objective, and hence the red dashed line shifts to the centre of the red square.
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Fig. 4.4 Contour plot of true NCE objective function (top) compared to the VNCE
objective function (bottom) for an unnormalised mixture of Gaussians. For the VNCE
objective we have set the variational distribution q(z|u) to be the posterior p(z|u; θ̃),
where θ̃ is our final estimate obtained after optimisation. The vertical axis corresponds
to c, the (log) scaling parameter.
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θ. To do this, we would need to use the posterior over latents, given by,
p(z = 0 | u) =

1
1+

2
exp( −u2 ( σ12
1

+

1
))
θ∗ 2

.

(4.54)

However, for more complex models, we do not have access to such a posterior, and so
it is important that VNCE still works when we approximate it with a parametrised
variational distribution q. To test this, we use the following q,
q(z = 0 | u; w) =

1
,
1 + exp(w0 + w1 u + w2 u2 )

(4.55)

where w = (w0 , w1 , w2 )T are variational parameters. This q family clearly contains the
true posterior.
Visualising learning is less straightforward now that our parameter set is 2dimensional, but we can compare the contour plot of the true NCE objective function
against the lower bound obtained at the end of learning. Figure 4.4 shows the results.
We see that both NCE and VNCE converges to the same correct value of θ, and correct
normalising constant.

4.5.3

Population analysis of unnormalised mixture of Gaussians

Figure 4.5 shows the MSE E||θ − θ∗ ||2 for VNCE, NCE and maximum likelihood
across multiple runs and with different sample sizes. To produce it, we generated 500
distinct ground-truth values for standard deviation parameter in the unnormalised
MoG, sampling uniformly from the interval [2, 6]. For each of the 500 θ∗ s, we estimate
it using all three estimation methods and with a range of sample sizes. Every run
was initialised from five random values and the best result out of the five was kept in
order to avoid local optima, which exist since both the likelihood and NCE objective
functions are bi-modal.
Figure 4.5 (a) demonstrates that the estimation accuracy of VNCE increases with
sample size, and is comparable to that of NCE. This gives some evidence of the
consistency of VNCE. We note that the comparison is complicated by the fact that
NCE was particularly prone to falling into local optima (despite our use of multiple
random initialisations). This is why NCE’s worst-case accuracy is significantly worse
than that of the other two methods, as shown by the upper dashed blue line.
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Fig. 4.5 Log sample size against log mean-squared error (MSE) produced when
estimating the standard deviation and scaling parameter for 500 different unnormalised
mixture of Gaussian models. The thick central lines show the median MSE of the
500 runs, whilst the dashed lines mark the 1st and 9th deciles. Top. The MSEs of
the model parameter θ. The constant negative slope of the red line is evidence of
the consistency of VNCE. Bottom. The MSEs of the log-scaling parameter c. The
constant negative slop indicates that VNCE estimates the normalisation constant of
the model more accurately with larger sample sizes.

Chapter 5
Learning graphical models with
incomplete data
This chapter demonstrates how to perform parameter estimation and graph learning
for an unnormalised graphical model in the context of missing data. We show that
VNCE outperforms a standard baseline method, where data is filled in at the start of
learning and treated as fully observed. Our work here offers a potential solution to a
recent problem in the graphical models literature [30].
Applying variational approaches to missing data problems is not straightforward
[55]. We need to compute all possible conditional distributions over every subset of
the variables, which easily becomes intractable. To solve this problem, we introduce a
novel variational learning approach called Cumulative Data Imputation (CDI) that
only requires univariate conditional distributions. We demonstrate empirically that
CDI enables successful learning.

5.1
5.1.1

VNCE for missing data
Missing data mechanisms

The mechanisms that generate missing data can affect the inferences we make about
the data-generating process. A clear illustration of this point is found in the work of
mathematician Abraham Wald who, during World War II, studied the distribution of
damage to aircrafts returning from battle [33]. The returning aircrafts had a highly
non-uniform distribution of bullet holes, leading some to believe that the most damaged
regions were being explicitly targeted and should therefore be reinforced in subsequent
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missions. Wald noted that the least damaged regions may well be the weakest, such that
any planes damaged there did not return from battle (and therefore represent missing
data). In essence, Wald proposed a model of how the missingness of a datapoint
(aircraft) is conditional on its features (where it was shot and the strength of its
components).
This idea of modelling the missing data mechanism can be made more formal.
Following Barber [1], split a variable x into observed and missing components, xo and
xm respectively, and let m be a binary vector, where each element equals one when the
state of the corresponding element in x is unknown. When data is missing, we specify
a joint model over xo and m,
p(x , m; θ) =

Z

p(xo , xm , m; θ) dxm

(5.1)

=

Z

p(m | xo , xm ; θ)p(xo , xm ; θ) dxm .

(5.2)

o

The term p(m | xo , xm ; θ) is our model of how the missingness of a datapoint depends
on the observed and missing values, as well as the parameters θ. It is through this
model that we express our beliefs about how missing data is generated.
We might assume that m does not in fact depend on the data or parameters
p(m | xo , xm ; θ) = p(m).

(5.3)

This is known as Missing Completely at Random (MCAR) [47]. A weaker assumption
is that M depends only on the observed values
p(m | xo , xm ; θ) = p(m | xo ),

(5.4)

which is known as the Missing at Random (MAR) assumption. Both of these assumptions allow us to factorise Equation 5.2 as follows
p(xo , m; θ) = p(m | xo )

Z

p(xo , xm ; θ) dxm .

(5.5)

This factorisation is important for maximum likelihood estimation, since it allows us
to ignore the missing data model p(m | xo ) when learning θ. The same is true in NCE
(and hence VNCE). Replacing the normalised model with an unnormalised one, we get
ϕ(xo , m; θ) ∝ ϕ(m | xo )

Z

ϕ(xo , xm ; θ) dxm .

(5.6)
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∝

Z

ϕ(xo , xm ; θ) dxm ,

(5.7)

and hence learning is unaffected by the mechanism by which data is missing.
If we did not assume either MCAR or MAR, then the missing data mechanism
could not be ignored when estimating the parameters θ. We do not consider this
setting in the remaining chapter, and so refer the reader to Rubin [47] for more details.

5.1.2

The VNCE objective

In the work to follow, we assume that data is Missing Completely at Random. Specifically, we assume that, given n data points with d features, then p × n × d randomly
selected values are missing, where 0 < p < 1. Therefore, each data point, xi = (xio , xim ),
will have its own, potentially empty, set of missing values.
VNCE requires that the noise samples have the same dimension as the observed
data, so we generate ν noise samples yio with the same pattern of missingness as xi , so
that |yio | = |xio |. The VNCE objective function, for this datapoint, is given by
ϕ(xio , xim ; θ)
i
JVNCE
(θ, q) = Exim ∼q(xim | xio ) log
ϕ(xio , xim ; θ) + νq(xim | xio )pyi (xio )




(5.8)





+νEyoi log 

!

νpyi (yi )
m
o
νpyi (yi ) + Eym
i ∼q(yi | yi )





.

ϕ(yoi ,ym
i ;θ)
o
q(ym
i | yi )

The full VNCE objective is then given by the average over all per-datapoint objectives
JVNCE (θ, q) =

n
1X
J i (θ, q).
n i=1 VNCE

(5.9)

One important subtlety in the definition of this objective is that there is not just one
noise distribution py or variational distribution q. Instead we require a different noise
and variational distribution for each of the 2d − 1 non-trivial patterns of missingness
that can occur in the data. This combinatorial explosion in the number of required q
distributions is a problem for standard variational inference too, and is a matter of
ongoing research.
One simple solution is to specify a joint noise distribution and joint variational
distribution over all variables, missing and observed. So long as we can easily calculate,
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in closed-form, all marginals of the joint noise and all conditionals of the joint variational
distribution, then we can evaluate the VNCE objective.
Requiring closed-form expressions for all conditionals of a joint variational distribution can be quite restrictive. It is common in the variational inference literature to
use inference networks (Section 2.5.1), which are single deterministic mappings from
the observed data to parameters of the variational distributions. It is not obvious how
to use a single network of this sort to model all the possible conditional distributions
[55]. It is therefore an important open question as to how we might leverage inference
networks to learn from missing data.

5.1.3

Cumulative data imputation

We here suggest an approximative method for filling in the data during learning
that only requires d conditional distributions i.e. one per dimension. Each of these d
conditionals could be implemented using an inference network. The method, which
we refer to as Cumulative Data Imputation (CDI), is stated in the context of VNCE
in Algorithm 1. We emphasise however, that CDI also applies when using standard
variational inference for normalised models.
A simplified version of the algorithm is as follows. Suppose that our data set
contains a single point with multiple missing values. CDI first fills in all missing entries
with an initial guess. We then proceed by asynchronously updating the missing values—
one at a time—throughout learning. Each ‘epoch’ consists of randomly selecting one
of the missing entries of our datapoint to be treated as unobserved, whilst the others
o
are treated as observed. Thus, the variational distribution q(xm
i | xi ) is always onedimensional and so, in total, we need at most d variational distributions. This means
that the VNCE objective for missing data (5.8) is now tractable. When optimising
the VNCE objective, we typically draw samples from q. These samples can now
1
be used to update our estimate of the missing value xm
By
i , by averaging them.
cumulatively updating the missing entries of our dataset in this way, we conjecture that
our one-dimensional conditionals can eventually learn to impute the missing values
with reasonable accuracy. This iterative process of updating the missing values must
also be applied to our noise samples.
Algorithm 1 requires a pre-specified function VnceUpdate, which updates the
model parameters, θ, and a univariate conditional distribution qj using the objective in
1

We could also consider randomly selecting a sample.
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Algorithm 1 Cumulative data imputation (CDI) algorithm for VNCE
Require: Model ϕ(u; θ), and d conditional distributions qj (uj | u∖j ).
Require: A function VnceUpdate(x∖j , y∖j , Xj , Yj ), which updates θ and qj .
Require: Data set X, with observed and missing subsets X o & X m .
Require: Noise samples Y, with observed and missing subsets Y o & Y m .
Require: xmean ∈ Rd , the means over each dimension of X o .
Require: ymean ∈ Rd , the means over each dimension of Y o .
Initialise each missing value in X m to the value from xmean with the same dimension.
Repeat for Y m , initialising with ymean .
for i in NumEpochs do
for x = (xo , xm ) in X do
Get corresponding noise vector y.
Select a variable xj from the missing vector xm .
Sample i.i.d. Xj = {x1j , . . . , xkj } ∼ qj (xj | x∖j ).
Sample i.i.d. Yj = {yj1 , . . . , yjk } ∼ qj (yj | y∖j ).
Apply VnceUpdate(x∖j , y∖j , Xj , Yj ).
P
xj ← k1 ki=1 xkj .
P
yj ← k1 ki=1 yjk .
end for
end for
Equation 5.8, approximating all expectations with Monte Carlo estimates. The update
to θ will typically use gradient ascent. The update to qj could either be ‘exact’, if we
know the model’s posterior p(uj |u∖j ; θ), or use gradient ascent on some variational
parameters αj .
For ease of exposition, we assume VnceUpdate uses a single data point x and noise
sample y to perform the updates. Generalising to larger batches is straightforward.
VnceUpdate takes four arguments. A datapoint x∖j , which is x with one dimension
xj ∈ xm missing; the corresponding noise sample y∖j ; and samples Xj = {x1j , . . . xkj },
Yj = {yj1 , . . . yjk } of the missing values from a variational distribution qj (uj | u∖j ).
We show empirically that CDI is an effective method for parameter estimation
in Section 5.3. We demonstrate that it works in two important cases. The first case
is when the model’s univariate conditionals are available, allowing us to use an EM
optimisation scheme. The second case is when we approximate the conditionals with a
variational family, and use a variational EM optimisation scheme.
Although CDI is really an approximation designed to cope with a combinatorial
explosion in the number of required conditionals, it may have certain advantages. It can
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leverage inference networks, which cannot be easily applied to missing data problems.
The conditionals are one-dimensional, so that sampling is generally fast. Moreover,
univariate distributions are more amenable to the reparameterisation trick. This is
because we can often efficiently apply inverse transform sampling, which relies on a
deterministic mapping of samples from a uniform distribution. Even sampling schemes
such as rejection sampling, which are useful in one-dimension, are possible to combine
with the reparameterisation trick [37]. Finally, there are models like the truncated
Gaussian for which we cannot obtain exact expressions for arbitrary conditional
densities, but can obtain closed-form expressions for the univariate conditionals. In
this case, we no longer need to use approximate posteriors with variational parameters,
but instead adopt an EM-type of approach. We discuss this idea in more detail in
Section 5.2.3.
We see two obvious issues with CDI. The first is that we no longer have an objective
function that can be evaluated on a validation or test set containing more than one
missing value per datapoint. This makes hyperparameter tuning and model evaluation
difficult. Secondly, we do not (currently) have any theoretical guarantees that the
algorithm will converge or yield good estimates of the model’s parameters. It would
be interesting to analyse whether Gibbs sampling using the learned d conditionals
corresponds to sampling from a meaningful joint distribution over all variables. Such
an analysis could be used to understand the algorithms convergence properties and
the Gibbs sampling itself might enable us to impute missing values in test data.

5.1.4

Work related to CDI

There is a relatively small literature on applying inference networks to incomplete data.
All such work differs from our setting in that they use standard variational inference in
the context of a variational auto-encoder (VAE). Vedantam et al. [54] address the issue
of how to use inference networks to parametrise q(z|xo ), where z is not the missing
variables, but separate latent variables used in a VAE. They do not treat the missing
values xm as latent variables. Motivated by the work of Williams and Nash [55], they
factorise q as
|xo |

q(z | x ) =
o

Y
i=1

qi (z | xoi ),

(5.10)
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where each of the d variational distributions qi is a multivariate Gaussian with mean
and covariance parametrised by an inference network. The resulting product is also
Gaussian, and can be stated in closed-form. It is tempting to adapt their work to
handle missing data by using
|xo |

q(x | x ) =
m

o

Y

qi (xm | xoi ),

(5.11)

i=1

however using d inference networks with fixed output dimension will not work, since
the dimension of xm varies across data points.
Concurrently with this work, Nazabal et al. [38] proposed a method for using
inference networks that, like CDI, treats the missing values as latent variables. Their
work was also in the context of a VAE, and used the following factorisation
|xm |

q(z, x | x ) = q0 (z | x )
m

o

o

Y

qi (xm
i | z),

(5.12)

i=1

which assumes that each variable xm
i is conditionally independent of all other missing
and observed variables given z. This differs from our method, which is designed to
work for models without additional latent variables z.

5.2

Learning graphical models with incomplete data

In this section, we demonstrate how VNCE can be used to train a truncated Gaussian
model with a sparse precision matrix from incomplete data. By treating the missing
values as latent variables and performing approximate inference over them, we offer a
probabilistically principled strategy for ‘filling-in’ the unobserved data. By learning
a sparse precision matrix, we can then derive an undirected graph describing the
conditional independence relationships between variables.
Our work here builds on that of Lin et al. [30], who used an L1-regularised version of
the (non-negative) score matching objective [22] to train Gaussian models, truncated at
zero along all dimensions. Truncations like this are useful for injecting prior knowledge
into a model; many scientific domains are governed by physical laws that impose strict
constraints on what values the data can take. The most obvious and widespread
instance of this being non-negativity.
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Lin et al. [30] fit this truncated Gaussian to RNA-Seq data, which quantifies the
amount of RNA molecules present in a population of cells. This set of RNA molecules
is known as the transcriptome, and it reflects which genes are actively expressed (and
hence which are suppressed) at a given moment in time. RNA-Seq data can be used
to analyse the hundreds of gene interactions driving complex diseases such as cancer,
making it an important application area of large-scale graphical modelling.
As is the case for many real-world data sets, a significant fraction of the RNA-Seq
data was missing. Lin et al. [30] use a data set with 350 features (which correspond
to genes), but report that 5% of these features have more than 10% of their values
missing. They therefore discard these features. For all remaining features, any missing
values were set to zero. They comment on this issue in the discussion, suggesting that
it ought to be possible to develop a version of score matching to handle missing data.
Whilst we agree that this is a promising direction for future research, such a technique
remains to be developed. Thus, we here use VNCE instead.
Setting missing values to zero is not optimal. Ideally, we would use the observed
values to infer the missing ones, under the assumption that correlations exist between
them. One strategy is to impute missing features with the average value of that feature
across the observed data. A more sophisticated approach is to use a regression model to
map observed features to unobserved ones [31]. Perhaps the most principled approach,
however, it is to build a probabilistic model over all features and use conditional
distributions to infer missing values. It is this latter approach that we use when
applying VNCE.
We now review the necessary background material for learning Gaussian undirected
graphical models, and discuss how to extend this to truncated Gaussians. It is important
to emphasise that a truncated Gaussian is just one example application for VNCE—It is
typically the case that undirected graphical models have intractable partition functions
and may therefore benefit from VNCE when data is missing.

5.2.1

Gaussian undirected graphical models

Recall that the probability density function (pdf) for the multivariate Gaussian is
proportional to:
1
p(x; Σ, µ) ∝ exp − (x − µ)T Σ−1 (x − µ) ,
2
!

(5.13)
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where µ ∈ Rd is the mean and Σ ∈ Rd×d is the positive semi-definite covariance matrix.
To see how a multivariate Gaussian can be viewed as an undirected graphical model,
consider the following factorisation of its probability density function:
1
p(x; Σ, µ) ∝
exp − Ki,i x2i + bi xi
2
i=1
d
Y

!
Y





exp −Ki,j xi xj ,

(5.14)

0≤i<j≤d

where K = Σ−1 and bi is the ith element of b = Kµ. The first d factors of the left-most
product each involve only a single xi , and so do not imply any dependencies between
the variables. The remaining factors contain products of all pairs of variables, xi and
xj . If Ki,j is non-zero, there will be an edge between xi and xj in the undirected graph
associated to the model.
In general, when we estimate K from data, all entries will be non-zero and so the
associated graph will be fully-connected. This can even occur when two variables are
genuinely conditionally independent given the other variables in the graph. If our
primary objective is to learn about these conditional independencies, then it helps
to ‘push’ the off-diagonal elements of K towards zero. We can do this by adding
P
an L1-regularisation term to our objective function, i<j |Ki,j |, where, since K is
symmetric, it is sufficient to sum over the lower triangular off-diagonal elements.

5.2.2

Truncated Gaussians

Gaussians have positive density over their entire domain. In contrast, truncated
Gaussians have zero density over regions of the input space. Probability mass has
been ‘chopped off’, which means that the remaining density integrates to less than one,
rendering the model unnormalised.
The unnormalised pdf is given by:
1
ϕ(x; K, µ) = exp − (x − µ)T K(x − µ) I(x ∈ A),
2
!

(5.15)

where A ∈ Rd is some subset of the input space.2 We assume throughout the rest of
the chapter that the set A is the positive orthant: [0, +∞]d . Because the pdf has this
form, the preceding section on Gaussian graphical models applies equally to truncated
2

Technically, the set A needs to satisfy some measure-theoretic conditions, but all reasonable
choices will meet these conditions.
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Gaussians, and so learning the matrix K automatically gives us an undirected graph
from which we can read off conditional independence relationships.
For almost all choices of parameters and sets A, we cannot normalise ϕ(x; K, µ)
R
since the integral A ϕ(x; K, µ) dx is intractable, except in very low dimensions [20]. It
is therefore necessary to learn the parameters using a method for unnormalised models
such as NCE, rather than maximum likelihood estimation. When applying NCE to
estimate the parameters K and µ, we multiply the model by a scaling parameter,
exp(c), and so a cleaner expression for ϕ is
1
ϕ(x; θ) = exp − xT Kx + xT b + c I(x ∈ [0, +∞]d ),
2
!

(5.16)

where θ ≡ (K, b, c), b = Kµ and we have absorbed −1/2µT Kµ into the scaling
parameter.
When our data set contains missing values, evaluating the model ϕ at an observed
datapoint x is no longer possible in general. We would have to integrate over the
missing values, which is intractable when z is more than a few dimensions. To handle
this intractability, we could apply VNCE instead of NCE. VNCE, in its basic form,
requires a conditional distribution for every subset of missing variables. We might
consider using the model’s conditionals, but these are also truncated normals [20], which
we cannot normalise in high-dimensions. Since VNCE requires normalised conditionals,
this strategy will not work. Instead, we propose to use CDI (Section 5.1.3), which only
requires univariate conditionals. These can be derived from Equation 5.16 in closed
form. Suppose we have observed all but the jth variable, and x∖j = a. Then,
p(xj | x∖j = a; θ) = 

j
)
ψ( xjσ̄−µ̄
j



j
) σ̄j
1 − Φ( −µ̄
σ̄j

,

(5.17)

where ψ is the pdf of a standard normal, Φ its cumulative density function (cdf), and
µ̄j and σ̄j are given by
σ̄j2 =

1
,
Kj,j

µ̄j = µj + σ̄j2 Kj,∖j (µ∖j − a).

(5.18)

Both K and µ were defined in Equation 5.15, and the notation Kj,∖j denotes the jth
row of K with the jth element removed. A proof of this result is provided in Appendix
A.4.
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Applying VNCE to a truncated Gaussian

We here outline our choices for the components required by VNCE in the context of
the truncated Gaussian model.
Model. We do not enforce the constraint that the matrix—K in Equation 5.16—is
semi-positive definite, only that it is symmetric. This is in line with previous work
[30, 25]. The idea is that, since we are only interested in graph learning, it makes sense
to optimise within a less constrained space. It is worth noting that, technically, the
resultant model is not really Gaussian and may not always be normalisable i.e. the
partition function may not be finite for some parameter values.3
Variational distribution. We consider two choices of univariate conditional
distributions that can then be plugged into the CDI algorithm. The first choice is
the model’s conditionals given by Equations 5.17 and 5.18. The second choice is a
variational family with the same form as Equation 5.17, but the parameters µj and σj
are given by affine transformations of the observed values x∖j = a,
µ j = v T a + cj ,

σj = wT a + dj ,

(5.19)

where v j , wj , cj , dj are parameters that we learn by optimising the VNCE objective.
This variational family contains the model’s posterior, as we see by comparing
Equations 5.19 and 5.18. VNCE with the model’s conditionals should outperform
VNCE with the parametrised family, since the latter tries to approximate the former.
We consider both in order to determine what performance loss, if any, is incurred by
having to learn an approximate posterior.
Both of our choices for the variational distribution are simple to sample from using
inverse transform sampling [9],


xj = Φ−1 Φ


−µj
σj

!



+ U 1 − Φ


!
−µj 
 σj

σj

+ µj ,

U ∼ U(0, 1).

(5.20)

Moreover, it is straightforward to apply the reparameterisation trick when backpropagating gradients to optimise the variational parameters in Equation 5.19, since xj is
differentiable with respect to µj and σj .
3

This is not typically an issue in the NCE framework, since we do not estimate the partition
function during learning. The scaling parameter in NCE only approximates the value of the partition
function for the final parameter obtained at the end of learning.
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Noise. We use a noise distribution that fully factorises into a product of univariate
truncated Gaussians whose means and variances are estimated from the observed data.
This noise has the nice property that we can easily evaluate the marginal of any subset
of the variables, which is necessary since different subsets of variables are observed
per-datapoint. Estimating the means and variances requires care due to numerical
stability issues not handled by many statistical software libraries; we therefore give full
details of our procedure.
Given a design matrix X containing our data, we want to fit a univariate truncated
Gaussian to each column. To do so, we could estimate the means µi and variances σi2
of the pre-truncated Gaussians using the following equations [9], where xi denotes a
column of X with empirical mean µ̄i and variance σ̄i2 :
ψ(α)
σi ,
µ̄i = µi +
1 − Φ(α)



αψ(α)
ψ(α)
σ¯i2 = 1 +
−
1 − Φ(α)
1 − Φ(α)

!2 

(5.21)

 σ2.
i

As before, ψ is the pdf of a standard normal and Φ is its cdf. These pairs on nonlinear simultaneous equations can then be solved with a variety of methods, such
i
≫ 0, computing the fractions
as Newton-Krylov [28]. However, whenever α = −µ
σi
αψ(α)
ψ(α)
, 1−Φ(α) becomes numerically unstable. In a short note available on GitHub,
1−Φ(α)
Fernandez-de-cossio Diaz [13] explains how to fix this using the more numerically stable
scaled complementary error function erfcx(x) = exp(x2 ) erf(x), where erf(x) is the
error function. Introducing the notation
F1 (x) =

1
,
erfcx(x)

F2 (x) =

x
,
erfcx(x)

(5.22)

we can then re-express the required fractions in a numerically stable form,
αψ(α)
2
α
= √ F2 ( √ ),
1 − Φ(α)
π
2

5.3

ψ(α)
2
2
α
α
= √ F2 ( √ ) −
F1 ( √ )
1 − Φ(α)
π
π
2
2
"

#2

.

(5.23)

Simulations

We test the ability of VNCE to recover the ground-truth parameters K ∈ Rd×d and
b = Kµ ∈ Rd of a truncated normal as given in Equation 5.16 for different amounts
of missing data. We are interested in sparse matrices K that correspond to graphs
with many missing links. Our primary objective is to learn this graph structure and
thereby infer conditional independence relationships between the d variables. We are
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also interested in evaluating the accuracy of the learned parameters, which indicates
the quality of our estimated probability density function.

5.3.1

Experimental setup

We generate 50 sets of parameters for d = 5 as follows. All elements of the main
diagonal of K are set to one, whilst all elements of the superdiagonal4 are sampled
from U(0.3, 0.5). The top right-hand corner is also sampled from the same uniform
distribution. This matrix, K̂, is then symmetrised by setting K = K̂ + K̂ T − diag(K̂).
The resultant graph associated to K has a ring-structure as shown in Figure 5.1.
Finally, all elements of the vector µ are set to one.
2
1
3

0
4

Fig. 5.1 The graph associated to the truncated normal graphical model from which
we simulate data. Each node corresponds to a random variable, and the pattern of
edges implies that each variable is independent of the rest given its two neighbours.
For each of the 50 sets of parameters, we sample 1000 data points. Since we are in
low dimensions, sampling from the multivariate truncated normal can be achieved with
rejection sampling with a Gaussian proposal distribution. For higher dimensions, more
sophisticated techniques exist [8]. For each data set, we generate 10 boolean masks,
such that a ‘1’ corresponds to a missing data point. The fraction of ones in each mask
increases in increments of 10%, ranging from 0% to 90%. Applying these masks to the
data, we obtain a total of 500 data sets.
Methods for comparison
We apply the CDI algorithm for VNCE (Algorithm 1), for both choices of variational
distribution described in Section 5.2.3. We compare to baseline methods that fill in
the missing values once at the beginning of learning and then use NCE (Section 2.6),
4

The ‘superdiagonal’ refers to those elements directly above the main diagonal.
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treating the data as fully observed. This is line with previous work, where Lin et al.
[30] fill in missing values with zeros before estimating a truncated normal. The primary
difference is that they apply score matching rather than NCE.
In total, we compare five methods, all using the same noise distribution given in
Section 5.2.3. All methods use stochastic gradient ascent (SGA) with a mini-batch of
size 100 and a learning rate of 0.1. The methods are:
• VNCE (true). Uses the true posteriors of the model, learning with the EM
algorithm for VNCE. In the M-step of learning we update the model’s parameters
using SGA.
• VNCE (approx). Uses an approximate posterior, learning with the variational
EM algorithm, alternating between two optimisation steps: one for the model
parameters θ and one for the variational parameters α. Each step uses SGA.
• NCE (means). Fills in with the means of the observed data features.
• NCE (noise). Fills in with samples from the noise distribution.
• NCE (random). Fills in with samples drawn from U(0, 3).
Finally, we note that whilst Lin et al. [30] used L1-regularisation to help learn a sparse
precision matrix, we here consider the simpler case without an L1 penalty. This is to
make analysing the performance of VNCE and CDI simpler. In future work we intend
to see what additional impact regularisation has.
Performance metrics
We consider two performance metrics: mean squared error (MSE) between the estimated
and true parameters, and ROC curves for measuring how well we learn the graph
structure in Figrue 5.1.
For the mean squared error, we split the parameters of the truncated normal
(Equation 5.16) into three components: b = Kµ, the diagonal of K, and the lowertriangular off-diagonal elements of K. We use b, rather than µ, because µ only affects
the shape of our model indirectly, through b. We split K into two components since
the off-diagonal elements capture the interactions between variables, which is important
for graphical modelling, whilst the diagonal terms relate to each variable individually.
After parameter estimation, we infer a graph from the off-diagonal elements of K,
and then assess what fraction of the true edges we obtain (true positives) and what
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Fig. 5.2 Mean squared error of estimated parameters of a truncated Gaussian for
different fractions of missing data. The vertical bars represent interquartile ranges,
whilst the circles are median values. In both the first and second plot, the orange bar is
omitted in many cases, since the MSEs were too large to include. Overall, we see that
either VNCE (true) or VNCE (approx) has the lowest MSE, or joint lowest, across
almost all fractions of missing data. This shows that probabilistic inference of missing
values improves parameter estimation
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fraction of the false edges we obtain (false positives). One issue is that our estimated
matrix K is generally non-zero for all elements, implying a fully-connected graph. To
resolve this, we apply a threshold, such that if the absolute value of an element is
below that threshold, then the corresponding edge is not included in the graph. For
different choices of threshold, we obtain a different trade-off between true positives
and false positives. This trade-off is depicted by the Receiver Operating Characteristic
curve (ROC curve).

5.3.2

Results

Accuracy of parameter estimation
Figure 5.2 shows the simulation results for different fractions of missing data, 0 < p < 1,
plotted against the mean squared error (MSE) of the parameters. The vertical bars
display the interquartile ranges over the 50 simulations for each method.
Either VNCE (true) or VNCE (approx) has the lowest MSE, or joint lowest, across
almost all parameters and fractions of missing data. This shows that probabilistic
inference of missing values improves parameter estimation. Moreover, the performance
gains from VNCE typically grow with the fraction of missing data until around 50% is
missing.
For the b parameter, we see that VNCE (true) consistently has the lowest MSE for
more than 10% missing. VNCE (approx) is the second best method up until 70% is
missing, at which point it is no better than baseline methods. For the diagonal of K,
the reverse trend holds. VNCE (approx) has the lowest MSE, whilst VNCE (approx)
is second best, up until 90% of data is missing. The reason for these opposing trends
is not entirely clear. We might expect VNCE (true) to be consistently better, since
it does not rely on a variational approximation. However, it may be the case that
the approximation simply makes different trade-offs, fitting some parameters more
accurately than others. Moreover, it is unclear how the CDI algorithm interacts with
the two types of posteriors, making interpretation difficult.
Both VNCE methods and NCE (means) have comparable performance for the
off-diagonal elements of K, although VNCE (true) generally has a slightly lower median
MSE, particularly when more than 80% of the data is missing. It is interesting that
NCE (means) performs comparably. It seems that filling in each missing dimension with
the same fixed mean allows NCE to still learn the interactions between variables. This
does come at a cost however. NCE (means) provides poor estimates of the diagonal of
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Fig. 5.3 Median ROC curves measuring the ability of the three best methods to recover
the ground-truth conditional independence relationships between variables. Moving
row-by-row, from left-to-right, the fraction of missing data increases in increments of
10%. For less than 50% missing, all methods perfectly recover the true independence
relationships. For higher amounts of missing data, VNCE (true) is best, followed by
NCE (means) and then VNCE (approx).
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Fig. 5.4 Interquartile ranges of the AUC scores for each of the five methods when
trying to recover the ground-truth conditional independence relationships between
variables. Larger AUC values correspond to better performance. VNCE(true) and
NCE (means) are the joint best methods when less than 80% of data is missing. After
this point, VNCE (true) obtains the highest median AUC scores.
K and the parameter b; for most fractions of missing data, their MSEs were too high
to include in the plot.
Quality of the learned graphs
Figure 5.3 displays the median5 ROC curves for the top three performing methods:
VNCE (true), VNCE (approx) and NCE (means). The other two baselines were
omitted for clarity. We see that all three methods perfectly identify the true graph
when less than 50% of data is missing. For 50% and above, the methods still perform
similarly, but it seems that VNCE (true) is best, followed by NCE (means) and then
VNCE (approx).
The interquartile range of the Area under the ROC Curve (AUC) for each of
the 5 methods is shown in Figure 5.4. It is clear from this figure that VNCE (true)
outperforms NCE (means) when the fraction of missing data is 80% or greater. In
5

Specifically, for every false positive rate in the range [0, 0.02, . . . , 0.098, 1], we calculate the median
true positive rate over all 50 simulations.
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contrast, VNCE (approx) deteriorates for more than 80% missing, performing worse
than all baselines. Thus, whilst VNCE can be effective, the use of a variational
approximation may be problematic for large amounts of missing data.
Finally, in Figure 5.5, we show ‘point estimates’ of the learned graph for each of
the best three methods. These estimates were generated by randomly selecting one
of the 50 simulations and taking the 5 largest elements (in absolute value) from the
off-diagonal of the learned matrices K and plotting the corresponding edges.

5.3.3

Limitations and future work

We have shown that VNCE can perform accurate parameter estimation and graph
selection for an unnormalised graphical model in the context of missing data. However,
our experiments were limited to 5 dimensional simulations, and so future experiments
will need to investigate the scalability of our methods to real-world data such as the
RNA-Seq data used by Lin et al. [30]. Since this previous work used score matching
with missing data filled in with zeros, it makes sense to include this as an additional
baseline method. Moreover, it is important to assess the potential benefits of using
L1-regularisation.
We introduced cumulative data imputation (CDI), a novel variational learning
framework for missing data, and showed that it works empirically. However, we were
unable to quantify the impact CDI had on learning. To measure this, we would need
to compare our results to VNCE without CDI. This could be achieved by using a
variational family for which we can compute, in closed-form, all conditional distributions.
For instance, a log-normal variational family could be used.

Learning graphical models with incomplete data

62

VNCE (true)
0

VNCE (approx)
0
1

1

80%

2

2

3
4

60%

2

2

1

3

0
4

2

4

1

0

1

2

4
0

3
0

3

2

0
1

4
4

3

4
1

2

4

0

0%

3

4

1

2

2

0

4
3

1

1

1

40%

4
0

2
3

1

3

3

2

3

1

4

4
3

20%

2

3

0

0

0

0

4

1
2

3

NCE (means)
4

0

3
1
2

Fig. 5.5 Illustrative graphs learned when trying to recover the ground-truth conditional
independence relationships between variables. These graphs were generated by taking
the 5 largest elements (in absolute value) from the off-diagonal of the learned matrices
K and plotting the corresponding edges.

Chapter 6
Conclusions
Our primary goal in this thesis was to develop a new method for parameter estimation
of unnormalised latent variable models. This family of distributions is very broad,
with the potential to approximate a diverse array of data-generating distributions.
However, training unnormalised latent variable models is doubly-intractable in general,
restricting the usefulness of such models in practice.
We achieved our objective by developing a method for training unnormalised
latent variable models that extends noise-contrastive estimation (NCE). We derived a
variational lower bound to the NCE objective, and proved that maximising this lower
bound is equivalent to NCE. This theoretical achievement resolves a key deficiency
in the noise-contrastive framework. Moreover, we saw that only one other method—
(persistent) contrastive divergence—is able to train unnormalised, latent variable
models. Given the potential power and flexibility of such models, the addition of a
second viable estimation technique is an important advance.
We provided unifying theory to connect VNCE with standard variational inference
on the log-likelihood. We showed that VNCE performs a type of approximate inference
based on minimising an f-divergence that differs in general from the KL-divergence.
This is an important contribution since learning an approximate posterior can be useful
for a variety of tasks, independent of the learned model.
Finally, we demonstrated the effectiveness of VNCE empirically in the context
of a truncated normal graphical model with missing data. To achieve this goal, we
developed a novel approximate algorithm, cumulative data imputation (CDI), for
applying variational methods to missing-data problems. This algorithm applies to
standard variational inference, not just VNCE, and allows us to leverage inference
networks to impute missing values during learning.
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Conclusions

Whilst we have laid the foundations of VNCE, more work is needed to empirically
evaluate the method on real-world, high-dimensional datasets. A key motivating
goal for training unnormalised latent variable models is that they are flexible, with
the potential to model complex, high-dimensional data such as natural images. It is
therefore an important next step to implement VNCE at scale.
In particular, we see promise in applying both NCE and VNCE to models parametrised
by deep neural networks, as was recently shown to be possible for a version of score
matching [50]. The key obstacle here is choosing a good noise distribution. Recent
work [11] has shown that it is possible to semi-automate the choice of noise, and we
believe further advances can be made.
Finally, it would be interesting to apply CDI to standard variational inference
problems for normalised models. At present, there is only one other method (to our
knowledge) that treats missing data probabilistically and uses inference networks [38].
A comparison of the two methods in the context of an auto-encoder would therefore
be an important next step.
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Appendix A

A.1

Convexity result

Lemma 3. For non-negative real numbers a, b and u, the function
f (u) = log(a + bu−1 )

(A.1)

is convex.
Proof. Differentiating f twice:
f ′ (u) = −

b
au2 + bu

f ′′ (u) =

b(2au + b)
,
(au2 + bu)2

(A.2)

we see that f ′′ (u) ≥ 0 since a, b and u are non-negative. Hence f is convex.

A.2

Gradient of J (θ)
VNCE

We can write the VNCE objective function, JVNCE (θ), as follows:

JVNCE (θ) = −Ex Ez∼qk log(ψ1 (x, z; θ)) − νEy log(ψ2 (y; θ)) ,








(A.3)

where
1
ψ2 (y; θ) = 1 + Ez∼qk [r(y, z; θ)]
ν
ϕ(x, z; θ)
r(u, z; θ) =
q(z | u)py (u)

ψ1 (x, z; θ) = 1 +
and

ν
r(x, z; θ)

(A.4)
(A.5)
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Now, let us take derivative with respect to θ:
1
∇θ ψ1 (x, z; θ)
ψ1 (x, z; θ)
1
−ν
=
∇θ r(x, z; θ)
ψ1 (x, z; θ) r(x, z; θ)2
−ν
∇θ ϕ(x, z; θ)
1
.
=
2
ψ1 (x, z; θ) r(x, z; θ) qk (z | x)py (x)

∇θ log(ψ1 (x, z; θ)) =

(A.6)
(A.7)
(A.8)

It is convenient to re-express ∇θ ϕ(x, z; θ) as follows:
∇θ ϕ(x, z; θ) = ∇θ exp(log(ϕ(x, z; θ)))

(A.9)

= ∇θ log(ϕ(x, z; θ)) exp(log(ϕ(x, z; θ)))

(A.10)

= ∇θ log(ϕ(x, z; θ)) ϕ(x, z; θ).

(A.11)









Plugging this back into Equation A.8, we get:
−ν
∇θ log(ϕ(x, z; θ)) ϕ(x, z; θ)
1
∇θ log(ψ1 (x, z; θ)) =
ψ1 (x, z; θ) r(x, z; θ)2
qk (z | x)py (x)


1
−ν
=
∇θ log(ϕ(x, z; θ))
ψ1 (x, z; θ) r(x, z; θ)


−ν
=
∇θ log(ϕ(x, z; θ))
r(x, z; θ) + ν




(A.12)
(A.13)
(A.14)

ν
.
Where in the final line we used the fact that ψ1 (x, z; θ) − 1 = r(x,z;θ)
K
Now we find the derivative of the second term of JVNCE (θ). Recalling that:

1
ψ2 (y; θ) = 1 + Ez∼qk [r(y, z; θ)],
ν

(A.15)

we have:
1
∇θ ψ2 (y; θ)
ψ2 (y; θ)
"
#
1
∇θ ϕ(y, z; θ)
1
Ez∼qk
=
ψ2 (y; θ) ν
qk (z | y)py (y)
h

i
1
1
=
Ez∼qk r(y, z; θ) ∇θ log(ϕ(y, z; θ))
ν ψ2 (y; θ)

∇θ log(ψ2 (y; θ)) =

(A.16)
(A.17)
(A.18)
(A.19)
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Putting this all together, we arrive at:


ν
∇θ log(ϕ(x, z; θ))
(A.20)
r(x, z; θ) + ν
h

i
1
E
r(y,
z;
θ)
∇
log(ϕ(y,
z;
θ))
− Ey
z∼qk
θ
1 + ν1 Ez∼qk [r(y, z; θ)]

k
∇θ (JVNCE
(θ)) = Ex Ez∼qk

A.3

Experimental details for toy approximate inference problem

In section 4.4 we approximated a posterior p(z | x) with a variational distribution
q(z | x; α) = N (z; µ(x; α), Σ(x; α)), where Σ is a diagonal covariance matrix, and µ
and Σ are parametrised by a single 2-layer feed-forward neural network with weights
α.
The output layer of the neural network has 4 dimensions, containing the concatenated vectors µ and log(diag(Σ)). The input to the network is a 2 dimensional vector
x of observed data. In each hidden layer there are 100 hidden units, generated by
an affine mapping composed with a tanh non-linearity applied to the previous layer.
The weights of the network are initialised from U(−0.05, 0.05) and optimised with
stochastic gradient ascent in minibatches of 100 and learning rate of 0.0001 for a total
of 50 epochs.

A.4

Univariate conditionals of a truncated Gaussian

As shown in Section 5.2, the truncated Gaussian can be written as
1
ϕ(x; θ) ∝ exp − xT Kx + xT b I(x ∈ [0, +∞]d ).
2
!

(A.21)

We can obtain the univariate conditional ϕ(xj | x∖j = a; θ), as follows. Assuming
x ∈ [0, +∞]d ,
ϕ(xj | x∖j = a; θ) ∝ ϕ(xj , x∖j = a; θ)
1
∝ exp − Kj,j x2j + bj xj
2

(A.22)
!
Y
m̸=j



exp −Kj,m am xj



(A.23)
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1
∝ exp − Kj,j x2j + bj xj − Kj,∖j a∖j xj
2
!
1
∝ exp − xj Kj,j xj + xj (bj − Kj,∖j a∖j )
2
!
1
∝ exp − xj K̄j xj + xj b̄j ,
2
!

(A.24)
(A.25)
(A.26)

where K̄j = Kj,j and b̄j = bj − Kj,∖j a∖j . Equation A.26 has the same form as Equation
A.21, and so the conditional distribution is also a truncated normal.
It is possible to write down an expression for the normalised univariate truncated
Gaussian [9]. By setting µ̄j = b̄j /K̄j and σ̄j2 = 1/K̄j we get,
p(xj | x∖j = a; θ) = 

j
ψ( xjσ̄−µ̄
)
j

1−

,



j
)
Φ( −µ̄
σ̄j

(A.27)

σ̄j

where ψ is the pdf of a standard normal, Φ its cumulative density function (cdf).

